ON CERTAIN LINKS IN 3-MANIFOLDS
Lloyd G. Roeling

1. INTRODUCTION

A. H. Wallace [7] has shown that each closed, orientable 3-manifold can be
transformed into the 3-sphere by removing a finite number of solid tori (a regular
neighborhood of a compact, connected graph with Euler characteristic 1 - n) and
sewing them back in an appropriate manner. In particular, this can be done with any
homotopy 3-sphere.  In Theorem 2 we show that if the complement of the solid tori
has free fundamental group and if the tori lie “nicely” with respect to some Heegaard
splitting of the manifold, then the manifold is the connected sum of lens spaces, and
therefore, if it is simply connected, it is the 3-sphere.

2. PRELIMINARIES

All spaces considered will be polyhedra, and all maps will be piecewise linear.
We shall denote the n-sphere by S™. It is known [1] that every closed, orientable
3-manifold can be represented as H U H', where H and H' are solid tori of some
genus n and HN H' =90H =9H' =T is an orientable surface of genus n. Such a
representation, denoted by (H, H'; T), is a Heegaard splitting of genus n for the
manifold. A manifold that possesses a Heegaard splitting of genus 1 is called a lens
space. Note that this class of manifolds consists of the classical lens spaces along
with the two spaces S3 and S2 X Sl. The symbol cl(A) will denote the closure of A.

Let H be a solid torus of genus n, and let D, -**, Dy (k < n) be pairwise dis-
joint disks properly embedded in H, that is, let D; N dH = 9D; for each i. Let
Jy, -+, Ji be pairwise disjoint, S1mple closed curves in oH such that J; N D; is a
point for each i and J;N D = ¢ for i #j. Then {Jl, . Jk} is called a set of k
canonical longitudes fmf H.

Let M and N be oriented, closed 3-manifolds, and let BC M and E C N be 3-
cells. Let h: 0B — 0E be an orientation-reversing homeomorphism. Then the
orientable, closed 3-manifold (M - int(B)) Uy (N - int(E)) is called the connected
sum of M and N, and it is denoted by M # N. Note that this is independent of the
choices of B, E, and h.

3. THE THEOREMS

THEOREM 1. Let M be a closed, orientable 3-manifold, and let
JiU -UJd, =J bealinkin M. Suppose m (M - J) is a free group. Then M is
homeomorphic to the connected sum of a howotopy 3-sphere with a finite number of
lens spaces.

Proof. First note that if N is a solid torus of genus 1 and E is a 3-cell such
that NN E =98N N9E = A is an annulus, then N U E is a lens space with an open
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3-cell removed. This is true since 9(N U E) is a 2-sphere meeting 9E in two dis-
joint disks.

Let N be a regular neighborhood of J;, and assume that N N (U?z 2 Ji) =9,
Then, by Dehn’s lemma [4], the loop theorem [5], and the fact that a subgroup of a
free group is free, there exists a nonsingular disk D, properly embedded in

cl(M - N), such that D N U?:z Ji) =@. I E is a thickening of D, then
M=cl(M- (N UE)) U (N UE) is the connected sum of a lens space with M*, a

manifold containing J,, -+, J, . Therefore 771( M* - U?:g Ji) is free, by van
Kampen’s theorem [2]. Since the theorem is well known for the case J = ¥, we can
now complete the proof by induction on the number of components of J.

It is possible to strengthen this result if the link J is canonical in some Hee-
gaard splitting for M.

THEOREM 2. Let M and J satisfy the conditions in Theovem 1. Suppose there
exists a Heegaard splitting (H, H'; T) of genus n 2> 2 for M such that {Jl , Jn}
forms a set of canonical longitudes for H. Then M is the connected sum of a finite
number of lens spaces.

Proof. First we show that the rank of the free group #;(M - J) is n.

For i =1, ---, n, let A; be an annulus in H such that A; N AJ-=¢ if i #j and
A;N9H=J, C9A;. Let J; be 9A;- J; for i=1, =, n. Then M- U}, J, is
homeomorphic to M - U?:l J;.

Now choose pairwise disjoint, properly embedded 2-cells D, ***, D,_; in H so
that (U?:l Ai) N (U?:—ll Di) = @, each D; separates H, and the closure of each
component of H - ?:-11 D, is a solid torus of genus 1. Then 9H U (U?:—ll Di) is
a deformation retract of H - U?:l J:.

Since dD; represents the trivial element in H;(8H; Z) for i =1, ***, n - 1, the
inclusion-induced homomorphism

n
H,(0H; Z) — H*(H - U 55 z)
i=1

n 1 - o __»
is an isomorphism for each *. Hence, HZ(M - Ui:l J;; Z) is trivial; therefore,

from the Mayer-Vietoris sequence in homology for (H - U?:l J{, H') , we get the
exact sequence
n

n
0 — H,;(3H; Z) — Hl(H— U 5i; Z) @u,m;2) - 5 {Mm- U 5 z) -0,
=1 i=1

1=
. n
where both H; (H - Ui=1 J:; Z) and H;(0H; Z) are of rank 2n. Hence, the rank of
H, \M - U?:l J{; Z ), and therefore of m, (M - U?:l Ji'; xo) , is n for each x;.

-1
Hence, both 7, (H' U ( ?=1 Di) ; xo) and 7,(H'; xy) are free of rank n for
each x; in H'. Van Kampen’s theorem and the fact that a finitely generated free
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group is Hopfian [3, p. 109] therefore imply that 8D; represents the trivial element
in 77(H'). Consequently (again by Dehn’s lemma), 9D; bounds a nonsingular disk
D; in H', and we may assume that these disks are pairwise disjoint. Each of these
disks separates H'.

We now have 2-spheres D; U Dj, -, Dy_; UDy_]1 in M, each of which sepa-
n-1

rates M. Each component of M - Ui= ;1 (Di U D{) is the union of two solid tori of
genus 1. These solid tori have common boundary except for the 2-cells D; and Dj.

n-1
Hence, each component of M - Ui:l (D; U Di) is a lens space with some 3-cells
removed. Therefore, M is the connected sum of lens spaces.

COROLLARY. Let M be a closed, simply connected 3- manifold. Then M is a
3-spheve if and only if for each Heegaard splitting (H, H'; T) of M of genus n theve

exists a set {J;, -+, J,} of canonical longitudes for H such that w1 (M - ?:1 Ji)
is a free group.

Proof. The sufficiency of the condition follows directly from our Theorem 2,
and the necessity from the fact [6] that any two Heegaard splittings of the same
genus for the 3-sphere are equivalent.

The author thanks Dr. John P. Hempel, who suggested Theorem 2.

REFERENCES
1. R. H. Bing, Necessary and sufficient conditions that a 3-manifold be S3. Ann. of
Math. (2) 68 (1958), 17-37.

2. E. R. van Kampen, On the connection between the fundamental gvoups of some
related spaces. Amer. J. Math. 55 (1933), 261-2617.

3. W. Magnus, A. Karrass, and D. Solitar, Combinatovial group theory: Presenia-
tions of groups in terms of genevators and velations. Interscience Publishers,
New York, 1966.

4. Ch. D. Papakyriakopoulos, On Dehn's lemma on the asphericity of knots. Ann. of
Math. (2) 66 (1957), 1-26.

, On solid tovi. Proc. London Math. Soc. (3) 7 (1957), 281-299.

6. F. Waldhausen, Heegaard-Zevlegungen dev 3-Sphive. Topology 7 (1968), 195-
203.

7. A. H. Wallace, Modifications and cobounding manifolds, Canad. J. Math. 12
(1960), 503-528.

University of Southwestern Louisiana
Lafayette, Louisiana 70501






