THE HOMOTOPY GROUPS OF BPL AND PL/O. III

G. Brumfiel

1. INTRODUCTION

Let I'y_; denote the group of oriented differentiable structures on the (k - 1)-
sphere. M. Kervaire and J. Milnor [8] have constructed an exact sequence

1.0 0o — bPk - Pk—l - ﬂi_l /im(J),

where bPy C I'y_; is the subgroup of exotic spheres that bound 7-manifolds, 7718(_1
is the stable (k - 1)-stem, and J is the classical J-homomorphism. Further, it is
known that

Zg, if k=0 (mod 4),

bP, = { Z, ifk=2(mod4)andk#2I-2,

k 2
0 if k=1 or k=3 (mod 4),
where 6y is a large integer, and that I'y_; — 751 /im (J) is surjective if
k-1=# 2)-2[8], [3].
In [5] and [6], we showed that the exact sequence 1.0 splits if k =0, 2, or 4
(mod 8). That is,

Tym-12Zg, D@iy, 1/im@) and Tgpi) = Zy @ Wgm,e1/im (9)),
for all m. In this note, we outline a proof of the splitting of the sequence 1.0 for
k =2 (mod 4) but k # 2J - 2,

THEOREM 1.1. There exists an isomorbhism

Cgmer = Zz@('ﬂimﬂ/im )

if 4m +2 223 - 2,

Theorem 1.1 includes the dimensions k = 2 (mod 8) dealt with in [6]. The proof
given here is perhaps more elementary.

In the dimensions 2J - 2, it is known that bP,; =0 if the element (h;_;)?
survives to E,, in the Adams spectral sequence [3]. 1 bP25-2 = 0, there is no

splitting problem in the exact sequence 1.0. M. Mahowald has shown that (h j-1)2
does, in fact, survive to E,, if j <6.

There exists an isomorphism I'y_; > ﬂk_l(PL/O) due to M. Hirsch aand B.
Mazur [7]. From the fibration PL/O — BO — BPL, it is clear that
T (BPL) = 7y _1(PL/O) for k =6 (mod 8), since 7, (BO) = my_;(BO)=0. In [5] and
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[6], we also described the homotopy groups m (BPL) for k =0, 2, or 4 (mod 8).
This paper completes the determination of the groups m (BPL) and ]
Te-1(PL/O) ~ T’k in terms of homotopy groups of spheres, at least if k #2J - 2
or k+2 - 1.

I am grateful to E. Brown for sending me an unpublished manuscript and to W.
Browder for useful discussions. Theorem 1.1 is essentially a corollary of their
work on the Kervaire invariant.

2. NOTATION

We write spaces in ordinary type, and spectra appear in script. Thus, K(G, n)
denotes the Eilenberg-MacLane space, while (G, n) denotes the spectrum
{K(G, n+k)}. Let #° = {85}, denote the sphere spectrum. The nth suspension

of a spectrum % = {Y, }, is the spectrum S®A ¥ = {S"A Yy }. We write
SPA 0= 9™, All spectra @ = {Y }1 that we consider have the property that the
space Y is (k - 1)-connected. It follows that

1 (¥) = 1 (%) and HY%) = H™NYy),

if k is large. All cohomology is with Z ;-coefficients unless otherwise indicated.

Suppose # is a spectrum. By ¥ (CI), we mean a spectrum for which there exists
a map h: & — #(a) such that hy: 75(%/) = 73(%(2)) if j <q and 7;(%() =0 if j>q.
One can think of #(4) as the qth stage of a Postnikov resolution of %.

Let BO(vnH) be the fibration over BO whose fibre is K(Z,, n) and whose k-
invariant is equal to the Wu class v,4] € : Gkl 1(BO). Similarly, let BSO vn+1> and
BSPL<Vn+ 1> be fibrations over BSO and BSPL whose fibre is K(Z2, n) and whose
k-invariant is equal to v, .

Let MO (vn1), M PO V1), and MFPL Vyi1) be the Thom spectra of
the universal bundles over BO( vn+1>, BSO (vn+1> , and BSPL <vn+1> , respec-
tively. The homotopy group ﬂq( MO <Vn.|.1 >) is isomorphic to the group of cobord-
ism classes of pairs consisting of a manifold N9 and a bundle map
v:ivN — y(vn+1> , where vy is the stable normal bundle of N% and ¥ (vyi1) is
the universal bundle over BO ( Vntl > . Similarly, nq(M#F 0 <vn+1> ) and
nq(,//lyg’g<vn+1>) are the cobordism groups of such pairs (N9, v), where N9 is
an oriented or an oriented PL manifold, respectively.

For a q-manifold N9, the Wu class Ve 1(N?) of the normal bundle of N9 satis-
fies the formula

Vo (N -x = 8q™ (x),

if x € HI-1-1(N9), It follows that v,41(N%) =0 if ¢ < 2n + 1. In particular, the
classifying map for the normal bundle v: N9 — BO always lifts to
v: N9 - BO(vnH), if q<2n+1.
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3. OUTLINE OF THE PROOF

The proof of Theorem 1.1 is similar to the proofs of the splittings of the se-
quence 1.0 given in [5] and [6].

Consider odd integers n with 2n # 2J - 2. We want to define a homomorphism
f: T'>,.1 — Z, such that the restriction of f to bP,, = Z; is the identity. It suf-
fices to consider =2n-1 ¢ T, | whose order is a power of 2. We then choose a
suitable oriented, smooth manifold M2" with 9M?2™ = £2n-1 together with a lifting
of the stable normal bundle of M?" to BSO(Vn +1> . This induces a lifting of the
normal bundle of the closed PL manifold

ith - BEZn U (:EZn—l
221’1-1

to BSPL {v,,, ).

E. Brown [4] has defined a homomorphism ¥: 172n( /4 ﬁ(vn +1 >) — Z.g for which
the diagram

(90 = 7z,

ll/ -
T2n Vnt1 8
( ./M‘( )) —> Z
commutes, where K is the classical Kervaire invariant, i: 0 — ¢ (vn+1> is the

Thom cell, and j is the inclusion of Z, in Zg. It is easy to see from Brown’s defi-
nition that if (M2n, p) is an oriented manifold (n odd), then Y(M?%™, v) € Z, C Zg.
Further, Brown’s homomorphism generalizes immediately to PL manifolds. Hence,
we have a homomorphism - wZn(.//ng’Q<vn+1 >) — Z,, extending the classical

Kervaire invariant. We set f(z22-1) = i//(fffzn) € Z,, where z2n-1 and M2 are as
above.

In order that f be well-defined, it is necessary to restrict the choice of the
manifold M2", This is done as follows. Using Browder’s homotopy-theoretic de-

scription of /S0 (vn+1 > (2n) [3], we construct in Section 4 a spectrum £ and

maps 9° S 2 & ugo (v, ) ®™ such that

3.1. wo{a) = Z, with generator a: F0— Z,

3.2. Ba: ¥9 - wg0 <vn+1> (21) js some odd multiple, say d, of the inclusion
of the Thom cell,

3.3. my,_1(#) = 0; hence, a,: 7, ((#0) - m, () is zero,

3.4. M, (&) = Z,; moreover, 7, () is a direct summand of 7, (&, 9).

By 3.4, there exists a homomorphism &: m,, (2, #°% — Z, such that the com-
position

, 3
Ton(@) = map(2, 9°) = Z,

is an isomorphism. The following is an easy consequence of this and 3.3.
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3.5. For each map o0: ¥ 2n-1 _, g0 , there exists a unique extens1on (up to
homotopy) of o, say G: @Zn gén-1 _, gr 79, such that ®(G) =0

Now, for a fixed £22-1 € I', _;, choose a framing of z2n-1 4y Sk“LG'1 (k
large). This defines a map o: skt2n-1 gk or ¢: g2n-1 -, 90§ pn=1 (mod 4),
the framing is not unique. However, if we choose some homomorphism
e: pn.1(9°) - Z, such that Z, J, 72,.1(9°) S Z, is the identity [2], and if we
require in addition that e(o) = 0, then o is well-defined.

Choose an extension 0: @2n  g2n-1 _, x , 0 of o that satisfies the condition
&(6) = 0. Consider the composition

Bo: @2n, gen-1 _, @@ <Vn+1>(2n), g0

Using the Five Lemma, one can show:that the map
2
bt 90vpy,) = MO vy YO
induces an isomorphism

(2n)
hyt Ton@l 900110, 90) = 1o (PO vy ), °).

Thus B0 determines a homotopy class of maps @Zn e Q@(vv + 1) 9
By 3.2, we have that

Bo lg’zn'l =d-o; 21 o g0

Applying a standard transverse regulanty argument, we may assume that the in-
verse image of BSO(vn+1> under the map @°®, an - ./l.?ﬁ(vmq) 9’0
a manifold M2® with 9M?" =d-222-1 1t is easy to see that the BSPL { vnﬂ)

bordism class of M2® is uniquely determined by 220-1.and the construction above.
It follows that the formula £(d- =2n-1) = (M2™) unambiguously defines
f(d-z2n-1) ¢ z,

Since d is odd, each 2-torsion element of I';,_; can be writtenas d- z2n-1,
Thus, we have f: T';,_; — Z,. Clearly, f is a homomorphism. For, given
d -Eizn'l = aMiZn (i =1, 2) as above, we may geometrically construct the map
@20, g2o-l - MFPOVyr1), #9 corresponding to 20! = n2n-1 4 52n-1 g9 that
the manifold M2™ with boundary d-227-1 is M%™U M5™. Then

£(d- 22771 = w®® = @) + @3 = 1@ =2+ #a- =571,

Finally, suppose »2n-1 €bP,,, = Z;, is nonzero. Since zén-l bounds a m-
manifold, specifically the Kervaire manifold K22 the map o: #20-1 — 90 given

by the framing of z2n-1 extends to G: Q)Zn — 9’0, with ()~ !(pt) = K2™. ]’.f we re-
gard 0 as a map 0: & 2n , 920-1 g 90 then G ~ 0;hence the condition of 3.5

clearly holds. Thus,
£z = f@- =% = Y- K =1 ¢ 2Z,,

and f splits the exact sequence 1.0, as desired.
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4. CONSTRUCTION OF THE SPECTRUM &

It follows from Browder’s work [3] on the Kervaire invariant that
MO <vn+1 ) (2n) js a (generalized) 2-stage Postnikov tower over .« $0(2n)
Specifically, there is a diagram

H(Z , 2n) H(V,)

i) i
p
M F0{v )% —Ls g s g

where (7, j;) and (p;, i) are fibrations, V_ is a graded Zz-vector space, and
H(V,) is the Eilenberg-MacLane spectrum w1th T (H(V,)) =V, . Moreover, V;=0
if j < n.

Recall that # ¥ ¢ has the 2-primary homotopy type of a product of Eilenberg-
MacLane spectra o (Z) and #(Z;) [9, p. 209 or p. 233]. In particular, there
exist maps g: #(Z, 0) —» M P 0?™) such that g*(U) =d- 1y, where
U € HO(.«50'?®) | Z) is the Thom class, t, € HO(#(Z, 0), Z) is the fundamental
class, and d is an odd integer.

Let

. i T
) V #z,,2 - 1) —%> a 25 x(z, 0)
i1
j
be the fibration with k-invariant ®T(sz_l) =@ 9% (1y) € BXH(Z, 0)), where T

is the transgression. Then there exist fibre maps g': 2' — ¥' covering g, that is,
the diagram

V w2y, 2 - 1) = #(w,)
i1
e by
gl
4.1 a' —
lﬂ'z l'n'l
#(Z, 0) —E 5wyt

commutes For, the fibration (7, ] 1) is classified by a map y: .« $0(2n) — (Vy)
where V =V;_ 1 , and such a map g' exists if the composition YT, is homotoplc to

zero. But 0 = 7 H(#(Z, 0)) —» s }(X') if i > 0, because the elements SqZ (to)
generate @1> o H(#(Z, 0)) as a module over the Steenrod algebra A. It follows
that V8T, ~ 0.

2

. iz P2
Now, define o (Z,, 2n) > X > 2" to be the fibration over 2' induced

by g't &' — &' and the fibration (p;, i;) over &'. Let B: & — J/9’0‘<vn+1>(2n)
be the fibre map covering g'.
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Properties 3.1 and 3.2 of & are obvious. Further, 7,, (&) =71, (X') =
because n is odd and n # 1; hence 2n - 1 # 2J - 1. Thus, 3.3 holds.

To establish 3.4, we first note the following. If i > 0, then

i3 H2') = kernel (Hl( V w#(z,, 2 - 1)) —> v*Y(x(Z, o))) :
j21
Thus, it follows from results of J. F. Adams [1] that, as an A-module, H*(a') is

generated by 772(1,0) € HO(2'') and elements h;h; € H21+2J -l(a'), where i >j >0,
i#j+1,and (i, j) # (0, 0). Moreover,

i3h,hg) = 842 (L,e )+ D byt i) € HE FE0S 1( V #(z,, 23 - 1))
k<s j>1

where b € A. The elements hihj correspond to relations

. s k
5q2'5q2 + 2 b Sq? = 0
k<j

in the Steenrod algebra. Note that there is no generator hjhj € H2Y(ar '), because n
is odd; hence 2n # 21+ 2J = 1, Thus all elements of Hzn(.@”') and of H2%(g', & 99)
are decomposable over A,

PROPOSITION 4.2. In the exact sequence

* .k
P2 i T
0 —> H*¥&') —> H*Na) —> H%Y(#(Z, , 2n)) SN 2 (g,

we have the velation 7,(t,.) = 27 a;x; € HZ0 (), where x{ € H¥X'), a; € A, and
0 <deg(a;) <2n-+1.

Before proving Proposition 4.2, we use it to establish 3.4. Proposition 4.2 says
that the k-invariant of the fibration (p,, i) is decomposable over A. It follows that
Ton(Z) = Z,. To show that 7, (%) is a direct summand of 7,,.(2, 99), we dis-
tinguish two cases. First, if 7,(L,) = 27 a;x! =0 € HZ*1(2") then
X =H(Z,, 2n)\v &', and 3.4 clearly holds. On the other hand, if

Tt on) = 2 a;x; # 0,

it follows that p3: HJ(QL”') ~ H)(2) is an isomorphism if j < 2n. Thus, there are
deg(xl) _ deg(x )

elements x; € H () =

X} € Hdeg(xi)(ér) and p% (2 alxl) 2ia;x;=0¢ H?™ (@), Further, all ele-

1
ments of HZn(gr) and H 2“(.9!' 79 are decomposable over A, and, hence, every map

g 9’2“—>9K' or C: @2n gn-1 Z, F0 , induces the zero map in cohomology

(@, 99), corresponding to the

Define a homomorphism &: (%, g0 ) =7, (X/ 7% - Z, as follows. For
72920 — /90, set

0
(I)('}/) = Z} a;x; € image (HZn(yZn)___>H2n+1((g./g,0) U @2n+l)) - Zz,
Y
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where 6 is the coboundary. In other words, & is the primary functional operation
associated to the relation 2J a;x;=0 e H™ () 79). We need to show that

i
&(y) # 0, if y is the composition F™ —t > H(Z, , 2n)—§—> X —> Q”/&”O. But
this is a basic property of the fibration (p,, i,). Specifically, there is a map

Pt Q"Uiz,_ @201 _, g extending py: & — &', which induces an isomorphism of
homotopy groups through dimension 2n and an epimorphism in dimension 2n + 1.
Thus, the cohomology map ﬁ’; is a monomorphism through dimension 2n + 1. Hence,

it Y
or, equivalently, &(y) # 0.

Proof of Proposition4.2. We use ideas of Browder [3]. Consider the commuta-
tive diagram 4.1. By naturality, 7,(t5,) = (g')*(71(t2,)), where 71(t,,) € H2ntlig)
is the k-invariant of the fibration (p;, i;). Then j5(7,(t2,)) = (8)*if (7 (L)),

Now, #(V,) is (n - 1)-connected; hence j"l‘('r L)) = 2 c;v;, where c; € A,
y; € H¥(#(V))), and deg(y;) > n. In[3], Browder shows further that j{(71(t2,)) is
decomposable over A. Hence, we may assume that deg(c;) > 0. We thus have the

relation j’;('rz(tzn)) =2 c;z;, where z; = (g')*(y;), deg(z;) > n, and deg(c;) > 0.
Let 7,(t2) = 27 ajj(h;h;) € H™ ("), where ajj € A. We must show that if

2n+1=2%+2% - 1 (r > s), then the (constant) coefficient a,  equals 0. Since
2n # 2J - 2, we may assume that r > s. Then

(7 a(izn)) = B agishing = Dag (80705 )+ D bl ) = D ez,
k<j

where deg(z;) >n>2° - 1 and deg(c;) > 0. Equating the coefficients of LZS X in

this last equality, we see that a g qur must be decomposable in A. Hence, a,.g = 0.
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