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Introduction

This paper studies the behaviour of operators defined on the projective and
natural tensor product of an /, space and an arbitrary Banach space X. The
main result is the following (Theorem 1): If E and F are Banach spaces, E
not containing /;, and all operators from E into /, and all operators from E
into F are compact, then all operators from E 1nto Iy ®. X are compact.
Two applications of the techniques involved in the proof of this result are
considered: a study of the tensor stability (with respect to the projective
and natural tensor product with an /,-space) of the scale of operator ideals
formed by the p-converging operators for 1 < p < +4o0, and a vector-valued
version of Pitt’s theorem.

Background

Throughout the paper p* denotes the dual number of p. We base our ap-
proach to the properties of natural and projective tensor products on the
use of the representations of those spaces as sequence spaces. A sequence
(x,) in a Banach space X is said to be weakly p-summable (p =1) if there is
a C> 0 such that, for each (£,) in /,

k
S b I, <1 <40

Wp({Xn})n = su}l{p{
(here, if p=1then c; plays the role of /,.); it is said to be absolutely p-sum-

mable when p=1if
1/p

55 (Uind) = [zux,,up] < +oo

(if p= +oo then the /, norm must be replaced by the sup norm); it is said to
be strongly p-summable for p=1 if

+0o0
S Sl wp D=1, (e X ] < e

op({xp},) = sup{
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Following [2] and [3], we shall denote by /,(X), /,[X], and /(X (re-
spectively) the spaces of weakly p-summable, absolutely p-summable, and
strongly p-summable sequences of X, endowed with their natural topolo-
gies induced by the norms w,, s,, and o, respectively. The following two
isometries are well known: /,(X)=L(/,+, X) for 1< p<+o0, and /;(X)=
L(cg, X) (see [3]). The symbols « and e shall denote the projective and in-
jective norms on the space /,& X. The symbol A, denotes the norm induced
by s, over [,&® X the topology induced by s, is termed the natural topology.
We shall denote by p® X, 1,,®,,X and l ®A X =1[,[X] the completion
of [,®X with respect to €, 7, and A, respectlvely The closed subspace
of IP(X » formed by those sequences Wthh are the limit of their finite sec-
tions will be denoted by /, ((X). It is easy to see that [, (X)) =/, ® X if
1< p<oo.

We shall consider the following operator ideals: The ideal W of weakly
compact operators; the ideal U of unconditionally converging operators—
that is, those sending weakly 1-summable sequences into unconditionally
summable sequences; the ideal K of compact operators; and the ideal B of
completely continuous operators—that is, those sending weakly convergent
sequences into convergent ones.

DEerFINITION. We say that an operator Te L(X,Y) is p-converging forl=<
p <+ if it transforms weakly p-summable sequences of X into norm null
sequences of Y. We shall use C, to denote the ideal of p-converging oper-
ators.

The classes C, form injective, nonsurjective closed operator ideals. It is clear
that C;=U and with the convention that the weakly co-summable are the
weakly null sequences, that C,, = B. A characterization of p-converging op-
erators is contained in the following proposition of [1].

ProposITiION 0. Let X be a Banach space, and let1 < p<+oo. If p>1, the
operator 1d(X) belongs to C, if and only if all operators from l,. into X are
compact. If p=1then 1d(X) belongs to C, if and only if all operators from
Co into X are compact.

The result known as Pitt’s theorem, L(/,, /) =K(/,,1,) if and only if p>g,
can therefore be written as follows: If 1< p,r <oo then Id(/,) € C, if and
only if r < p* This must be taken into account for the hypotheses of Corol-
lary 3.

Main Results

We begin our study of C, operators in projective and natural tensor prod-
ucts with a technical result of independent interest.

TueEOREM 1. Let E and F be Banach spaces, E not containing l,. Let 1 < p<
+oo. If all operators from E into 1, are compact and all operators from E
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into F are compact, then all operators from E into [, ®,rF (resp. I, ®Ap F)
are compact.

Proof. Let A:E— |, ®,rF be an operator and let (x,) be a weakly null se-
quence in E. By Rosenthal’s /; theorem, it is sufficient to verify that (Ax,) is
norm null. If it is not norm null, one can assume that ||Ax,||= ¢ for some
€>0 and all neN. Since /, &, F= lp,0{F), Ax, can be identified with some
sequence (/). If the image of A4 is contained in some finite product of copies
of X, the proof is finished because of the hypothesis L(E, F)=K(E, F). If
not, it is then possible to proceed inductively to obtain sequences of naturals
(n;) and (k;) so that

10,0, e, 3731, ey $4741,0,0,..)]| > €/2.

Let I; be the set {k;+1,...,k;,1}. We shall use P;:/ ®,rF—>l ®. F and
Qj:lp ——>l to denote the prOJectlons over the mdlces of I;. For each index j
there is an element z; in (/, ® F)*=L(l,, F*) with I]ZJ” <1 such that

l(PjAX,,j, Zj l >e/2.
This implies that

KPjAxy, 2j Q)| = < > 6@y, z; Qj>

iel;

2<z, Qj(e), ¥y

iel;

=| > (zj(e), y¥>

iel;

A continuous operator B: E — [, is defined by Bx = ((P;Ax, z;Q;));. This
operator is well-defined; for if Ax=(y;) then

=(P;Axy, 23| > -;—

1/p
(SKpax.z000)
J
= sup | nPAx20p|= sup zn,<2e,®y,,z,Q>|
flallpe=1l j allr=11 Jj iel
=< sup E(Ee:®yi,njszj> = sup 2<Ee,®y,,2nkszk>
Inllpo=tl j \iel; lnll-=<1l j \iel
= sup <Eez®y,,2n,z,Q,> <|Ax| sup (X n;z;Q;l.
Inllpe<1 [ETREST

This last expression is finite, since, if s belongs to the unit ball of /, and
p>1, then

= sup
F* | flrst

i2;Qj(8)

<E 1;2;Q;(8), f>~<” fs”up El(n,z,Q,(S) D
F=<1J
1/p

1/p*
< sup (EInJI") (2l<z,-Q;(S),f>I”>
J

Hf"F<
‘l/p‘ . 1/p
) (2(2|s,-lp)||z,-np) <1,
J \iel;

=(3h
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from which one deduces that || Bx| < | Ax||. If p =1, the proof is analogous.
Therefore B is continuous. By the hypothesis, B must be compact, and hence
lim;_, Bx, = 0. This is in contradiction with the fact that, for every i eN,

|1 Bxy, | =P AXn,s 2 )il 1, = KP; Ay 2: Q) Z €/2,

and the theorem is proved. O

The proof for the natural product is essentially the same.
The following extension of Pitt’s lemma (case X,Y =R or C) can be
established.

THEOREM 2. Assume that X and Y are Banach spaces, and that X and
Y* do not contain l;. Let 1< q< p<oo. If L(,,1,) =K(L,,1,), L(I,,Y)=
K, Y), L(X, [)=K(X, l)), L(X,Y)=K(X, Y), and L(Y*, X*) =
K(Y*, X*), then

L(,®. X,1,8,Y)=K(l,®. X, 1,8,Y)
and
L(L,IX1,,IYD) =K(,[X],1,[Y]).

Proof. By aresult of Samuel [7, Thm. 3], /; is not contained in /, ®e X. That
[, is not contained in /,[X] is a consequence of a result of Pisier [5]. By
Schauder’s theorem and Theorem 1, the conclusion follows. O

REMARKS. (i) Except for L(Y*, X*)=K(Y* X*), all the conditions of the
hypothesis are also necessary.

(ii) The ideal Cy is, in general, not tensor stable with respect to projective
or injective products; see [6] for the projective case, and there is the trivial
example I, ®,.l,=K(l,, ;) for the injective case. However, when one con-
siders tensor products with an /,-space, the ideals C,, are to some extent ten-
sor stable, as follows from Theorem 1 and Proposition 0. This yields the
next corollary.

CoRrOLLARY 3. Let 1= p,r<oo. If the operators 1d(l,) € C, (i.e. r<p®)
and 1d(X) € C,, then 1d(l,®, X) € C, and 1d(/,®a, X) € C,.

Since Id(X) € C, if and only if X does not contain an isomorphic copy of ¢y,
we obtain the following.

CorOLLARY 4. Forl=p<-+oo,l, ®, X contains a copy of ¢, if and only if
X does.
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