A SIMPLIFIED PROOF OF WARING’S CONJECTURE

Donald J. Newman

The purpose of this paper is to give a short-cut in the proof of Waring’s conjec-
ture. The novelty in our procedure lies in the use of some of the elementary number
theoretic notions due to Schnirelmann, which allow us to employ crude upper bounds
in the circle method, rather than the usual asymptotic formulae.

Our starting point is the estimate for the “Weyl sums” (see [3, Volume I, Part 2,
p- 255]), a special form of which we state as our

LEMMA 1. Let k> 1 be a fixed integery. Theve exists a 6> 0 and a Cé such
that, for any positive integers N, a, b with (a, b) = 1 and N1/2 <b< Nk-1/2

N
2z e(%nk) < cNi-9,

n=1
(Throughout, we write e(t) = €™t and C,, C,, :** denote constants.) Our end-
point will be the
THEOREM. If, for each positive integerv s, we wvile

rs(n)= E 1,

then there exist g and C such that rg(n) < Ccne/k-1 for all n> 0.

The previously cited notions of Schnirelmann allow the deduction, from this
theorem, of the full Waring result, namely:

Th]eafe exists a G for which rg(n) > 0 for all n> 0. For the details see [1, pp.
40, 41].

To prove our theorem: since

1/k

1 g
rg(n) = S ( 2 e(xmk)) e(-nx) dx,
0

mSn

it suffices to prove that there exist g and C for which
N g .

1
(1) 5" 20 e(xn®)| dx < CN8K  forall N> 0.
0 n=1 '

First some parenthetical remarks about this inequality: Suppose it is known to
N

hold for some C, and g,; then, since 2 e(xnk) < N, it persists for C,; and any
n=1 -
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g > go- Thus (1) is a property of large g’s, in other words, it is purely a “magnitude
property.” Again, (1) is a best possible inequality in that, for each g, there exists a
¢ such that

1| N g

(2) S 27 e(xnK)| dx> cNe&-K  for all N,
0 |n=1
N
To see this, note that 20 e(xn¥) has a derivative bounded by 27Nk*l, Hence, in the
n=1
. 1
interval (O, 47rNk)’
N
2> e(xnk)| > N - 27 Nk+1. 1 _ E,
n=1 — 4’IT:Nk 2
and so (2) follows with ¢ = 1 5 -
47 -2

The remainder of our paper, then, will be devoted to the derivation of (1) from
Lemma 1.

Denote by I,y j N the interval defined by

.2
b

1 . k a .
Sw, 2]—ISN (X-E)52]+1,

where a, b, j, N are integers such that N> 0, b> 0, 0< a<b, (a, b) =1,
b < Nk-1/2, By Dirichlet’s theorem, these intervals cover (0, 1) for each fixed N.
Our main tool is

LEMMA 2. There exist ¢ > 0 and C, such that, thvoughout any intevval
Ia,b,j,N’

N
Cz N
27 e(xnk) <——.
n=1 (b + |]|)
N
Proof. This is almost trivial if b > NZ/ 3, for since the derivative of 2 e(xnX)
n=1
is bounded by 27rNk+1, we have
N N
2> e(xn¥) <| 2 e(%nk) + (x —% - 27 Nk+1
n=1 n=1
C,N 2/3
1 27 N
< 6/R + =5 (by Lemma 1)

< ClN+ 27N
—b67k b17 ’
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which gives the result, since j = 0 automatically. Assume therefore that b < NZ/ 3,
and note the following two simple facts (for details see [2, p. 313] and [4, Vol. I,
Part II, p. 37], respectively).

m

(A) If M is the maximum of the moduli of the partial sums 22 a,, V the total
. n=1
variation of £(t) in 0 <t < N, and M' the maximum of the modulus of f(t) in
0 <t <N, then

N
2 a, f(n)| < M(V + M.
n=1

(B) If V is the total variation of f(t) in 0 <t <N, then

N N
22 f(n) -S £(t) dt
n=1

<V.
b =
b
Now write o -1 22 e(gnk) and
b b
n=1
N
(3) 27 e(xnk) = S; + as,,
n=1
where
N N
a_k al k a
0o Z feE) - el (s-)). s o((x-8))
= n=1
We apply (A) to S,; to do so, we note that
m
22 {e(%nk) _a} =0+ 27 {e(%nk)_a} <1+ la])b<2b.
n=1 b[m/b]<n<m
Also, the total variation of e( (x - %)tk) is equal to 27 |x -% Nk < Z"F , while

M'= 1. The result is
(4) |81] < 47 VN + 2b < 50N 2/3,

Next we apply (B) to S, and obtain
N
a
S() e( (X -B)tk) dt

, and noting that J > |]| - 1, we have

(5) |s,| <

and thus, calling J = Nklx - %
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1/k

SNe((x-B)tk)dt =;11:I7-£ SOJ "e(u®) du 5?;373@,

0]

o0
since SO e(uk) du converges. Since the above integral is trivially bounded by N, we

can write

N C C, N
50 e((x )tk) at <(2+‘j;)1/k<(1 +4|j|)1/k.

CT'IIn

Combining this with (5) gives

(6) las,| < ———— + 27 VN.

If we now apply Lemma 1 to the case N = b, we obtain |a| < C;/b®, and by (3),
the addition of (4) and (6) gives

N
Z e(xnk) C5 N . 2/3 < CSN . C6N .
n=1 Spo e I/ Tpd s [iDVE @+ |iDY/2

Since j < VN, b < N2/3, The choice

wi=
| =
S

?

wlon

CZ=C5+C6+C1+2n,8=min(

completes the proof.

Proof of (1). Choose g > 4/8 ¢ given by Lemma 2. By Lemma 2, since the

length of I, 3,N is at most 2N-k
5 2 e(xnk) dx < —————7———1—1 lk'
Ia,b,j,N |*7} b+ |iH* N

Summing over all a, b, j gives the estimate

Nek 2, ——— < CNE-k,
b,j (b + |J])4
o0 o0
since 2. 2. — 1 < o, This completes the proof, since the intervals I_ 4 5N

b=1 j=-o (b + |]|)3
cover (0, 1).
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