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Pseudo-Carleson Measures
for Weighted Bergman Spaces

J. X1A0

1. Problem and Solution

Let A and dm be the open unit disk and the 2-dimensional Lebesgue mea-
sure on the complex plang, respectively. Fowx € (—1, 00), put dm,(z) =

7 X+ DA — |z[)%dm(z). For p € [1, 00), let A denote the weighted Berg-
man space of all analytic functionson A for which

IIfIIAp = /Iflpdma < o0.
A

This definition breaks down at = oc. The spacei?’ is substituted by the Bloch
space3, which consists of those analytic functiofison A obeying

I£18 = 1£©)] + supd— 2] f'(z)] < oo.

ZEA

Every functionf € AL has the reproducing formula [10, p. 53]

/(1 _Sw) ;M mo(w), zeA.

Note thatA% decreases witlp and has the duality properties (cf. [3, Thm. 2.4,
Thm. 2.5]) [Ah]* = A% for p > 1andp~—t+ ¢~ = L, whereas 1 ]* = B under
the pairing

(f. g)a = fA g dma.

A word of caution is necessary: the last integral is understood in the sense of con-
ditional convergence,

lim [(@g(@) dmq(2),
r—1 |Z|§I‘
rather than absolute convergence (which, in fact, is false in some cases).

After giving a lecture (about Mobius invariant function spaces) on March 23,
1998, in the Department of Mathematics of Lund University, Sweden, | was en-
couraged by J. Peetre to attack the following problem.
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PEETRE’S PROBLEM. Let u be a complex Borel measure én What geometric
property musj:. have in order that

/Afzdu

Here and throughout the paper, the lefestands for a (variable) positive constant.
Before providing a solution to this problem, we would like to make two remarks.
First, a complex Borel measugesatisfying

<CIfI%. feAl?

f|f|2d|m <CIfIZ,. fed?,
A o

is called aCarleson measuréor A%. This measure is important for example in
the theory of interpolation, and it has the following equivalent property (cf. [2,
Lemma 2.1] or [8, Thm. 1.2]): A complex Borel measwragiven onA is a Car-
leson measure fot?, if and only if either

1— |w|2 a+2
sup [ || dlul@) < oo
weA JA |1—'wZ|

or

sup| 7|~ “ 2| ul(S()) < oo.

1CoA
Herel c dA stands for a subarc &fA with the arclengthi/|, andS(7) is the
Carleson box

SU) ={zeA:1-11/2m) < |z| <1 z/lz| € I}.

Regarding the geometric description of Carleson measures for the Bergman space
A2 we refer also to the papers by Hastings [4] and Luecking [5].

A complex Borel measurg with Peetre’s property will be called pseudo-
Carleson measuréor A2 . It is clear that a Carleson measure &} must be a
pseudo-Carleson measure #f, but not conversely. The second remark is that
each pseudo-Carleson measure4@ris Mobius invariant in the following sense.
Consider any Mobius mapping of A onto itself. This mapping induces that
f = g = (¢")%?%f o ¢ is an isometry ofAZ onto itself. If one definegy =

(¢")~@ ) du o ¢, then
/gzdv:/fzd,u.
A A

The forthcoming theorem is our main result, solving Peetre’s problem.

THEOREM. Let u be a complex Borel measure anand leta € (—1, co). Then
the following conditions are equivalent

(i) wis a pseudo-Carleson measure #f;

(i ‘/Afdu SCllfllg, feAb:
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1— |w|2 j|a+2

1] su —_— d < 00;

(i) WEE/A[a—wz)Z o

: . bdip(w) |2

iv sup|/ “‘*2)/ W) 1 g ;
(iv) Icagl | R R Myt 2(2) < 00

(V) Pia(z) = [,(1—zw)~“"? dip(w) defines a function ii;
(Vi) Ku: f > [,d—wz)"@F2f(w) du(w) exists as a bounded operator aif
foreachp > 1.

The proof of the theorem will consist of straightforward applications of atomic
decompositions and dual estimates of weighted Bergman spaces.

2. Proof and Remarks

In this section we prove the theorem and give some comments about it. Toward
this end, we need an atomic decomposition theorerafpr

THEOREM A. Leta € (-1, 00). Then there exists a sequenieg} C A with the
following property f € AL if and only if there is a sequende;} € /* such thatf

can be written as 5
f@) = Zc.[ 1—3? }

with 1 £ L, = 3 lej.

For an account of Theorem A, see [7, Thm. 2.2]. Here we have used the notation
a >~ b to denote comparability of the quantitiegndb, that is, there is a positive
constaniC satisfyingC b < a < Cb.

Proof of Theorem AWe divide the argument into four steps.
Step 1:(ii) = (i) = (iii) = (ii). If (ii) holds then (i) follows easily. Let (i)

be true. Because 5
1— |w|2 o+
sup | [ ——— dmy(z) < 00
A w

weA

(cf. [10, Lemma 4.2.2]), if

1— |w|? }((Hz)/z

Sw(@) = [m

then f,, belongs toA2 uniformly for w € A, that is, SURenll fullaz < o0 and
hence from (i) we obtain

f fldu
A

giving (iii). Suppose that (iii) is valid. In order to verify (ii), we apply the exis-
tence of the sequende,} C A in Theorem A to imply that to eacfi € AL there
corresponds &;} € I* satisfying

2 2
< Cllfull?, = Csupl full%,
weA
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1— 2 et2
=3¢ [—(1 il }
]

Zj2)?

and|l{c;}llx < CIl fll s, so that
1— |Zj|2 ]a+2
du| < C su -0 d ’
[Af | = Cllflla, ,-FUA[(l—ij)Z n(z)
implying (ii).

Step 2:(iv) < (v). This follows immediately from [2, Thm. 2.2]—an ana-
lytic function f on A belongs td3 if and only if | f'|? dm,. 2 is an(a +2)-Carleson
measure:

sup| 7|2 / | f/12dmey2 < 0o.
1CoA S

Step 3:(ii) <= (v). The reproducing formula of!, implies that

_ f(2)
/A fdu = /A[ A wer? dma(z)} du(w)

du(w)
/ fe >[ / i _)M} dma (@)

= / f@)Pu(z) dmy(2)
A

= (fv P[L)C(
Accordingly, the equivalence (ig= (v) derives from the duality4%]* = B.

Step 4:(v) < (vi). Following [6], we callK, a Hankel operator associated
with the symbolx and then demonstrate the following useful identity:

(Ko f. ) a—f Fw)g@ du(w), feAl, geAl,

wherep™ 4+ ¢t =1andp > 1 Infact, whenf € A%, andg € A%, one can use
the reproducing formula of?, to obtain

(K. f 8)o = / K, f(2)g(z) dmy(2)

/[/ (1_fz( ;DH—Z dﬂ(w)}g(_z)dma(z)

g(2)
/f( )[A(l o) 2 dma(z)j|d,u(w)

- /A F@)2(@®) du(w).
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Setting )
h(w):AmdM(Z)

and noting thag (z) is analytic onA (indeed,g(z) lies in A% wheneverg € A%),
from the reproducing formula one thus derives that

(Kuf. 8o = /A Fw)g(@)h(w) dmy (w).

The last identity shows thak,: Az — Af exists as a bounded operator if and
only if 7 is a member of3. More precisely, if: € B then the dual relation4® ]* =

B, together with Holder’s inequality, indicates that for afig AL andg € A% we
have

(K, fs 8)al < ClILf Iz gl ag 12l 5.

Since A]* = A relative to(-, -),, it follows that K, is bounded om%,. On the
other hand, assume th&f, : A% — A% is bounded. Now, for a sequengg} C
A involved in Theorem A, let

a+2 +2

o 1—|z_,~|2]T | _[1—|z,~|2}“7
ﬁ(Z)_[<1—zjz>2 S A Koo I

WhenF € AL, one can find a sequengg} € I* such thatF (z) = > 6ifi(@gi(@)
with [[{c;}l;2 < CIFl a1 - Moreover,

[(F, h)al < lIfej}lin SUpI K, fillaz 8711 ag < CIIF Il g,
J

Henceh e B follows from [AL]* = B. O

REMARKS. It is not hard to figure out thak, = U/*P, is affected only by the
conjugate analytic part af. Herel/* is the adjoint operator dff: g(z) — g(2)
(which sendsA’, to A%, ¢ > 1) and

5 [ Swh(w)
Ppf(z) = /A A—wiye? dmg(w)

is the classical (small) Hankel operator associated with the symbbherefore
(see[1, Thm. 9.1))K,,: AL — A% exists as a bounded (resp., compact) operator
if and only if Pjx € B (resp.,Bo), whereB is the little Bloch space of all analytic
functions f on A with

lii‘rﬂl(l— 12151 f'(z)| = 0.

It is a simple exercise to show thad{]* = Al under(-, -), and thatPji € By if

and only if
1— |w|2 a+2
/A[a— m)?] @

lw|—1
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Furthermore, as stated in [1, Thm. 9.8}, : A2 — A2 belongs taS, (the Schat-
ten p-ideal, p > 1) if and only if Pj lies in B,, the p-Besov space of all analytic
functionsf on A for which

115, = /If’(z)l”(l— 2157~ dm(z) < oo.
A

In addition, (ii) is equivalent to saying that, for all natural numbees 2,

/Af”du

In particular, if u is a real-valued nondecreasing function on the unit interval
[—1, 1] then our theorem extends [9, Thm. 3.1]. Finally, observe that the major re-
sult of this paper can be generalized easily to weighted Bergman spaces on the
unit ball of C".

<ClIfll. feAL
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