NON-NORMAL SUMS AND PRODUCTS OF UNBOUNDED
NORMAL FUNCTIONS

Peter Lappan

1. INTRODUCTION

In their paper concerning normal meromorphic functions, Lehto and Virtanen [5,
p. 53] remark that the sum of a “normal” function and a bounded function (which is
necessarily normal) is a normal function. It is natural to ask whether the sum of
two unbounded normal functions is normal. It shall be shown here that this is not in
general the case.

The following notation shall be used throughout. The open unit disk will be de-
noted by D, and the unit circle by C. The non- Euclidean hyperbolic distance in D
between z and z' will be denoted by p(z, z') [2, Chapter 2]. The cluster set of the
function f(z) in D will be denoted by €(f) [4, p. 84].

It is easy to show that the property of being normal depends only upon the be-
havior of the function near the boundary. Thus the remark of Lehto and Virtanen can
be extended: if f(z) and g(z) are normal meromorphic functions in D, and if
o ¢ €(f), then h(z) = £(z) + g(z) is a normal function in D.

In Section 2, normal meromorphic functions with an infinity of poles are dis-
cussed. In Section 3, similar results are obtained for unbounded normal holomorphic
functions. The general normal meromorphic function with « € €(f) is considered in
Section 4, and the results are summarized in Theorem 5. In Section 5, the results
are applied to functions omitting three values.

2. NORMAL FUNCTIONS WITH AN INFINITY OF POLES
We first formulate a sufficient condition for the non-normality of a meromorphic
function.

LEMMA 1. Let f(z) be a mevomorphic function in D, and let {z,} and {zhL}
be two sequences of points in D such that limp_, o p(2Zn, zh) = 0 and limy_, o, |2n| = 1.

If

lim f(z,) =« and lim f(z}) =7 (a+p),
n-—>o00 n—oo
then £(z) is not a normal function.
This is an immediate consequence of [1, Lemma 1, p. 10].

THEOREM 1. Let £(z) be a normal mevomorphic function in D with an infinity

of poles. Then theve exists a Blaschke product Bg(z) such that h(z) = £(z) B¢(z) is
not a normal function.

Proof. Let {z!,} be a sequence of poles of f(z) such that
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. 2 @1 - Iz;ll) < o,
n=1

Choose a sequence of points {z,} in D such that [zn| > Iz{.ll , £(z,) # «, and
limp—eo p(Zn, zH) = 0. Let Bfz) be the Blaschke product defined by

© |z,| z, - z
z) = II — .
B ne1 Zn 1-2z,z

Define h(z) = £(z) Bg(z). Then for all n> 1, we have h(z,) = 0 and h(z}) = «, and by
Lemma 1, h(z) is not normal.

LEMMA 2. Let f(z) be a normal mevomovphic function in D, and let g(z) be a
holomovphic function in D such that
0< M, < |g@)]< M,
where M, and M, ave finite constants. Then the function h(z) = £(z) g(z) is a normal
mevomorvphic function.

The proof consists of direct verification that the function h(z) satisfies the defi-
nition of a normal function. The details are omitted here.

THEOREM 2. Let {(z) be a normal mevomovphic function in D with an infinity
of poles. Then theve exists a normal mevomorphic function g(z) in D such that
h(z) = £(z) + g(z) is not a normal function.

Proof. Let Bg(z) be the Blaschke product described in the proof of Theorem 1.
Set g(z) = 3 (By(2) - 2) f(2). Since
1< |Bg(z) - 2| < 3,

g(z) is normal, by Lemma 2. But
h(z) = £(z) + g(z) = 3 Be(z) £(z)

is not normal, by Theorem 1 and Lemma 2. Thus the theorem is proved.

3. UNBOUNDED NORMAL HOLOMORPHIC FUNCTIONS

As before, we desire a sufficient condition for the non-normality of a holomorphic
function.

LEMMA 3. Let {(z) be a holomorphic function in D, and let {zn} and {zh} be

two sequences of points in D such that limp_,« Zn = 2o, wheve z, € C. If
p(zn, zn) < M, wherve M is a positive constant,

lim f(z,) =0, and lim f(z)) ==,

I1—> 0 n—> oo

then {(z) is not a normal function.
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Proof. Suppose f(z) is a normal function. Let

Z+ Zp

Sn(Z) = '1—"'-2?5 .

Since Snp(z) is a linear transformation of D onto itself, the sequence of functions
{#(S(z))} forms a normal family. Then there exists a subsequence {f(Sni(z))}
which converges uniformly on each compact subset of D either to a function holo-

morphic in D or to the constant « [3, p. 195]. Since, by hypothesis,

lim £(S, (0)) = 0,
i—o0 1
the limit of the sequence {f(Sni(z))}, which shall be denoted by F(z), must be a

function holomorphic in D. Hence there exists a positive constant L such that
|F(z)| < L in the disk p(0, z) < M. Then there exists a natural number N such that

(1 |£(Sq, @) | <L+ 1

for all n; > N and all z in the disk p(0, z) < M.

However, setting z!" = S-1(z!), we have
p(0, z3}) = p(Sn(0), Sp(zp) = p(zn, 2H) <M

as well as £(Sp(zpn)) = £(z5). Thus, by hypothesis,

lim £(S,.(z")) = »,
i— o0 : .
which contradicts (1). Thus £(z) is not normal.

The following is similar to a result of Seidel and Walsh [6, Corollary 1, p. 197]
concerning holomorphic functions that omit two finite values.

LEMMA 4. Let £(z) be a normal holomorphic function in D. Let {z,} and
{z1} be two sequences of points in D, and let M' be a constant such that
p(2Zn, zh) < M'. If lim,_, o £(Z,) = «, then lim,_,, £(z)) = =.

The proof, similar to that of Lemma 3, is omitted here.

The next lemma is a restatement of a result of Bagemihl and Seidel [1, Example
4, pp. 11-13].

LEMMA 5. Theve exists a Blaschke product B(z) in D, together with positive
constants L and M and two sequences {xn} and {xL} of positive real numbers
such that
(2) Xn < Xh < Xp+1 < 1,

(3) p(Xn, Xn+1) <M,

(4) Bx,) =0 and |Bxh|>L.
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Note that x, above corresponds to zp, in the notation of Bagemihl and Seidel,
and similarly x; corresponds to X,  in their notation. The Blaschke product here

is the product of the even-numbered factors of the Blaschke product of Bagemihl and
Seidel.

Note also that

o0

5) Bax)|= II [ 2225 |
|56 j=1 11 - XK=

LEMMA 6. If z,, z,, Z,, and zg ave points in D such that p(z,, z,) > p(2Z,, Z3),
then

Zg = % Zp - Zg |
1-2%Z,z, 1- Zg2z,

The lemma is a consequence of the definition of p(z, z').

THEOREM 3. Let f(z) be a normal holomorphic function unbounded in D. Then

there exists a Blaschke product Bs(z) in D such that g(z) = 1(z) Bg(z) is not a normal
Sfunction,

Proof. Let {z:} be a sequence of points in D such that

o0
lim f(z))) =«  and 2 (1-2"<w,

n—woo n=1

Choose a subsequence {z,} of {z:} such that for each j <n, p(zj, zp) > 3(n - j)M",
where M' > M and M is the constant in Lemma 5. Then choose {z!} such that
p(zn, zL) = M'. Let Bg(z) denote the Blaschke product with zeros at z,. Then

n - %j

z
I—ijlll )

(6) |Be(z2)| = TI
. j=1

We wish to compare the factors in (5) with the factors in (6) by means of Lemma 6.
For n = j, we have, using (2) and (3),

(N p(z}, 2,) = M' > M > p(x], x,).

For n # j, we have
p(zh, 2j) > p(Zn, 2j) - p(Zn, 28) > 3|n - j|M' - M’
(8:) 2([n-j|+ 1)M'>(|n-j|+ 1)M
// > p(xn, xj) + p(xp, X,) > p(xy, xj) .

Combining (7) and (8), we see that, for each n and every j, p(zn, 2j) > p(Xn, X;j).
Then, by Lemma 6, each factor of (6) is greater than the corresponding factor of (5).
Hence by (4), | Bs(z))| > L.
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Define g(z) = {(z) Bf(z). By construction, Bf(z,) = 0 and thus g(z,) = 0. By
hypothesis, limy,,_,, f(zn) = « and hence, by our construction and Lemma 4,
limy, _,, f(z},) = ©«. Therefore limy .o g(z}) = . Then, by Lemma 3, g(z) is not
normal, Thus the theorem is proved.

THEOREM 4. Let f(z) be a normal holomorphic function unbounded in D. Then
there exists a normal holomorphic function g(z) in D such that h(z) = {(z) + g(z) s
not a normal function.

The proof is the same as that of Theorem 2, except that Theorem 3 is cited in
place of Theorem 1.

4. UNBOUNDED NORMAL FUNCTIONS

If f(z) is a normal meromorphic function such that f(z) has only a finite number
of poles and « € €(f), then the constructions in the proofs of Theorems 3 and 4 are
valid for £(z), since f(z) is holomorphic near the boundary. Thus, incorporating
Theorems 2 and 4, we have the following result.

THEOREM 5. Let f(z) be a normal meromorphic function with «» € €(f). Then
there exists a normal mevomorphic function g(z) in D such that h(z) = {(z) + g(z) is
not a normal function.

5. FUNCTIONS OMITTING THREE VALUES
The following example shows that the sum of two holomorphic functions in D,
each omitting the values 0 and 1, need not be normal.

Let f(z) =2 + 2/(1 - z) and g(2) = [B(z) - 2][1 + 1/(1 - z)], where B(z) is the
Blaschke product described in Lemma 5. An easy calculation shows that {f(z)| > 3
and |g(z)| > 3/2. Thus f(z) and g(z) omit the values 0 and 1. Let

h(z) = £(z) + g(z) = B(z)[1 + 1/(1 - z)].

A modification of the argument in the proof of Theorem 3, using z, = x4, and z = X},
shows that B(z)[1 + 1/(1 - z)] is not a normal function. Hence h(z) is not a normal
function.
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