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1. Introduction

A partial linear rank-2 incidence geometry, also called a point-line geometry, is a
pair I' = (P, £) consisting of a set P whose elements are called points and a col-
lection £ of distinguished subsets of P whose elements are called lines, such that
any two distinct points are contained in at most one line. The point-collinearity
graph of T is the graph with vertex set P where two points are adjacent if they
are collinear (i.e., lie on a common line). By a subspace of I" we mean a subset S
of P such that, if / € £ and [ N S contains at least two points, then ! C S. A sub-
space S is singular if each pair of points in S is collinear—that is, if S is a clique
in the collinearity graph of I. We say that (P, £) is a Gamma space (see [13])
if, for every x € P, {x} U I'(x) is a subspace. A subspace S # P is a geometric
hyperplane if it meets every line.

Let e be a positive integer, p a prime, and V a 6-dimensional vector space over
the finite field F,, ¢ = p*, equipped with a nondegenerate alternating form f. Then
every vector u € V is isotropic, that is, satisfies f(i,u) = 0. A subspace U of V
is called totally isotropic (with respect to f) if f(uy,u,) = 0 for all iy, u, € U.

Associated with (V, f) is a polar space denoted by W(5, g). Here, by a polar
space we mean a point-line geometry (P, L) that satisfies the following properties:

1. (P, L) is a Gamma space and, for every point p and line /, p is collinear with
some point of / (this means that p is collinear with one point or all points of /);

2. no point p is collinear with every other point; and

3. there is an integer n called the rank of (P, L) such that, if Sy C S; C --- C Sk
is a properly ascending chain of singular subspaces, then k < n.

When n = 2, (P, L) is said to be a generalized quadrangle.

The points (resp. lines) of W(5, ¢) are the 1-dimensional (resp. 2-dimensional)
subspaces of V that are totally isotropic with respect to f and where incidence is
containment. In W(5, q), two points (i;)y and (u,)y are collinear if and only if
fuy, ) =0 (i.e., iff u; and i, are orthogonal).
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Also associated with the alternating form f of V is a dual polar space DW (5, q).
The points (resp. lines) of DW(5, q) are the 3-spaces (resp. 2-spaces) of V that
are totally isotropic with respect to f and where incidence is reverse containment.
We denote the point-set and line-set of DW(5,¢) by P and L, respectively. In
the incidence system (P, £), two “points” U; and U, are collinear if and only if
dim(U,;NU,) = 2. More generally, one can say that the distance d(U, U,) (in the
collinearity graph of (P, L)) between two points U; and U, of DW(5, g) is equal
to 3 — dim(U; N U,). The lines of the dual polar space DW(5, g) are maximal
singular subspaces, so this geometry is also a Gamma space.

Alternatively, the geometries (P, L) and (P, £) can be defined as Lie incidence
geometries (see [4]) by making use of a construction of Gamma spaces from a
symmetrical orbital (orbit of the Symplectic group on the Cartesian products P>
or P?; see [13]).

By Shult and Yanushka [21] or Cameron [1], the set of totally isotropic 3-
spaces of V that contain a given 1-space of V is a convex subspace of diame-
ter 2 of DW(5,q). Such a convex subspace is called a quad of DW(5,q). The
points and lines contained in a quad define a generalized quadrangle that is iso-
morphic to the classical generalized quadrangle Q(4,q) (Payne and Thas [16,
Sec. 3.1]).

In this paper we are concerned with classifying all the geometric hyperplanes
of DW(5,q), g odd, that arise from an embedding (to be defined). In the Main
Theorem we will show that there are always six isomorphism classes of such
hyperplanes.

The notion of a geometric hyperplane was introduced by Veldkamp (see [23;
241) in his characterization of polar geometries for the explicit purpose of proving
that such a geometry is embeddable. Geometric hyperplanes have been studied in
many other contexts as well: for example, they arise in the classification by Cohen
and Shult of the affine polar spaces (see [3]) and in Cuypers’ characterization of the
graph on 2300 vertices with automorphism group Co,, the second Conway group
[8]. Removing a geometric hyperplane with certain properties from an incidence
geometry often allows one to create interesting affine geometries, and this was the
motivation of Pasini and Shpectorov [15] in studying uniform hyperplanes in dual
polar spaces and of Cooperstein and Pasini [7] in proving that ovoidal hyperplanes
do not exist in DW (5, q).

The research carried out in this paper is part of a larger project of classifying
all hyperplanes of finite dual polar spaces of small rank. A complete classifi-
cation of all hyperplanes of the Hermitian dual polar space DH(5,q?%) was ob-
tained by De Bruyn and Pralle [11; 12]. All hyperplanes of the dual polar space
DQ~ (7, g) arising from an embedding were classified by De Bruyn [9]. The clas-
sification of all hyperplanes of the dual polar spaces DQ (6, q) and DQ(8, ¢) that
arise from their spin embeddings was obtained by Cardinali, De Bruyn, and Pasini
[2], De Bruyn [9], Shult [19], and Shult and Thas [20]. A complete list of all hyper-
planes of DW(5, q), g even, arising from an embedding was given by Pralle [17]
(for ¢ = 2) and by De Bruyn [10] (for arbitrary g even).
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2. Technical Description of the Results

2.1. The Grassmann Embedding of DW (5, q)

We continue with the notation introduced in Section 1. Choose a basis S =
{v1, w1, V2, wa, V3, w3} in V such that f(v;, w;) = land f(v;,v;) = f(w;, w;) =
fQi,w;) = 0foralli,je{1,2,3} withi # j. Let W := /\3 V be the third
exterior product of V' that is a vector space of dimension (§) = 20 over F,.
Define now a bilinear form g(-,-) from W x W to IF, by setting o A B equal to
g, B)(v1 AWy AUy AWy A U3 Aws) forall o, B € W. Since (it A iy A usz) A
(NN (—1)9(ﬁ4 AusAUg) N Alip AUu3) for all vectors ity, i5, ..., Ug €
V, the form g(-, -) is alternative. Obviously, it is also nondegenerate.

For every point x = (uy,u,,us)y of DW(5,q), let e(x) denote the 1-space
(g Nty Atz)y of W = N V. This 1-space is independent from the generating
set {uy,uy,us} of x. It is well known that the subspace M of W generated by all
1-spaces €(x), x € P, is 14-dimensional. One readily verifies that a basis of M is
given by the set Sy := {p; | 1 <i < 14}, where

p|=l_}]/\l_}2/\l_)3, p2=l_)1/\52/\12)3, p3=131/\11)2/\l_)3,
P4 =V AWy AW3, pP5s =W AVU3ADV3, pe=wWAUyAwWs,

P71 =W AW AV3, pg =W AW2AW3,
pgzﬁl/\l_)z/\lf)z—l_)l/\l_)3/\u_)3, plozu_)l/\ﬁz/\u_}z—ﬁ)l/\lj3/\a)3,
PU=UIAW AV — V2 AU3AW3, Pp=70AW AWy — Wy AUz A W3,
PB3 =V AW AV3— Uy AWy AV3, Puu=0 AW AW3— VAW AW;3.

Foralli, j €{l,...,14} we have g(p;, p;) = 0 except when {i, j} is equal to {1, 8},
{2,7}, {3,6}, {4,5}, {9,10}, {11,12}, or {13, 14}. Hence, the form g(-, -) defines a
nondegenerate alternating form in the 14-space M. For every subspace U of M,
let Ut ={meM | g(u,m)=0forallueU}.

The map ¢ defines a full projective embedding of the dual polar space DW (5, gq)
into the projective space PG(M) = PG(13, ¢). This embedding is called the Grass-
mann embedding of DW (5, q). If g # 2, then by results in [5] and [14] we know
that the Grassmann embedding of DW (5, q) is absolutely universal [18]. This im-
plies that all full embeddings of DW(5, ¢), g # 2, can be obtained from its Grass-
mann embedding by taking so-called quotients.

If 7 is a hyperplane of PG(M), then s ~!(¢(P) N ) is a (geometric) hyperplane
of DW (5, g)—namely, a proper subset of P intersecting each line of DW(5, q)

in either a unique point or the whole line. We will say that the hyperplane
e~ 1 (e(P) N 1) arises from the embedding ¢.

2.2. The Automorphism Groups of W(5,q) and DW (5, q)

Before proceeding to our main theorem, we describe the automorphism groups of
W(5,q) and DW(5, g). Suppose 6 is a permutation of the point-set of W(5, q).
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Then 6 will be an automorphism of W (5, ¢) if and only if it induces a permutation
on the set of all ordered pairs of distinct collinear points of W(5, ¢). Similarly, a
permutation of P will be an automorphism of DW (5, ¢) if and only if it induces a
permutation of the set of all ordered pairs of distinct collinear points of DW (5, q).
It is not difficult to see that automorphism groups of DW (5, g) and W(5,q) are
isomorphic.

That automorphisms of W(5, q) induce automorphisms of DW (5, ¢) is fairly
straightforward. That automorphisms of DW(5,q) induce automorphisms of
W(5, q) follows from two facts: (i) the quads of DW (S, q) are characterized as the
convex subspaces of diameter 2 and (ii) these are in one-to-one correspondence
with the points of W(5, g). We proceed to describe the group Aut(W(5,¢q)) =
Aut(DW(S, q)).

Recall that S = {v;,wy, v, Wy, v3, w3} is a basis of V such that f(v;,w;) =1
and f(v;,v;) = f(w;,w;) = f(v;,w;) =0foralli, je{l,2,3} withi # j. A sim-
ilarity of (V, f) is alinear transformation o € GL(V) such that f (o (it;),0 (1)) =
Ao+ f(uy,uy) for all uy,u, € V. Here A, is a nonzero scalar that depends on o
but is independent of #; and u,. We denote by Gy < GL(V') the group of all sim-
ilarities. An isometry is a similarity o with A, = 1. We denote by S, the group
of all isometries; Sy is normal in G and is isomorphic to Sp(6, F,). Clearly, sim-
ilarities induce automorphisms of W(5, ¢). The kernel of the action of Gy on P is
the center of Gy and consists of all the scalar transformations A - Iy, where A is a
nonzero scalar. Denote by PGy the quotient G¢/Z(Gy) and by PSy the quotient
of §¢ by S¢ N Z(Gy). We note that Sy N Z(Gy) = Z(Sy) = (—1y) and therefore
Sy Z(Gy)/Z(Gy) = S¢/Z(Sy). Thus, we may consider PSy to be a subgroup of
PGy. The group PSy is the simple group P Sp(6,F,). The index of PS; in PGy is
2 (see [22]). Fori = 1,2, 3, if 0'* is the linear transformation of V that fixes v; and
takes w; to dw; with d a given nonsquare in [F,, then o* € Gy \ Sy and consequently
PGy = PS¢(c™). This describes the automorphisms of W(5, ¢) that are induced
by linear transformations of V. In addition, there are “field automorphisms”.

For i € V, denote by [u]s the coordinate vector of u with respect to the basis S
of V. For every y € Aut(FF,), defineamap 7,,: V — V by [T, (V)]s = y([v]s).
Then T, induces a permutation of the point-set of W(5,q) that preserves or-
thogonality and therefore induces an automorphism of W(5,¢q). If A = {T,, |
y € Aut(F,)}, then Aut(W(S,q)) = PGrA = PSs(0™)A.

2.3. The Main Results
Every element 6 of Gy gives rise to a unique element 6’ € GL( /\3 V) such that
0'(iiy ANty Atz) = 0(uy) AO(itp) A O (its3) forall ity, it,, 13 € V. Obviously, 07 fixes
M and hence gives rise to an element & € GL(M). Forallo, B e W = N V,

g(0'(),0'(B)) = det(®) - g(a, B). (2.1

Hence fisa similarity of (M, g). Now define 6; = {é | & € Gy} and S’; =
{0168y} By (2.1), .

@U)) ™ =¢WU™) 2.2)
for every ¢ € (/;; and every subspace U of M.
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Now suppose as before that y € Aut(F,), and let B3 be the basis {v| A v2 A V3,
lZ)]/\12)2/\11)3}U{17i/\l_)j/\lI)k,l_)k/\lZJi/\lZJj |1 <i,j,k <3,i < jlof W
Let Ty’ be the F,-linear map of W defined by [Ty’(oc)]g = y([a]g). We have
Ty’(ﬁl ANy ANuz) = T, (i1) AT, (i) AT, (u3) for all ity, u5, 13 € V. Foralla, B €
W, we have

8(Ty(@), T,(B) = v (g(a, B)). (2.3)

Note that T ﬁxes each of the vectors of the basis Sy, of M and hence induces an
»-linear map T M — M. By (2.3),

(T, (U))* = T, (U*) (2.4)

for every subspace U of M.

Let G_f (resp. G_f) denote the group of F,,-linear maps of V (resp. W) generated
by G and T,,, y € Aut(F,) (resp. é; and T, y € Aut(IF,)). By our previous dis-
cussion, for every 6 € G_f there exists a unique Fy,-linear map 6’: W — W such
that 6'(uy Atz A it3) = 0(ur) A O(u2) A 6O(us3) for all uy, i, u3 € V. The map 6
stabilizes M and hence induces an F,,-linear map 6: M — M. Obviously, Gi_g G_f
Moreover, the map 6 +— 6 is an isomorphism between the groups (Tf and G_f

It is the main purpose of this paper to determine the orbits of the group
Aut(DW (5, g)) on the hyperplanes of DW (5, g), g odd, that arise from its Grass-
mann embedding. Because the Grassmann embedding of DW (5, ¢q), ¢ odd, is
absolutely universal, it follows that the hyperplanes of DW (5, g), ¢ odd, arising
from the Grassmann embedding are all the hyperplanes of that dual polar space
that arise from an embedding.

Determining the orbits of Aut(DW(5,¢)) on the hyperplanes of DW(S, g) is
equivalent to the enumeration of all G_f-orbits on the hyperplanes of M. By equa-
tions (2.2) and (2.4), this is equivalent to enumerating the orbits of (Tf on the
1-spaces of M—that is, the points of PG(M). We will achieve our objective by
first enumerating the orbits of S; 'r on the 1-spaces of M and then determining when
these S; 'r-orbits fuse when the group is extended to all of Aut(DW(5, q)).

Before stating the Main Theorem, we need to define some extra vectors in M.
Unless indicated otherwise, in the sequel we will always assume that g is an odd
prime power. Let d € F; be such that d is a nonsquare (if —1 is a nonsquare then
we take d equal to —1). Define the following additional vectors of M:

pis=pi+p4 pis=pi+dps, pr=pi+pstps Pi=pi+tps.
p1o = p1+dps, p =dpi+ ps+ ps+ p1, pa=dpr+dps+dps+ ps.

Also, set P; = (p;)w and H; = a_l(PiLg Ne(P)) foreveryi € {l,...,21}. We can
now state our main theorem.

MAIN THEOREM. Let g be an odd prime power. Then the group Aut(DW(5,q))
has six orbits on the geometric hyperplanes of DW (S, q) that arise from an em-
bedding with representatives Hy, Hys, His, Hy7, Hig, and Hyy. The sizes of the
orbits are given in Table 1.
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Table 1 The orbits of Aut(DW(5, ¢)), ¢ odd,
on the geometric hyperplanes of DW (5, g)

Type Representative Orbit size

I H, @+ D@+ D@+
@*=Dg*(q*+D)

11 His 2(‘171‘1
@®-Dq*(¢>-D

111 Hig )

v Hy @ =@+ g+
=g +D

AV ng q9\q > q

VI Hap qf’(q“—i)wtl)

The Main Theorem is a consequence of the following two results, which we will
prove in Sections 3 and 4 (respectively).

PoINT ENUMERATION THEOREM. (i) If —1 is a nonsquare in F,, q odd, then the
group S’} has six orbits on the point-set of PG(M) with representatives Py, Pis,
Pig, P17, Pig, and Pyy. The orbit sizes and the stabilizers of each representative
are given in Table 2.

(i1) If —1 is a square in F,, g odd, then the group S‘} has eight orbits on the
point-set of PG(M) with representatives Py, Pis, P, P17, P1g, P19, P2, and P»;.
The orbit sizes and stabilizers are given in Table 3.

To prove the Point Enumeration Theorem, we will show in both cases that the
conjectured representatives given in the tables are all in different orbits; we then
compute their stabiliﬁers and hence their orbit sizes. Since in both cases /t\he sum
of the orbit sizes is qq—:l, it will follow that we have enumerated all the S;-orbits

1
on the points of M.

FusioN THEOREM. (i) Assume that —1 is a nonsquare in F, with q odd. Then
the automorphisms of DW (S, q) induced by o* and T,,, y € Aut(F,), fix each of
the S‘}-orbits of the hyperplanes Hy, His, Hi¢, Hy7, Hig, and Hy.

(ii) Assume that —1 is a square in F, with q odd. Then the automorphisms of
DW(S, q) induced by o* and T,, y € Aut(F,), fix each of the S'}-orbits of the
hyperplanes Hy, Hs, Hi, and Hy;. On the other hand, the S’}-orbits of Hig and
Hyg become a single orbit, as do the S'}-orbits of Hyy and Hy;.

The Main Theorem classifies all hyperplanes of DW(5, q), g odd, arising from
an embedding. As previously mentioned, all hyperplanes of DW(5, ¢g), g even,
arising from an embedding were classified in [17] (for ¢ = 2, with the aid of a
computer) and [10] (for arbitrary g = 2™, without the use of a computer).
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Table 2 The S/‘;—orbits on the points of PG(M)
when —1is a nonsquare in [,

Type Representative Orbit size Stabilizer

I Py @+ D@+ D(g+D q°.GL(3,¢)

1 Pis %f# @°SL(2,9) x SL(2,q) x Z,_1.2
111 P % ¢°SLQ2,q) X Zy1.2

v Py (q° = D(g*+ D@ +1) q>SL(2,q) Z41.2

v Pis DD Z> x SLG3,q)

VI P La=DeD Z, x SUG,q)

Table 3 The S';--orbits on the points of PG(M)
when —1 is a square in IF,

Type Representative Orbit size Stabilizer

I Py (@+D@*+D@+D q°.GL@3,q)

1 Pis s acas @5SL(2,9) x SL(2,q) X Zy_,.2
1 Pie DD @O SLQ2,q%) X Ly 1.2

v Py @ =@+ D@+ q°.SLQ2,q) Z412

Va Py LD Z, x SL(3,¢).2

Vb Py St led Z, x SLG3,¢).2

Via Pao La'-Da’-p Z, x SUG, ¢).2

VIb Pa La’-bg’-p Zs x SUGB, ¢).2

Several combinatorial properties of the hyperplanes of DW (S, q), g odd, that
arise from an embedding were already obtained by the authors in [6]. For each
hyperplane H of DW(5, q), g odd, they determined (using purely combinatorial
and geometrical techniques) the total number of quads Q for which Q N H is a
certain configuration of points in Q and the total number of points x for which
A(x) N H is a certain configuration of points in A(x). Here, A(x) denotes the set
of points equal to or collinear with x. On the basis of these combinatorial proper-
ties, the authors were able to divide the set of hyperplanes of DW(5, q), g odd, into
six classes: Type I hyperplanes, Type II hyperplanes,..., Type VI hyperplanes.
This terminology is consistent with that used in our paper. By the Main Theorem,
each of the six classes defined in [6] is actually an isomorphism class.
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3. Proof of the Point Enumeration Theorem

3.1. Notation and a Few Lemmas

We will continue with the notation introduced in Sections 1 and 2.

Let s € F2\F, such that 82 = d. We may suppose that (i) w; = 8v; foreveryi €
{1,2,3} and (ii) V is a 3-dimensional vector space over F,> with basis {0y, v2, v3}
and a 6-dimensional vector space over F, with basis S = {vy, V2, V3, Wy, w2, W3}.
Recall that /\3 V must be regarded as the third exterior power of V as a vector
space over the field IF,.

LemMA 3.1, If T is an F2-linear transformation of 'V with det(t) = 1, then T
centralizes the vectors py and py;.

Proof. Let E;; denote the 3 x 3 matrix with a 1 in the (i, j)th entry and Os else-
where, and set x;; = {I3 + aE;; | « € Fp2} forall i, j € {1,2,3} withi # j. Also,
setw; = Epp — Ep + E33 and wy = Ey + Ep3 — Exp. Then the group SL(3,q2)
is generated by x3, w;, and w,. Hence it suffices to prove that the induced action
of each of these centralizes p,o and py;.

Leta = a+bd where a, b € F,, and suppose that 7 is the IF‘qz—linear transforma-
tion of V whose associated matrix with respect to the basis {vy, v, v3} is equal to

I3+ aEg3. Then the matrix of T with respect to Sis (4 /%), where A = I3+ aEj3

and B = bEj3. Itis now quite straightforward to compute the induced action of t
on py and pay: T(pao) is equal to
T(dUy AUy A D3+ 01 AWy AW3 + Wy AUy AWz + W AWy A U3)
=d[v; A vy A (av) + U3 + Dw)] 4 U1 A wa A ((dD)V) + aw; 4 w3)
+ wi A va A ((dD)vy + awy + w3) + Wy A wa A (V) + U3 + bwy)
=dv| AUy AV3s 4+ (db)V] AUy AWy + V) AWy AWz 4+ avy AWy A Wy
+ Wi A Uy Aws + (db)wy A vy A D+ Wy AWy A V3 4+ awy A wy A U
= P20,
since w1 A Vs AU; = —U; A Uy A wjand Wy A Wy A V1 = —U1 A Wa A Wy.
Similarly, T (py) is equal to
T(dVU; AUy A W3 +dig A Way A D3 +dw AUy AUz + Wy AWy A W3)
=d[v; A vy A ((db)V) + awy + w3)] + d[v) A wa A (V) + U3 + bwy)]
+d[w; A vy A (av) + U3 4+ bwy)] + wy A wy A ((db)v) + aw; + w3)
= (da)vy A vy A wy+dog A vy Aws 4 (db)vg A wy A Wy + dog A Wy A D3
4+ (da)wy A vy A vp 4+ dwy A Uy A U3 4 (db)wy A Wy AV + Wy A Wa A W3
= p2-

The matrix of wy with respectto Sis (5 ¢ ), where A = Ej, — Eo + E33 and
O is the 3 x 3 matrix with all entries equal to 0. Now w; (pyo) is equal to
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ﬁ')\l(dl_)l/\l_)z/\l_}3+l_}1/\u_)2/\u_)3+II}1/\I_)2/\U_)3+II}1/\U_)2/\I_J3)
=d(—v3) AU A V3 4+ (—02) AWy A W3
+ (—w2) AV A w3+ (—wa) AWy A Vs

= P20,
since (—v2) AV; = V1 A Vg, (—w3) AWy = Wy Awa, (—U2) Aw; = w; A Uy, and
(—w7) AV = v A ws.

In an entirely similar way, one shows that w1 (p21) = pa1, Wa(pao) = pao, and

wa(pa) = par O

Recall that every point x € P gives rise to a I-space ¢(x) of M, that is, a point
g(x) of PG(M). For aline [ € L, we define () := {e(x) | x € [}. We denote byl~
the 2-space of M generated by the 1-spaces €(x), x € /. We put P=P= {e(x) |
xePL L={e)|leLl),and L=1{|leL).

Let X be apoint of PG(V'). By abuse of notation, we will also write X € PG(V).
The set Q(X) = {x e P | X C x C X"} is a convex subspace of DW(5, ¢) that
defines a generalized quadrangle isomorphic to Q(4,q). We set Q := {Q(X) |
X € PG(V)} and refer to the elements of Q as quads of DW(5,¢q). For Q € Q,
we will denote by Q the collection {e(x) | x € Q} and by O the subspace of M
spanned by the elements of Q We refer to both Q and Q as the quads of M. Set
Q={0|Qe9}

For every point u of DW (5, g¢), A(u) denotes the set of points of DW(5, ¢) that
are collinear or equal to u. If P = e(u) € P, then we define A(P) := (A(u))
and M (P) is the subspace of M spanned by the elements of A(P). We call M (P)
the hemisphere of P.

LeEmMA 3.2. Let X,Y € PG(V). Then the following statements hold:
(i) if X Ly Y, then Q(X)N Q(Y) e L;
(i1) if X and Y are not orthogonal, then 0(X)N Q) =0.

Proof. (i) The group CTf is transitive on pairs {X, Y} of 1-spaces of V such that
X 1, Y. Therefore we can take X = (v;) and ¥ = (v,). Then

O(X) = (p1, P2> P3> P4 P9)» O(Y) = (p1, P2, Ps» Pé» Pi1)s

and Q(X) N O(Y) = (p1, p2) € L.
(i1) The group Gy is also transitive on pairs {X, Y'} of 1-spaces of V such that X
and Y are nonorthogonal with respect to f. We can take X = (v;) and ¥ = (wy).

Now Q(X) = (p1, p2, p3, p4» po) and Q(Y) = (ps, pe, p7, ps, p1o). Therefore,
Q(X)N Q) =0 as claimed. O

This result implies the next corollary, which is fundamental.

COROLLARY 3.3. Let Q € Q and P € PG(Q) \ P. Then Q is the unique quad of
M that contains P.

LEMMA 3.4. Let P € P and Q € Q be such that P ¢ Q. Let R denote the unique
point of Q NP at distance 1 from P. Then M(P) N Q = R.
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Proof. Since G_f is transitive on the pairs (P, Q) with P € P, Qe Q,and P ¢ Q,we
may without loss of generality suppose that Q = Q((v;)) and P = (pg). ThenR =

(pa). Now Q = (pi1, p2, p3, P4, po) and M (P) = (p4, Ps, P7: P8> P10> P12> P14)}
hence M(P) N Q = (p4) = R. O

COROLLARY 3.5. Let P € P and R € PG(M (P)) \75. If R is contained in a quad,
then this quad necessarily contains P.

LEMMA 3.6. Let Q € Q and R € PG(Q) \ P. Then there exists a P € P such that
R e PG(M(P)).

Proof. Let L be contained in Q where L € £. Then Q = Upei(Q N A(P)) C
Upeg M(P). O

Our next lemma shows that, if a point is contained in two distinct hemispheres,
then in fact it is contained in a quad.

LEMMA 3.7. Let P and P’ be distinct points of P, and let X € PG(M(P)NM(P")).
Then there is a quad Q containing P such that X C Q.

Proof. Forevery t € {1,2,3}, (Tf is transitive on the pairs (P, P’) of points of P
with d(P, P') = t. Therefore we can take (P, P’) to be one of (Py, P,), (Pi, Ps),
or (Py, Pg). For everyi €{1,2,4,8}, set M; = M(P;). Then

M = (p1, p2, P3, P5> P9, P11 P13)» M2 = (p1, P2, P4, Pe» P9, P11, P14)>
My = (p2, p3, P4, P8, P9, P12, P14), Ms = (P4, D6, P7, P8> P10> P12, D14)-

Now M, N My = {p1, pa, po, p11)- This space is covered by _J Q((f))) where v €
(v1,V2). Also My N M4 = (p>, p3, po) and this is contained in Q((v)). Finally,
My Mg =0. O

This lemma has an important corollary as follows.

COROLLARY 3.8. Assume X € PG(M(P)) for P € P and assume X is not con-

tained in a quad that contains P. Then P is the unique point of P for which
X e PG(M(P)).

3.2. Points Contained in At Least One Hemisphere

We now show that the points Py, Pjs, Pig, and Pj; are in distinct orbits of S‘}, with
orbit sizes and stabilizers as shown in Tables 2 and 3. We also show that the union
of these orbits comprises all points of PG(M) that are contained in at least one
hemisphere.

The orbit of P; is just P. There are (¢® + 1)(g* + 1)(g + 1) such points, and
the stabilizer Sp, := (S’})p] of Py is isomorphic to the subgroup of S that fixes a
maximal totally isotropic subspace of V. The group Sp, has a normal elementary
abelian subgroup E(P;) of order ¢°. This subgroup has a complement L(P;) =
GL (3, g), which justifies the entries of line I of Table 3 and Table 4.

For a point X of PG(V), the stabilizer in 5"} of O(X) is isomorphic to Sy :=
(Sf)x. The group Sy has a normal subgroup E(X) of order q°, which is a special
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group. This subgroup has acomplement L (X ) thatisisomorphicto L(X) x Z(X),
where L(X)" = Sp(4, ¢) is the commutator subgroup of L(X) and Z(X) = Z,_;.
Note that L(X)"/Z(L(X)") = Q(5, g). In fact, the group L(X) preserves a qua-
dratic form on Q(X ), which we now describe.

Let X = (v1), and set V(X) = (v,, w,, v3, w3). Observe that X A /\Z(Xl) =
XA /\2(V(X )) has dimension 6. We denote this space by D(X). Any vector v
is in D(X) and can be written as v; A « for @ € /\Z(V(X)). Also, for o, 8 €
/\Z(V(X)), we have that @ A B is a multiple of v, A v3 A Wy A w3. Thus, de-
fine b: N (V(X)) x N (V(X)) = F,bya A B =b(a, B) (02 A T3 AW AW3).
This defines a nondegenerate symmetric bilinear form of Witt index 3. Now define
b: D(X)x D(X) — I, byl;(ﬁl Aa,v; A B) = b(a, B); this also is a nondegen-
erate symmetric bilinear form of Witt index 3. The space Q(X) is the subspace of
D(X) thatis orthogonal to v; Avy Awy 4 v Av3 A w3z with respect to b. The group
L(X) has three orbits on the projective points of Q(X): the singular points of the
quadratic form b, which are the points of O(X); and the two classes of nonsingu-
lar points with respect to b. Note that E(pg, Po) = l;(p15, pi1s) = 2. Also, péﬁ =
{p1, P2, P3, P4), Which is a nondegenerate hyperbolic subspace of (Q(X), I;). On
the other hand, l;(pm, Pis) = 2d and, sincel;(p15, pPi1s)- I;(pm, p1g) = 4d isanon-
square, it follows that Pjs and Pj¢ are in different classes of nonsingular pomts of

(0(X), b) and hence are representatives of the two classes. Slnce there are a1

quads Q(X) for X € PG(V) and smce for each X, there are -4 (q +D points 1nqth1e
class of P;5 contained in Q(X ) and % points in the class of P contained in
O(X), the entries of lines IT and I11 of Table 3 and Table 4 are justified.

We now make use of Corollary 3.3 and simple counting to show that, for P €

75, there are points in M (P) that are not from classes I, II, or III.

LEMMA 3.9. The following statements hold for a point P € P:
(1) the number of points of type I in PG(M (P)) is 1 —}2— qz(q2 +q+1);
- . , . @ DD
(i1) the number of points of type 11 in PG(M (P)) is %,
(iii) the number of points of type 111 in PG(M (P)) is w;
(iv) there are ¢>(g> — 1) points in PG(M (P)) that do not belong to a quad.

Proof. (i): The points of type I in M (P) are precisely A(P). There are > + g + 1
lines on P, each with g points of A(P) apart from P.
(ii) and (iii): The point P belongs tog?>+q+1 quads For a quad Q contain-

ing P, we know that M (P) N Q is the hyperplane of Q spanned by A(P) N Q A
q-(g+1) (q+ ) D

simple count yields that M (P) N QO contains points of type IT and 1=~ (q
points of type III. The second and third parts follow from this.
(iv): The number of points that have been accounted for is
@+ ¢’ =D
2 2
=1+q9+¢*+2¢° +q" +¢".

l+q+¢*+¢@+ (@ +qg+1

Since |PG(M (P))| = there are ¢° — ¢* = ¢(¢> — 1) remaining points. [
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LEMMA 3.10. The stabilizer Sp of a point P € P is transitive on the points of
PG(M (P)) that do not belong to quads.

Proof. Since S‘; is transitive on P, we can take P = P, and M(P) = M,. Recall
that Sp = E(P)-L(P),where E(P) is elementary abelian of order q6 and L(P) =
GL(3, g). The subgroup E(P) fixes every projective line of the form P + P’ with
P’ e A(P)\{P} and, for such aline, is transitive on PG(P + P’) \{ P}. This implies
that E(P) acts trivially on the 6-dimensional quotient space M (P)/P. The action
of the complement, L(P), on M (P)/P is equivalent to the action of GL(3, q) on
the space Sym(3, g¢) of 3 x 3 symmetric matrices for which the action is given by
gom = gl'mg (where g denotes the transpose of the matrix g). Under this ac-
tion, every matrix is equivalent to a diagonal matrix and there are six orbits on
nonzero vectors, two each for rank 1, 2, and 3. Representatives for the orbits on
vectors are as follows:

100 d 0 0 100
Mloool: @[ooo]; o1 0]
000 000 000
1 0 0 1 00 d 0 0
@lodol; ®»lo10)];: @0 a4 0
0 0 0 0 0 1 0 0 d

Note that the vectors in (1) and (2) give rise to the same point of PG(Sym(3, ¢)),
as do the vectors in (5) and (6); however, the vectors in (3) and (4) do not.
Consequently, L (P) has four orbits on the points of M (P)/P. However, for any
2-space U of M (P) containing P, the group E(P) is transitive on PG(U) \ { P}
and therefore Sp has four orbits on the points of PG(M (P)) \ {P}. The point P;
is a representative of one orbit, and the points Pjs and Py are the representatives
of two other orbits. Thus, there is one other orbit consisting of all those points of
PG(M (P)) that do not belong to quads. O

The point Pj7 is a point of M (P,) that does not belong to a quad. In view of
Corollary 3.8 and Lemmas 3.9 and 3.10, it now follows that the orbit of Pj; has

1P| x (q° — %) = ¢°(q° — D(g*+ D(g + .

3.3. Points Not Belonging to a Hemisphere

We now turn our attention to points that do not belong to M (P) for any point
PeP.

Since the group S‘} is transitive on P and since, for a point P € P, the normal
abelian group E(P) acts regularly on the points P’ with d (P, P’) = 3, it follows
that Sf is transitive on ordered pairs (P, P’) of points from P at distance 3. One
such pairis (P, Pg). By [6, Cor. 5.3], an element of S; 'r that stabilizes a given point
of (Py, Pg) \ { P1, Pg} must either stabilize the ordered pair (P}, Pg) or interchange
P1 and Pg.

The stabilizer S(p, p,) of the ordered pair (Pj, Pg) is isomorphic to GL(3, g).
The normal subgroup SL(3, g) acts trivially on both the points P; and Pg, whereas
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an element of Z(S(p,, py)) Will multiply pg by a scalar a and multiply p; by 1/a.
Such an element takes the point ( p; + pg) to (p; + a’ps).

There is also a group element that interchanges the points P; and Pg and, specif-
ically, takes p; to pg and pg to — p;. This transformation takes the point { p; + pg)
to {p; — ps). If —1is a nonsquare in I, then all the points of (P, Pg) \ { Py, Pg}
are in the same orbit. On the other hand, if —1 is a square in I, then (p; + ps)
and (p; + dpg) are in different orbits. }Ve4 obta}in in the former case a single orbit
with representative Pjg and orbit size M; in the latter case we have two
orbits, with representatives Pjg and Pjg, each with orbit size M.

We next show that the group Sy contains a subgroup G = GU(3, g?). Recall
that § is an element of F,2 such that 8% = d and w; = 8v; for every i € {1,2,3}.
For any o € F 2, put & := ?. Note that for « = a + bS we have & = a — bé.

Now defineamap h: V x V. — F,2 as follows (;, B; € Fj2):

3 3 3
h(z a;v;, Z .Biﬁz) = 2%— Z o Bi.
i—1 i—1 i—1

Since tr(§) = 0, this defines a skew Hermitian form on V. It then follows that the
map f': VxV — F, givenby f'(v,w) = tr(h(v, w)) is an alternating form. We
claim that f' = f. We compute f'(v;,v;), f'(w;, w;), and f'(0;, w;) fori # j
and f’'(v;, w;) fori =1,2,3.

By definition, A(v;, v;) = h(w;, w;) = h(v;, w;) = 0 fori # j; consequently,
we need only compute f'(;, ;). By definition this is tr(h(v;, 89;)) = tr(8/28) =
tr(1/2) =1, so our claim holds.

It now follows that if ¢ is an isometry of (V, h)—that is, a unitary transfor-
mation—then o is an isometry of the symplectic space (V, f). Therefore, if G =
{0 € GLy,: (V) | h(o(u1),0(u2)) = h(uy,uz) Vuy, iy € VY, then G = GU(@3,¢?)
and G < Sy. Let G’ be the derived subgroup of G; then G’ is isomorphic to
SU(3, qz). By Lemma 3.1, it follows that G’ centralizes (P20, P21)-

We next determine the stabilizer of the point P,y. We will first show in a
series of lemmas that if v,w € (pao, p21) and if 6 € Sy satisfies 6(v) = w,
then 6({ p20, p21)) = (P20, p21)-

Let V' denote the 6-dimensional vector space over F > with basis S. For a
vector x = au—)l + (121_)2 + a31_)3 + b]lz)l + bzlz)z + b3zD3 € V' we define x? =
ajlvy + ajvy + advs + blw + biw, + biws. For & € GL(V) we denote by
6 the element induced by 6 in GL(V’) and by 6’ the corresponding element of

GL(A' V).

LEMMA 3.11.  Let {é),e,,...,e¢} and {e{, €, ...,ez} be two bases of V' such that
eyNey; Nes+es ANes Aeg = éi A Eé A éé + é:l A Eé A éé Then {(e}, e, e3),
(es,e5,e6)} = {{€], €3, €3), (e}, €5, €5)}.

Proof. Puto := & ANé, Nes+es ANes Aeg =e| ANey ANes+ e, Aes Aeg. For
every vector X of V’, let A; denote the subspace of V' consisting of all vectors y
satisfying @ A X A 'y = 0. Let B be the subset of V' consisting of all vectors x of
V' such that dim(Aj) > 4. We will now prove that B = (1, &5, e3) U (4, &5, €¢).
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In a completely similar way, one can also prove that B = (e}, &5, e5) U (e}, e5, eg),
which then implies that {(e), €,, €3), (€4, €5, e6)} = {(€], €}, €5), (e}, e5,eg)}.
Putx = 8, + 82> + - - - + 8686 and § = a\&; + a2é» + - - - + ages. Then the
fact that « A X A y = 0 implies that
-8, & 0 O 0o o0 a
8 0 & 0 0 0 ay
0 —83 &2 0 0 0
0 0 0 —55 84 0 ag
0 0 0 —86 0 (34 as
| 0 0 0 0 —8 05

So, dim(V;) > 4 if and only if the rank of

T8 & 0 0 0 07
8 0 & 0O 0 0
0 -8 & 0 0 0
0 0 0 -8 & 0
0 0 0 -8 0 &

Lo 0 0 0 —8 o]

as

|
coc oo oo

ae

is at most 2. This happens precisely when (i, §2,683) = (0,0,0) or (84, 85,86) =
(0,0,0), that is, when x € (e, e,,e3) U (ey, es, €g). O

The proof of the following lemma is straightforward.

LEmMMA 3.12.  Foralla,b €F,, (a+bd) - (w1 +6v1) A (W +6v2) A(wz+8v3) +
(@ —Dbd) - (wy; — 8vy) A (w2 — 8vz) A (w3 — 6vV3) = 2a - pa + 2bd - pao.

COROLLARY 3.13.  The vectors of the 2-space { p2o, pa1) of /\3 V are precisely
the vectors of the form (a + bd) - (w; + 6v1) A (wy + dvy) A (w3 + dvs3) +
(a—bd) - (wy — 8vy) A (wy — 8v2) A (W3 — 8V3), where a, b €TF,.

By Lemma 3.11 and Corollary 3.13, we have the following result.

CoRrOLLARY 3.14. If 0 € S¢ such that 6 maps a nonzero vector of (pao, pa1) to

a nonzero vector of (pao, pa1), then 0 stabilizes {p2o, p21). Moreover, one of the
following statements holds.

(i) 0 stabilizes the 1-spaces (W, + 8v1) A (W2 + 802) A (3 + 803)) and
gu')l —8v1) A (wy — §v2) A (w3 — §v3)) of /\3 V.

(ii) 0’ interchanges the 1-spaces ((wi + §v1) A (W2 + 8V2) A (w3 + 8v3)) and
(i1 — 801) A (2 — 802) A (B3 — 893)) of N V.

Let W, denote the subgroup of S; consisting of all @ € Sy for which 4 stabilizes
(P20, p21). Let Uy denote the normal subgroup of Wy consisting of all 6 € Wy
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fqr which case (i) of Corollary 3.14 occurs. Put V/V} = {é | 0 € Wy} and U} =
{0160 €U}

REMARK 3.15. Let 6 be an element of Uy, let u; be the restriction of 0 to the
3-space (w; + 8vy, wy + 3vp, w3 + Sv3) of V', and let u, be the restriction of
6 to the 3-space (w; — 801, Wy — 80y, w3 — 8v3) of V. Then 1 = det(d) =
det(uy) - det(ua).

Now let x be an arbitrary vector of (w; 4+ 8vy, wy + vy, w3 + Svs). Since
¥ +x9€V,wehave y := 0(x +x9) = 0(X) +0(x9) € V. Also, y = y¢ =
[6(X9)]¢ + [6(%)]¢. Since there exist unique y; € (wy + §vy, Wy + 6V, w3 + 6v3)
and y, € (w; — 8vy, wy — 8V, w3 — dvs) such that y = y; 4+ y,, we necessarily
have (x7) = [6(X)]4. Hence pus(X9) = 6(x7) = [0(X)]4 = [p1(X)]7.

By the previous paragraph, det(u,) = [det(u)]9. If det(p;) = a + b4, then
det(ps) = a — b8 and, since det(u) - det(p,) = 1, we have a®? — b*d = 1.

Conversely, let a,b € F, such that a> — b*d = 1. Then the element of GL(V)
determined by

vy~ a-v+b-wy, wy—bd-vi+a-w,

1_)2 = 52, 11_)2 = u_)z, l_)3 = l_)3, 11_)3 = II)3
determines an element of Uy for which the corresponding value of det(141) is equal
toa + bé.
LEMMA 3.16.  Let ay,as, by, by € B, such that (ay,a;) # (0,0) # (bl,é\z). Then
the 1-spaces (a1 pa1 + az po) and (b1 p2 + b pao) belong to the same Uy-orbit if

2 b2

and only if (a12 — %)(blz - %) is a square.

Proof. By Lemma 3.12,

aipa +axpa = <% + ;—25> (w1 + 801) A (W2 + 8U2) A (W3 + 8U3)
+ (ﬂ - 23) - iy — 801) A (D2 — 872) A (i3 — 853)
2 2d
and
by b, _ _ _ _ _ _
bipa + bapa = <7 + E(S) (W1 4 801) A (W + 8U2) A (W3 + 803)

by by _ _ _ _ _ _
+ <— — —5) - (w1 — §v1) A (W — §v2) A (w3 — dv3).

By Remar/k\3.15, the 1-spaces (a;p2 + azpao) and (bypa + bapyg) belong to
the same Uy-orbit if and only if there exist a A € F and cy, ¢, € F, satisfying

¢f — c3d = 1such that (% + 258) - (c +¢28) - 2 = % + 225, If ¢] and ¢} are
the unique elements of F, such that (2 + 25)(c] + ¢58) = 2 + 225, then one

b2 2
readily verifies that b} — 2 = (af — %)((c{)2 — (c5)*d). Tt now follows that
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(a1pa + axpro) and (b1 py + bapao) belong to the same Uf -orbit if and only if
b2
(af — —)(bz — —-) as a square. O

LeEmMA 3.17. There are two /U;—orbits on the set of 1-spaces of ( p2o, p21)-

2
a .
Proof. If a; = 1and a, = 0, then a? — — = lis asquare.
Now, choose a; € F;y. Then there exist ay,a3 € F, such that da? = a3 + a?.
¢ ;

aZ
Then aj — —- = —- is a nonsquare.
The claim now follows from Lemma 3.16. O

Next Wezwﬂl construct a particular element 6* of Wf \ Uf Let A, B € F; such
that (4)" + (4 ) = d (hence A> — B*d = —1), and consider the following map
0% of Sy:
vy = A-vi+B-wp,
w; — —Bd-v;— A-w,
Vo = A-vy— B-w,,
12)2 (g Bd-ﬁz—A-lZ)z,
v3 = A-v3+ B-ws,
1113 = —Bd'l_)3—A‘lI)3.

Then one readily verifies that 6% € Wy \ Uy. Moreover, é;‘( p21) = Apa + Bdpyy.

ProposiTiON 3.18. (i) If —1 is a nonsquare, then Wf has one orbit on the set of

l-spaces of {p20, p21)- .
(i1) If —1is a square, then Wy has two orbits on the set of 1-spaces of (p2o, pa1).

Proof. Since /U7 is a normal index-2 subgroup of I@, we can conclude as follows.

o If ( pa1) and (9/:*( p21)) belong to the same ﬁ; orbit, then 6* stabilizes the two
Uf -orbits; in thls case, Wf has two orbits on i the set of 1- -spaces of (P20, pa1)-

o If { pzl) and (9*( Pa1)) belong to different Uf ~orbits, then §* interchanges the
two Uf -orbits; in this case, Wf has one orbit on the set of 1-spaces of ( pao, p21).

Now (p2) and (9*(p21)) belong to the same Uf—OI'blt if and only if

2
<12—%><A2—%)=A2—32d=—1

is a square. The proposition follows. UJ

4. Proof of the Fusion Theorem

Since 3‘; is normal in G_f it follows that if two S’}-orbits were to fuse via o* or 7, s
v € Aut(F,), then they must have the same size. When —1 is a nonsquare there
are no such possibilities. When —1 is a square it could be that the orbits with rep-
resentatives Pig and Pj9 fuse and that the orbits with representatives Py and Py;
also fuse. We show that this is indeed the case.
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Suppose then that —1 is a square. Now o*(p; + ps) = p1 + d’ps and d” is a
nonsquare. The points Pig = (pi+dps) and (p, +d3pg) are in the same Sf -orbit.
So, in this case we get the fusion of the S 'r-orbits with representatives Pjg and Pig.
We also show that the orbits with representatives P,y and P, fuse. Before doing so,
observe that the points Py; = (pgs+dpr+dps+dps) and (p,+dps+dpes+dp7)
are in the same S’} orbit. Let 0(v;) = w; and o(w;) = —v; fori = 1,2, 3; then
o(p1+ dp4 +dpe + dp7) = ps +dps + dps + dps, from which the claim fol-
lows. Now 6% (pa0) = 0™ (dp1+ pa+ pe + p7) = dp1+d*ps+d’ps+d*p; =
d(p1 + dps + dps + dp7) and therefore o*(Pa) = (p1 + dpa + dps + dp7) is
in the S’}-orbit of Pj;. This completes the proof of the Fusion Theorem.
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