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Derived Categories of Toric Varieties

YuJiro KAWAMATA

1. Introduction

The purpose of this paper is to investigate the structure of the derived category of
a toric variety. We shall prove the following result.

THEOREM 1.1. Let X be a projective toric variety with at most quotient singular-
ities, let B be an invariant Q-divisor whose coefficients belong to the set {’7_1,
r e Z>Q}, and let X be the smooth Deligne—Mumford stack associated to the
pair (X, B) as in [12]. Then the bounded derived category of coherent sheaves

DP(Coh(X)) has a complete exceptional collection consisting of sheaves.

An object of a triangulated category a € T is called exceptional if

C for p=0,
Hom?(e,e) =
0 for p #0.
A sequence of exceptional objects {ey, ..., e, } is said to be an exceptional collec-
tion if

Hom?(e;,e;) =0 forall pandi > j.

The sequence is said to be strong if, in addition, Hom?(e;, e;) = 0 for p # 0 and
all i, j; itis called complete if T coincides with the smallest triangulated subcate-
gory containing all the e; (cf. [2]).

It is usually hard to determine the explicit structure of a derived category of a
variety. But it is known that some special varieties, such as projective spaces or
Grassmann varieties, have strong complete exceptional collections consisting of
vector bundles [1; 8; 9; 10]. Such sheaves are useful for further investigation of
the derived categories (see e.g. [6; 7; 14; 18]).

We use the minimal model program for toric varieties as developed in [17] (and
corrected in [15]) in order to prove the theorem. A special feature of this approach
is that, even if we start with the smooth and nonboundary case B = 0, we are forced
to deal not only with singularities but also with the case B # 0 because Mori fiber
spaces have multiple fibers in general. Thus we are inevitably led to consider the
general situation concerning Deligne—-Mumford stacks even if we need results for
smooth varieties only. The “stacky” sheaves need careful treatment because there
exist nontrivial stabilizer groups on the stacks (cf. Remark 5.1).
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We start with the Beilinson theorem for the case of projective spaces and then
build up exceptional collections following the procedure of the minimal model
program. We use a covering trick to proceed from projective spaces to log Fano
varieties (Section 3). Then we proceed by induction on the dimension. First
we consider a Mori fiber space in Section 4, where the base space is assumed
to have already a complete exceptional collection by the induction hypothesis.
Though a Mori fiber space has singular fibers, the associated morphism of stacks
is proved to be smooth (Corollary 4.2), and we can define a complete excep-
tional collection on the total space by using twisted pull-backs. The behavior
of derived categories under birational transformations such as divisorial contrac-
tions or flips was studied in [12]. We use this result, together with results of
Section 4, in Sections 5 and 6. Indeed, the exceptional locus of a divisorial con-
traction or a flip has the structure of a Mori fiber space itself. The argument of
the proof is a generalization of that in [16], which considered the derived cate-
gories of projective space bundles and blow-ups of smooth varieties with smooth
centers.

2. Toric Minimal Model Program

Let X be a projective toric variety of dimension n that is quasi-smooth (i.e., X
has only quotient singularities). We note that a toric variety is quasi-smooth if and
only if it is Q-factorial. We consider a Q-divisor B on X whose prime compo-
nents are invariant divisors with coefficients contained in the set {*'; r € Z.}.
Let X be the smooth Deligne-Mumford stack associated to the pair (X, B) with
the natural morphism my: X — X asin [12].

The pair (X, B) has only log terminal singularities. We work on the log minimal
model program for (X, B) (see [15; 17]). Let ¢: X — Y be a primitive contrac-
tion morphism corresponding to an extremal ray with respect to Kx + B. Then
Y is also a projective toric variety and ¢ is a toric morphism. If ¢ is a birational
morphism, then the boundary divisor C on Y is defined to be the strict transform
of B. Otherwise, it will be defined later.

Let Ny be the lattice of 1-parameter subgroups of the torus acting on X, and let
Ay be the fan in Ny g corresponding to X. Let w = (v3, ..., v,41) beawallin Ay
corresponding to an extremal rational curve, where the v; are primitive vectors in
Ny on the edges of w. Let vy, v, € Nx be two primitive vectors, each of which
forms an n-dimensional cone in Ay when combined with w. Let D; be the prime
divisors on X corresponding to the v;, and let D; be the corresponding prime divi-
sors on X. Let r‘:l be the coefficients of the D; in B. Then the natural morphism
tx: X - X ramifies along D; such that 73 D; = riD;.

The contraction morphism is described by the equation

ap+ -+ ap1v,41 =0, (2.1)

where the a; are integers such that
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(@,...,an41) =15
a; >0 forl<i<a,
a; =0 fora+1=<i<8,
a; <0 for p+1<i<n+41;
2<a=<pB=<n+l

Note that we use slightly different notation from the literature in which the a; are
rational numbers. Since Kx + B is negative for ¢, we have

n+1
a;

E — > 0.
7

i=1 !

The following lemma asserts that the set of integers {a;} is well prepared.

LEMMA 2.1. Let ig be an integer such that 1 <ig <aorB+1<iy<n+1.
Then the set of n + o — B integers a;, where | <i <aand +1<i <n+1
except one i = iy, is coprime for any iy.

Proof. Let c be the largest common divisor of these integers, and set a; = ca;.
Then we have (a;,,c) = 1. Let x, y be integers such that a;,x + ¢y = 1. Then

1 1 X _
Vi) = —Vjy — — Zaivi =—x Za;vi + yvi; € Nx;
C C C = o

i i#ip
hence ¢ = 1. U

One of the following cases occurs.

(1) Mori fiber space: 8 =n +1; thendimY =n+1—o.
(2) Divisorial contraction: 8 = n.
(3) Small contraction: 8 < n.

We treat these cases separately in the following sections. According to the min-
imal model program, Theorem 1.1 follows from the combination of Corollaries
4.4,5.3, and 6.2.

3. Fano Case

We start with the case where (X, B) is a log Q-Fano variety with p = 1. We have
a = f = n + 1. In this case, there are no edges in Ay besides R>v;. Such a va-
riety X is not necessarily a weighted projective space, as noted in [15]. But it is
covered by a weighted projective space via a finite morphism that is étale in co-
dimension 1. Indeed, a weighted projective space is characterized by the property
that the divisor class group has no torsion (cf. Lemma 3.1).

Let Ny’ be the sublattice of Nx generated by the v;. By equation (2.1), the
toric variety X’ corresponding to the fan Ay in Ny g (with the lattice Nx/) is iso-
morphic to the weighted projective space P(ay,...,a,+1). The natural morphism
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61 X' — X is étale in codimension 1. Let D/ be the prime divisors on X’ cor-
responding to the v;, let X’ be the smooth Deligne-Mumford stack associated to
the pair (X’, > rirle;) with the projections x/: X’ — X" and 07: X' — X,
and let D; be the prime divisors on X'’ such that g, D] = r;D;].

Let r be a positive integer such that a;r is divisible by r; for any 7, and let N
be the sublattice of Ny generated by the vectors v; = a;rv;. We have

n+l

> 5 =0,
i=1

and the toric variety X corresponding to the fan Ay in Ny g (with the lattice Ny) is
isomorphic to the projective space P". Let o, : X — X’ be the natural morphism,
and seto = 0y 00y, 0y = Ty 005, and & = 7y o 0. Let D; be the prime divisors
on X corresponding to the vectors v;. Moreover, let Nx~ be the sublattice of Ny
generated by the r;v;. Observe that the vectors r;v; are not necessarily primitive
in this lattice.

LemMA 3.1. (1) A divisor Y, k;D; is torsion in the divisor class group of X if
and only if
a,-ki
IR
— Ti
1
(2) The group of torsion divisor classes on X is dual to the quotient group

Nx/Nxr.

(3) The group of torsion Weil divisor classes on X is dual to the quotient group
Nx/Nx.

Proof. (1) A divisor ), k;D; is linearly equivalent to 0 if and only if there exists
anm € Mx = Ny such that (m, r;,v;) = k;, because the morphism 7rx: X — X is
birational. Thus ), k;D; is torsion if and only if there exists m € My g such that
(m, r;v;) = k;. The latter condition is equivalent to the equality ), a’ri =0.
(2) For m € Mx r, we have (m, r;v;) € Z for all v; if and only if m € My» =
Ny,. Therefore, the group of torsion divisor classes is isomorphic to My~ /My.
(3) is a particular case of (2). O

ReEMaARrk 3.2. If B =0 (i.e., if r; = 1 for all i), then the divisor class groups of
X and & are isomorphic.

ExampLE 3.3. Torsion divisor classes correspond to étale coverings of the stack.
For example, let X = P" be the projective space and let X be the smooth stack as-
sociated to the pair (X , ’T_l Z?:ll H,-), where the H; are coordinate hyperplanes.
Let H; be the prime divisors on X’ above the H; so that 7y H; = r’H; for the pro-
jectionwy: X — X.

Let X = P” be another projective space, and let o : X — X be the Kummer
covering with Galois group (Z/r)" obtained by taking the rth roots of the coordi-
nates. Then o is étale, and we have
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r—1

0,03 = @ OX(Z LiH: + (_Zli)Hn+l)-
i=1

I,..., 1,=0 i=1

We note that the direct summands are invertible sheaves on X corresponding to
the torsion divisor classes. In the usual language, if weset 6 = nx oo : X — X

then
r—1 Zn l
_ ~ i=1ti
505 = P Ox(-r — n+1>,

because

n n I;L_ ll'
ﬂx*ox<2 LM+ (—Zzi)mﬂ) = Ox (—FZ’F‘ 7Hn+1).

i=1 i=1

More generally, we have

.05 (—p) = EB @«(Zm +< —Zl,-)Hn+1>
i=l

1 ----- 1,1—0
and

For example, the direct images of the sheaves O3 (—p) for 0 < p < n, which

generate the derived category D’ (Coh(f( )) (see [1]), have direct summands of the
form Ox (—¢q) for 0 < g < n (cf. [11]).

LemMma 3.4. (1) Let G| = Nx /Ny be the Galois group of the covering 61: X' —
X. Then we have the following decomposition into eigenspaces with respect to the
G -action:

ol*OX/<Z dﬂ){) = @ OX(Z(di + kiri)Di>’
i k i

where the sequences of integers k = (k;) in the summation are determined by the
equation k; = (m,v;) for the representatives m of the group of torsion Weil divi-
sor classes Mx'/Mx of X.

(2) Let G, = Nx//Ny be the Galois group of the covering o5 : X — X'. Then
there is the following decomposition into eigenspaces with respect to the G-
action:

Lyay — r, o n+1
o0z (=p) = EBOX/(ZLfJDZﬂM 1~ le>’

\<i<n a;r ap1r

where the sequences of integers | = (l;) in the summation run under the condi-
tions that 0 < I; < a;r and r| Y. "% I;.

(3) Let G = Nx /Ny be the Galois group of the covering o : X — X. Then we
have the following decomposition into eigenspaces with respect to the G-action:
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kir; kns1—p)r,
0:.05(=p) = @Ox( Z L—.D; + M—‘Dn-&-l),
k

\<i<n air An+17

where the sequences of integers k = (k;) satisfy the equation
n+1

> ki =0.
i=1

Proof. (1) is clear.
(2) We have an exact sequence
n+1
0—> Z/r —> @Z/air — G, — 0,
i=1
where 1 in the first term is sent to (a;) in the second term. Thus

n+l1 n+l1
Gs = {(l,-) e@z/air; Y 1 =0 mod r}.
i=1 i=1

We have oD = 4’ P, for the prime divisor D; on X above D;. Since a’l‘ = 17",

we obtain the formula We remark that O (1) is well-defined because X has no
torsion divisor classes.
(3) Combining (1) and (2) yields

0*0)}(_17)

li i ln - n
= @Ox< Z (kﬂ’i + '—_r—'>Di + (kn-Hrn-H + LMJ>DI1+I>7
. a;r

l<i<n ap41r

where the k = (k;) satisfy
n+1 n+1

Zak =—-Zz

and where the summation on l = (l;) is under the restriction that 0 < [; < a;r
and r| )", l;. If we replace a;rk; + I; by k;, then we obtain our assertion. O

THEOREM 3.5. (1) An invertible sheaf (9;((217:11 k/D;) on X is an exceptional
object for any sequence of integers k = (k; )for 1<i<n+1.

+1 aik +1 aikj +1 ai(ki
@ If 3 ari, >y i hIan a(r, , then

n+1 n+1
Hom? <0X<Z kﬂ)i), aY(Z k;D,)) =0

i=1 i=1
for all g, where k' = (k}) is another sequence of integers.
I ZnH @ ].(I = ZHH alr, nd Z"H kiD; # Z:Hllk D;, then

(oS ) 00 (S5 o

i=l

forall q.
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@ If Yt ek <y K e

n+1

Homq<ox(§ k,-D,-), OX(Z k,fD,-)) =0

i=l i=l

forq # 0.
(5) The set of invertible sheaves Ox( Z’-’:ll k;D;) for
n+1 a; k n+1 a;
S P ]
rl rl
i=1 i=1

generates the triangulated category D?(Coh(X)).

Proof. The canonical divisor of X is given by
wx E oy @ OX<Z(;»,- - 1)2)[) = 0X<—Z D,-).

An invertible sheaf OX(Z k;D; ) is ample if and only if ), —_’ > 0. Therefore,
assertions (1)—(4) follow immediately from the vanishing theorem [13].

(5) follows from a similar generalization of the Beilinson resolution theorem
[1] as in [11, Sec. 5]. Indeed, the integral functor corresponding to an object ¢ on
X x X given by

e ={0— [0.03(—n) X a*szg'.((n)]G —
— [0.03(-1) B0, Q. (D] - [0.03 K 0,051 — 0}
is isomorphic to the identity functor, where the group G acts diagonally on the ten-
sor products. Thus the derived category D?(Coh(X')) is generated by the direct
summands of the sheaves 0,03 (—p) for 0 < p < n given in Lemma 3.4(3).

Since ), k; = 0, it follows that

n kiri (kny1=P)rns1
At

Z ia,‘r + 1 An417 :_B'
7

il i Tn+1 r

Then we calculate

k:r: (kn+1—=P)Tn+1
e (T
i n+1

+

r Tnt1

where we set a;r = r;s; for some integers s;. O

COROLLARY 3.6. Let (X, B) be a Q-factorial projective toric variety such that
—(Kx + B) is ample, p(X) = 1, and the coefficients of B belong to the set {VT_I,
r e Z>0}. Let X be the smooth Deligne—Mumford stack associated to the pair
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(X, B). Then the derived category D?(Coh(X)) has a strong complete excep-
tional collection consisting of invertible sheaves.

Proof. There is a finite number of isomorphism classes of the set of invertible
sheaves Ox (>, k/D;) forOzZi“;—("' > -y 4, O

ir

4. Mori Fiber Space

We consider a toric Mori fiber space ¢: X — Y with respect to Kx + B. This fi-
bration is not necessarily locally trivial, because there may be multiple fibers. Yet
it becomes locally trivial after taking coverings, as we now show.

LEMMA 4.1.  Let Yy be an invariant open affine subset of Y, and let Xo = ¢~ (Yy).
Then there exist finite surjective toric morphisms tx,: X\, — Xo and ty,: Yj —
Yo, with a toric surjective morphism ¢(: X, — Y, that satisfy the following
conditions:

(1) tx, is étale in codimension 1,

(2) ¢ otxy = Ty, 0 D3

(3) X\ is isomorphic to the direct product of Y’ and a weighted projective space,
and @, corresponds to the projection.

Proof. Let Ny be the lattice of 1-parameter subgroups of the torus for Y, and let
Ay be the fan in Ny r corresponding to Y. We take the wall w described in the for-
mula (2.1) such that the corresponding extremal rational curve is contained in Xj.

‘We have
Ny = NX/<@Rvi n NX>.
i=1

Let h: Ny — Ny be the projection. We write h(v;) = s;v; for primitive vectors
v; in Ny and positive integers s;, where « + 1 < i < n + 1. Then these v; give
the set of edges of an (n + 1 — «)-dimensional cone o in Ay corresponding to
Yy. Let E; be the prime divisors on Y corresponding to the vectors v;. Now X
coincides with the toric variety corresponding to the fan Ax N h~ (o) in Nx r.

Let NX(/J be the sublattice of Ny generated by the v; for 1 <i <n + 1, and let
Ny, (resp. Nyy) of Ny be generated by the v; (resp. h(v;)) fora +1<i <n+1.
Let X be the toric variety corresponding to the fan Ax N h™Y (o) in Nx; r, and
let Y, (resp. Y;;') be the one corresponding to the cone o in Ny, g (tesp. Ny; g).
Then the natural morphisms 7x,: Xy — X and 7y : Y§ — Y are étale in codi-
mension 1, while 7y : ¥’ — Y is not in general. Since

o
E ajv; =0,
i=1

it follows that X is isomorphic to the product of Y/’ with a weighted projective
space P(ay,...,ay). O
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irreducible components E;, where the s; are as defined in the proof of Lemma 4.1.
We note that, even if we start with the nonboundary case B = 0, the naturally
defined boundary divisor C on Y is nonzero in general because there may be mul-
tiple fibers for ¢. Let ) be the smooth Deligne—Mumford stack associated to the
pair (Y, C). Then Lemma 4.1 implies the following corollary.

We define the boundary Q-divisor C on Y by assigning coefficients

COROLLARY 4.2. The natural morphism : X — Y is smooth.

THEOREM4.3. (1) The functor y*: D?(Coh())) — D?(Coh (X)) is fully faithful.
Let D(Coh(Y))y denote the full subcategory of D”(Coh(X)) defined by

D(Coh(¥)); = ¥*D*(Coh(V) ® 0X<Z k@»)
i=1
for a sequence of integers k = (k;) with1 <i < a.
O/ I a’rkl > a;jc,- > %ﬁil) then
Hom‘(D"”(Coh(Y))«, D”(Coh(Y))r) =0

forall q, where k’ (k) is another sequence of integers.

©FDIEE DR (XiZitki = kDDi) ¢ Y*DP(Coh(I)),

then

Hom?(D"(Coh())x, D*(Coh(¥)ir) = 0
forall q.
(4) The set of subcategories D*(Coh(Y)) for

o o
aik; a;
—_ >

0>

ri r

i=l i=l

generates the triangulated category D”(Coh(X)).

Proof. (1) By [4] or [5], it is sufficient to prove the following statement: If
A and B are skyscraper sheaves on ) of length 1, then the natural homomor-
phism Hom?(A, B) — Hom?” (¥ *A, ¢*B) is bijective. This follows from the facts
that (a) X{ is isomorphic to the product of Y with a weighted projective space
P(ay,...,ay) and (b) the natural homomorphism of Galois groups NX/NX(; —
Ny/Nyy is surjective .

For (2) and (3), we use a spectral sequence

ER1 H"()) Hom(A, B) ® qu//*OX<Zk D))

i=1
— Hom?” 19 (1//*A, Y*B ® Oy (Z kiDi>>
i—1

for invertible sheaves A, B on ). The direct image sheaves vanish in our case since
the relative canonical divisor for i is given by
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wx;y = Oy (—Z Di)
i=1

and since an invertible sheaf Ox ("7, k;D;) is Y-ampleif and only if Y7, “ ki
0 [13]. '

(4) In general, a full triangulated subcategory B of a triangulated category A is
said to be right (resp. left) admissible if A is generated by B and B (resp. B and
1B), where B+ (resp. *13) denotes the right (resp. left) orthogonal complement
of Bin A [3]. The triangulated subcategory 7 of D?(Coh(X)) generated by the
subcategories DP(Coh(Y)); is admissible by [3, 1.12, 2.6, 2.11]. Therefore, it is
sufficient to prove that the left orthogonal -7 consists of zero objects.

Let A be an arbitrary skyscraper sheaf of length 1 on A" supported at a point
P. Then, by Theorem 3.6, there exists a skyscraper sheaf B of length 1 on ) sup-
ported at Q = ¢ (P) such that A is contained in the subcategory generated by
the sheaves of the form ¥*B ® Ox(X_{_ k;D;) for 0 > Y7 | a;f_” > =
Therefore, A is contained in 7. Hence -7 = 0, because such A span D?(Coh(X))
([4] or [5D). O

COROLLARY 4.4. Assume that D”(Coh())) has a complete exceptional collec-
tion consisting of sheaves. Then so has D?(Coh(X)).

5. Divisorial Contraction

We consider a toric divisorial contraction ¢: X — Y. Here Kx + B is negative for
¢, and C = ¢, B is the strict transform. Let D be the exceptional divisor of the
contraction. Then the restriction ¢: D — F = ¢ (D) is a Mori fiber space, which
was treated in the previous section.

Let Y be the stack associated to the pair (Y, C). We note that there is no mor-
phism of stacks from & to ) in general. But there is still a fully faithful functor
&: D?(Coh())) — DP(Coh(X)) by [12, Thm. 4.2(2)]. Indeed, let WV be the
normalization of the fiber product X xy ), andlet u: W — X andv: W — Y
be the projections. Then ® = p,, o v* is fully faithful. We regard D?(Coh()))) as
a full subcategory of DP(Coh(X)) through this functor.

Let E; = ¢.D; be the prime divisors on Y corresponding to the edges v; for
1 <i <n. These E; for]l <i < « are the divisors that contain the center F' of
the blow-up ¢, and D = D, is the exceptional divisor. Let &; be the prime divi-
sors on ) corresponding to the E;. The following formula is proved in the proof
of [12, Thm. 4.2(2)]:

ofos(Soue) =on(Sum).

n
Frtl aik;

knt1 =1 J

bn+1 i=1 ri

for any integers k; with 1 <i < n, where we put by} = —a,4+1 > 0.
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Let » be a positive integer such that a,r is divisible by r; for 1 <i <n 4+ 1.
We set
lai| - r =ris;.

Lets = (sy,..., S,+1) be the greatest common divisor, and set s; = s5;. Then the
fractional part of the rational number
Futt ~o aiki iz ki

buy1 = ri Sn+1
. . Spp1—1
can take an arbitrary value in the set {O, ﬁ, e, %} when we vary the se-
n n
quence k, because (5, ...,8,+1) = 1.

The Mori fiber space ¢: D — F is described as follows. The lattice of 1-
parameter subgroups for D is given by N = Nx/Zv, ;. We write v; mod Zv, | =
t;v; for 1 < i < n, where the #; are positive integers and the v; are primitive vec-
tors in N. Let t = (aity,...,aut,) be the greatest common divisor, and set a;t; =
ta;; then

a1+ ---+a,v, =0.

lx

We define a Q-divisor B on D by putting coefficients " ! to the prime divi-

sors D = D;NDforl <i <n. Wealso define a Q- d1v1sor C on the base space
of the Mori fiber space F using B as in the previous section. Let D and F be the
smooth stacks associated to the palrs (D, B) and (F,C), respectlvely Then there
are induced morphisms of stacks ¢ : D — Fand j: D — X. Let D; be the prime
divisors on D corresponding to the D for1 <i < n. Then we have

J*0x(D;) = Op(Dy).
We note that D;|p = %Di in the usual language.
REMARK 5.1. If r,4; > 1, then the action of the stabilizer group at the generic

point of D, is nontrivial. Hence j*Ox (kD,+1) = 0 on D if k is not divisible by
rne1. Indeed, we have

Hom(j*Ox (kDy+1), A) = Hom(Ox (kDy11), jxA) =0

for any sheaf A on D in this case.

For example, let X be an affine line with a point P, and let X’ be the stack asso-
ciated to the pair (X, "' P) with a point P above P. Then we have j*Ox (kP) =
0 if k£ is not divisible by r, where j: P — X is the natural morphism. From a
resolution

0 — Ox((k —DP) — Ox(kP) - Op(kP) — 0

it follows that L, j*Op (k'P) is isomorphic to Op if ¢ = 0 and k = 0 modulo r or
if ¢ = 1 and kK = 1 modulo r, and is zero otherwise. Thus

Hom?(Op (kP), Op) = Hom?(Op(kP), j.Op)
= Hom?(Lj*Op(k'P), Op)

is nonzero if and only if ¢ = 0 and k = 0 modulo r or ¢ = 1 and k = 1 modulo r.
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THEOREM 5.2. (1) The functor j*Jf* : DP(Coh(F)) — D’(Coh(X)) is fully
faithful.
Let D*(Coh(F)), denote the full subcategory obe(Coh(X)) defined by

n+1
D"(Coh(F))x = j.¥*D"(Coh(F)) ® OX(ZkiD,)

i=1
for a sequence of integers k = (k;) with1 <i <n+ 1.
Q) If 0> Yl ki 5 sl pen

i=1
Hom?(®(D’(Coh()))), D’(Coh(F))x) =0

forall q.

+1 ajk +1 aik} +1 ai(ki=1)
B3Iy a;i’ > YU L s Y A o , then

Hom?(D"”(Coh(F))¢, D*(Coh(F))i) =0
for all g, where k' = (k) is another sequence of integers.

(@) If Yorl ek — sl 4 " but j*Ox(X 12 (ki — k)D;) = 0 or

ri

n+l1
j*OX(Zac,- - k,f)D,-) ¢ "D (Coh(F)).

i=l

then
Hom?(D?(Coh(F))x, D’(Coh(F))r) =0
forall q.
(5) The subcategories & (D?(Coh(Y))) and the D*(Coh(F))y for

n+1 aiki n+1 a;
generate the triangulated category D?(Coh(X)).
Proof. (1) It is sufficient to prove that the natural homomorphism
Hom‘(L, L") — Hom?(j.*L, j.¥*L")
is bijective for all ¢ and all locally free sheaves L and L’ on F, because these

sheaves span the category D?(Coh(F)).
We have an exact sequence

0— Ox(=Dy41) » Ox — OD,IH -0

with an isomorphism Op,,, = j.Op. Hence

Op for g =0,
L,j%j:O0p =1 j*Ox(=Dyq1) for g =1,
0 otherwise,

where j*Ox (—D,41) is an invertible sheaf on D if r,,;; = 1 and is zero otherwise.
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Ifr,41 > 1, then
Hom?(j,*L, j.y*L') = Hom?(Lj*j,*L,y*L")
= HomY(Y*L, ¥*L') = Hom%(L, L")

as required If ru+1 = 1 then we know that j*Ox (D,4) is negative for 1}, while
JOox (X Dn.H) is ample for ¢ because Y/ % > 0. Since

wp/F = OD(_Z 751’) = j*ox<—z Di),
i=1 i=1
we may calculate
Hom(Lyj*j.*L, y*L") = Hom(y*L, y*L' ® j*Ox(Dyy1)) =0

by the relative vanishing theorem for 1/_f [13]. Therefore, we have also our asser-
tion in this case.
(2) It is sufficient to prove

n+l1 n+1
Hom4<0X<Zk;D,-), JUA® OX(ZkiDl)) =0

i=1 i=1
for all integers ¢, for all sheaves A on F, and for the sequences (k) and (k) under
the additional conditions that

!
k’ r,H_] Cl,‘k
n+] )
anrl —1 ri
n+l n+1
a;k; a;
0> _—>— —
ri ri
i=1 ! i=1 !
By the first condition, we have
n+1 /
bn+1
0< E — < ;
r Tnt1

i=1

hence
n

O>Za(k > — crz_,

i=1 i=1
By the relative vanishing theorem for v/, we have

n+l1 n+l
Homq<OX<Zk D,),]*w A® OX<ZI¢ D))

i=l

n+1
>~ Homq<j*(’)x<2(klf — k,-)Di), J;*A) ~0.

i=1

. o . . . i k,{*ki n
(3) is similarly proved as in (1). Since 0 > Y7/ ait - ) >—y".“ o rnill

it follows that
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n+l n+1
thj*Ox<Z(k§ - k,-m) = R&*j*ox(vm +) k- k»Di) =0
i=1 i=1

by the relative vanishing theorem for . Thus

n+1
Homq(j*lﬁ*l" j*l/_f*L/ ® OX(Z(k; - ki)Di>) =0
i=1
for all g and for all locally free sheaves L and L’ on F.

(4) is similar to (3).

(5) We shall prove that the left orthogonal -7 to the triangulated subcategory
T of D?(Coh(X')) generated by these subcategories consists of zero objects as in
the proof of Theorem 4.3.

Let A be an arbitrary skyscraper sheaf of length 1 on X supported at a point P.
If P ¢ D,,; then A € T; otherwise, there is a point P on D such that P = j(}_’).
Then, by Theorem 3.6, there exists a skyscraper sheaf B of length 1 on F sup-
ported at O = y/(P) such that A is contained in the subcategory generated by the
sheaves of the form j,*B ® (’)X(Zl'.’:ll k;D;) for

n+1 n+1
by aik; a;
> >y 2
Fnt1 izl ri o1 r
If 2l 5 St ki S 0 then kyyy = L2 Y 4K Therefore, A is contained
Fn+1 i=1 rp — n+l = by i=1 ri : ’
in 7 and hence -7 = 0. OJ

COROLLARY 5.3.  Assume that D*(Coh()))) has a complete exceptional collec-
tion consisting of sheaves. Then so has D?(Coh(X)).

6. Log Flip

We consider a toric small contraction ¢: X — Y with the log flip ¢7: X* —
Y. Here Ky + B is negative for ¢ and Kx+ + B is ample for ¢, where BT =
(¢7)7'¢.B is the strict transform. The argument for log flips in this section is
surprisingly similar to that for the divisorial contractions in the previous section.

Let X be the smooth Deligne-Mumford stack associated to the pair (X +, B™).
Then there is a fully faithful functor ®: D?(Coh(X*)) — D’(Coh(X)) by [12,
Thm. 4.2(3)]. Indeed, let W be the normalization of the fiber product X' xy X',
and let u: W — X and v: W — X7 be the projections. Then ® = u, o v*
is fully faithful. We regard D?(Coh (X ¥)) as a full subcategory of D?(Coh (X))
through this functor.

Let D" = (¢;)7'¢. D; be the prime divisors on X * corresponding to the edges
viforl <i <n+1,andlet Di*' be the corresponding prime divisors on X' t. The
following formula is proved in the proof of [12, Thm. 4.2(3)]:

n+1 n+l1
@ ((’)X+ ( > kﬂ)ﬁ)) = Oy ( > k,»D,)
i=1

i=1
if
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n+1 a-k n+1
1
< Zt
- Z ri Z ri
i=1 i=p+1
where weputb; = —a; for+1<i <n+1.

Let D be the exceptional locus of the contraction ¢. Then we have D =
ﬂ’f;lg +1 Di, and the restriction ¢: D — F = ¢(D) is a Mori fiber space de-
scribed as follows. The lattice of I-parameter subgroups for D is given by N =
NX/@"+/;+1 Zv;. We write v; mod @"J“/;H Zv; = t;v; for1 <i < B, where the t;
are positive integers and the v; are primitive vectors in N. Lett = (ai1y, .. .,a 7))
be the greatest common divisor and let a;#; = ta;. Then

oy + - -+ agg = 0.

We define a Q-divisor B on D by putting coefficients r”’ ! to the prime divi-

sors D; = D;NDforl <i < B. We also define a Q- d1v1sor C on the base
space of the Mori fiber space F using B as before. Let D and F be the smooth
Deligne-Mumford stacks associated to the pairs (D, B) and (F, C), respectively.
Then there are induced morphisms of stacks ¢ : D — F and j: D — X. Let D;
be the prime divisors on D corresponding to the D; for 1 < i < 8. Then

J*Ox(Di) = Op(Dy).

We note that D;|p = }_D,- in the usual language.

THEOREM 6.1. (1) The functor j.y*: D’(Coh(F)) — D’(Coh(X)) is fully
faithful.
Let D(Coh(F)); denote the full subcategory of D?(Coh(X)) defined by

n+l1
D" (Coh(F)) = j.h*D"(Coh(F)) @ OX(Zk;D,)
i=1
for a sequence of integers k = (k;) with1 <i <n+ 1.
(2) If 0> Zn+1 u,.ll.c, _Zn+1 ﬁ’ then

i=1 ri
Hom?(®(D’(Coh(XT))), D?(Coh(F))) =0
forall q.
G If L ek > Yt 4 sy 4D hen

Hom?(D*(Coh(F))i, D’(Coh(F))p) =0

for all g, where k' = (k) is another sequence of integers.

@ 1f Y ke = S Kt O (X1 (ki — k)Di) = 0 or

i

n+1
j*OX(ZUci — k] )Di) ¢ ¥*D"(Coh(F)),
i=1

then
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Hom?(D?(Coh(F))x, D’(Coh(F))x) =0

forall q.
(5) The subcategories @ (DP(Coh(X1))) and the DP(Coh(F)) for

n+1 n+1
a;k; a;
0> ===
r r
i=1 ! i=1 !

generate the triangulated category D*(Coh(X)).

Proof. (1) We shall prove that the natural homomorphism

Hom?(L, L") — Hom?(j*L, jW*L")

is bijective for all ¢ and for all locally free sheaves L and L’ on F.
We have an exact sequence

ntl 2 n+l1
0— OX<— > Di> - /\( 4 (’)X(—Di))

i=p+1 i=p+1
n+l
— @ Ox(—Dl) e OX e ]*OD — 0.
i=p+1

Hence
q n+1
Lyj*j.Op = /\( &y j*ox(—m).
i=p+1

The sheaf j*Ox(—3_,c; D;) forany subset I C {+1,...,n+ 1} is either invert-
ible or zero, and it is negative for v if it is not a zero sheaf.

Since
wp)F = OD<_Z 151’) = j*ox<—z Di),
i=1 i=1
we may calculate

Hom%(L,, j*j,*L,y*L)

B B P n+1
=~ Hom"(lﬂ*L,I//*L’ ® /\( $H j*(’)X(—Di)>> >0
i=p+1

n+l ai
i=1 ri

for p > 0and forany ¢ by the relative vanishing theorem for ¥, because 3
0. Hence

Hom?(j,*L, j.y*L") = Hom?(j*j,y*L, ¥*L")
=~ Hom’(y*L,*L") = HomY(L, L")

for any ¢, as required.
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(2) It is sufficient to prove

n+l n+l
Hom"((’)x<2k;Di), JUA® OX(ZkiDi>> =0

i=l i=1

for all integers ¢, for all sheaves A on JF, and for the sequences (k) and (k") under
the additional conditions that

k, n+1

<Z—

Lﬂ+1[

0<

r

ntl
T

n+1 n+l
O>Zi—k

r

It follows that
i a; (k a;

By the relative vanishing theorem for v/, we have

n+1 n+1
Hom? <0X<Z k;Di), JVA® 0X<Z k,-Di>>

i=l i=l1

n+l1
=~ Hom‘I<j*(’)X<Z(k; — k,-)D,-), 1/_/*A> ~0.

i=1

3) is 31m11arly proved as in (1). Since 0 > Z:L+1l a’(kr_ k) > -y
Z:’Jréﬂ .+ it follows that
n+l1
iel i=1

for any subset I C { + 1,...,n + 1} by the relative vanishing theorem for .
Thus

n+l
Hom"(j*t/_f*L, Je*L' ® OX(Z(k; — k,)D,»)) =0

i=l1

for all ¢ and for all locally free sheaves L and L’ on F.

(4) is similar to (3).

(5) We shall prove that the left orthogonal -7 to the triangulated subcategory
T of D(Coh(X')) generated by these subcategories consists of zero objects.

Let A be an arbitrary skyscraper sheaf of length 1 on X supported at a point P.
If P is not above a point in D then A € T; otherwise, there is a point PonD
such that P = j (15). Then, by Theorem 3.6, there exists a skyscraper sheaf B of
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length 1 on F supported at Q = y(P) such that A is contained in the subcategory
generated by the sheaves of the form j,¥*B ® OX(Z?LI k,-D,-) for

n+1 n+1 n+1

b; a;k; a;
Z 2L s Zt
. r ; ri — T
i=p+1 i=1 i=1
Therefore, A is contained in 7 and hence -7 = 0. O

COROLLARY 6.2.  Assume that D?(Coh(X 1)) has a complete exceptional collec-
tion consisting of sheaves. Then so has D?(Coh(X)).
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