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ON THE DIFFERENTIAL OPERATORS OF THE GENERALIZED
FIFTH-ORDER KORTEWEG-DE VRIES EQUATION*

CHUN-TE LEEf

Abstract. In this paper, we present the differential operators of the generalized fifth-order KAV
equation. We give formal proofs on the Hamiltonian property including the skew-adjoint property
and Jacobi identity by the use of prolongation method. Our results show that there are five 3-order
Hamiltonian operators, which can be used to construct the Hamiltonians, and no 5-order operators
are shown to pass the Hamiltonian test, although there are infinite number of them, and are skew-
adjoint.
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1. Introduction. The study of the generalized fifth-order Korteweg-de Vries
(fifth-order KdV) equation

Ut + QUUg g + ﬂuzuzz + '-Yu2um + Ugzzar = 07 (1)

where «, § and 7y are arbitrary real parameters, has always been an important topic
in nonlinear physical phenomena. This equation not only describes the motions of
long waves in shallow water under gravity and in a one-dimensional nonlinear lattice
but also is an important mathematical model with wide applications in quantum me-
chanics and nonlinear optics. Typical examples are widely used in various fields such
as solid state physics, plasma physics, fluid physics and quantum field theory. A great
deal of research work has been conducted during the past decades for exact solutions,
such as soliton solutions [1, 2, 3, 4]. Several different approaches, such as Backlund
transformation, a bilinear form, and Lax pairs, have been used independently for
some constants «, # and -y, by which some of the soliton and multi-soliton solutions
are obtained [5]. Interesting and deeply examined examples of the fifth-order KdV
equation are
e Sawada-Kotera equation (SK equation) [6]

Ut + DUlgpr + DUgtipy + DUtz + Uppwrs = 0. (2)

e Caudrey-Dodd-Gibbon equation (CDG equation) [7]

e 4 30Ut ggs + 30Uztipy + 180u%Uy + Ugppzs = O. (3)
e Lax equation [8]

up 4+ 100tgry + 20Uptizy + 30Uty + Upprpe = O. (4)
e Kaup-Kupershmidt-type equation I (KK I equation, [9])

U + 10Uty + 25Ugtize + 20uUy + Upppps = O. (5)
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e Kaup-Kupershmidt-type equation II (KK II equation, [10, 11])
75 )
U — 15UUg g — 5 Uslon + 45u Uy + Ugpppr = 0. (6)

e Ito equation [12]
Ut + SUlgry + 6UpUzs + 20Uy + Uppges = 0. (7)

As the constants «, § and v taking different values, the properties of Eq. (1)
drastically change. For instance, the Lax equation with a = 10, # = 20, and v = 30
and SK equation where o = § = v = 5 are completely integrable and have N-soliton
solutions [6]. The KK-type equations (KK I, KKII) with o = 10, 8 = 25, v = 20
and a« = =15, B = —%, v = 45 respectively are known to be integrable too, and
has bilinear representations [10, 11, 13]. The Ito equation with « = 3, § = 6, and
~ = 2 is not integrable, but has a limited number of special conserved densities [14].
We also note that the Caudrey-Dodd-Gibbon equation can be transformed to the
Sawada-Kotera equation through a particular scaling transformation for u. So they
are the same equation.

As far as we are concerned, the question of Hamiltonian structures for the fifth-
order KdV equation is very important and deserves serious considerations, since soli-
ton equations often come with some surprising Hamiltonian structures and are now
being recognized as an important aspect in soliton theory [15, 16, 17].

In this paper, we rummage through all possible differential operators for the
generalized fifth-order KdV equation (1), and give full validation tests of their Hamil-
tonian structures regarding the skew-adjoint property and the Jacobi identity. Such
two important properties will be verified in a systematic way carefully and directly
through prolongation method, and we will present all possible Hamiltonian operators
for equation (1).

2. Preliminaries. Most integrable systems are known to have Hamiltonian
structures. These are systems whose dynamical equations can be described through
Hamilton’s equations. The general form of an infinite-dimensional Hamiltonian sys-
tem takes the form

ou D(SH B

a"’ E_O’ (8)

where D is a skew-adjoint operator and H is a functional
H [u,u(")} = / H (u,ugy ...y Upng) da, 9)

with the density function H coming from the space of differentiable functions. Then
one can define the Poisson bracket as

[® 6F._5G

— 00

for any two smooth functionals F, G. For instance, it is well known that the KdV
equation

U — BUly + Ugze = 0,
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admits a Hamiltonian system as

ou _O0H _ 1, 3
E_D(Su’ H—/(zuz—i—u)dx, (11)
where D = 9., H is a functional called Hamiltonian and ¢/du is the variational
derivative. Its Poisson structure is
< OF , 0G
{F,6t= /700 5—uam5—udx. (12)

A general differential operator D is of the form

D = E Pi(u,um,...,um)%-, (13)
x
i=0

for some smooth differentiable functions P;, where n is a finite, natural number. For
simplicity, one can write D as

D= P, (14)
J

where J = 1,2,...,n, for some finite number n, and 9y := §7/0x7. A differential
operator D is of order n if its leading coefficient is not zero, i.e. P, # 0, and of order
0 if it is a single differentiable function.

DEFINITION 1. Let A be the space of differentiable functions, suppose

D:Z_Pjaj', Pj €A, (15)
J

then its adjoint D* is a differential operator which satisfies

/PDQd:v:/QD*Pd:c, VP, QeA

COROLLARY 1. The adjoint of a differential operator can be written as

D=3 (-0) P (16)

J

which means that for any Q € A, we have
DQ=Y (-0)-[PsQ].
J

Moreover, an operator D is self-adjoint if D* =D, and skew-adjoint if D* = —D.

DEFINITION 2. A differential operator D is called Hamiltonian if its Poisson
bracket (10) satisfies the “skew-symmetry ” property

{Pv Q} = {Q7 P}v (17)
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and the “Jacobi identity”
{P.A{Q RI}+{{R, P}, @} + {{Q, R}, P} =0, (18)

for any smooth functionals P, Q, and R.

We note that if D is a skew-adjoint differential operator whose coeflicients do not
depend on w or its derivatives, then D is automatically a Hamiltonian operator.

Although we should check the Jacobi identity in (18) by direct verifications, it
still requires quite a lot of calculations even in such a relatively simple example like
the KdV equation. A radical simplification is offered by Olver [18] using the theory of
multi-vectors and prolongation of the vector field. In this section we will apply such
method to justify a Hamiltonian operator.

Let A9 be the space of general ¢-tuple differentiable functions. One can define
the general multi k-vector as follows

@:/ ZRf}(u(x),um)(x))eg;A..-Aegkk da, (19)
a,J

where R € A? are differentiable functions depending on u and derivatives of u up to

some finite number. Here z = (2!, ...,2”) are independent variables, u = (u', ..., u9)
are dependent variables and J = (J1,Ja,...,Jk) is a k-th order multi-index with
0 < Ji < p indicating which derivatives are being taken. Here a= (a1, ag,...,ay) is

a multi-index with 1 < «; < ¢ indicating which variable are being using. The variables

(627

65i are unit vectors of u corresponding to the derivatives 0/0u 7. and A is the wedge
product. Olver [18] further indicated that any skew-adjoint differential operator D
can be written as a canonical form of functional bi-vector

1 1 -
B B o 8
Op = 5/{9/\99} do = 5/ 56_19 A Dapt” | dz, (20)

where D = (D,g) is a ¢ x ¢-dimensional differential operator. Thus studying the
Hamiltonian operator of the differential equation is equally important as studying the
bi-vector of the equation.

THEOREM 1. Let D be a skew-adjoint operator and let 6 be a unit vector of D,
suppose

Op = % / (OAD(6)) da, (21)

is the corresponding functional bi-vector. Then D is Hamiltonian if and only if

pr vpg (©p) =0, (22)

where “pr” stands for prolongation calculations.

3. Three-order operator. We start with the general three-order differential
operator of the form

D = 02 + aud, + By, (23)
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where a; and 31 are real parameters to be determined. In order to make the fifth-order
KdV equation (1) from (8), we take a guess at the Hamiltonian form as

_ l 73
H—/(Zuum—i— 3 U )dx, (24)

where 7 is a real parameter to be determined too. Then one can substitute (23) and
(24) into (8) to get

u + (82 + c1udy + Prug) (Uge +11u®) =0,

and we obtain a nonlinear system of algebraic equations for oy, 81 and 7 :
(1) SK equation :

271 + o = 57
671 + B = 5,
2a171 + 171 = 5.

Then we have solution oy = 3, f; = —1 and 71 = 1, and the “potential”
Hamiltonian operator as well as the Hamiltonian are

Dotz = 02 4 3ud, — ug, (25)
1 1
Hoposg = / (iuum + §u3) dz. (26)

(2) CDG equation :

2’}/1 + o = 30,
671 + 51 = 30,
2a17v1 + P11 = 180.

Then we have a; = 18, 1 = —6 and ~; = 6, and the “potential” Hamiltonian
operator as well as the Hamiltonian are

Depe—3 = 02 + 18ud, — 6uy, (27)
Hepa_3 = / (%uum + 2u3) dz. (28)
(3) Lax equation :
271 + a1 =10,
6v + b1 = 20,

2a17y1 + P1y1 = 30.

Then we have a; = 4, #1 = 2 and y; = 3, and the “potential” Hamiltonian
operator as well as the Hamiltonian are

Draz—3 = 05 + 4udy + 2u,, (29)
1
Haw—3 = / <§uum + u3> dzx. (30)
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(4) KK I equation :

2v1 + a1 =10,
671 + B1 = 25,
20[1")/1 —|— 61")/1 = 20

Then we have a; = 2, f; = 1 and 11 = 4, and the “potential” Hamiltonian
operator as well as the Hamiltonian are

'DKKjfg = 83 + 2’(1,895 + Uy, (31)
1 4
HKK]73 = / (iuumc + §u3> de? (32)

(5) KK II equation:

2’71 +oa = _157
6’71 + ﬁl = _§7
20171 + iy = 45.

Then we have oy = —3, f1 = —% and y; = —6, and the “potential” Hamil-
tonian operator as well as the Hamiltonian are

3
DKK1173 = 8§ — 311,31 — QUI, (33)

1
Hrrir—3 = / <§uum — 2u3) dx. (34)

(6) Ito equation :

271 +a; = 37
671 + 61 = 67
2007 + B = 2.

3

Then we have a; = 1, #; = 0 and y; = 1, and the “potential” Hamiltonian

operator as well as the Hamiltonian are

Drio—3 = 85 + uazv (35)
1 1
Hrto—z = / <§uum + gug) dz. (36)

4. Three-order operator revisited. In this section we focus on 3-order, skew-
adjoint differential operator form as

D = 92 + 200, + ax, (37)

where a = a (z,t) is an analytic function to be determined.
Now technically we set a (x,t) = agu (z,t), where g is a real parameter to be
determined. A quick judgement of (1), (8) and (37) gives the Hamiltonian form

H_/<%wm+%ﬁ)m, (38)

where (2, v, are real parameters to be determined. We substitute (37) and (38) into
(8) to get

ug + (92 + 200, + az) (Bouas +12u?) =0,

and obtain the following nonlinear system of algebraic equations for as, G2 and s :
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(1) SK equation :
62 + a2l = 5,
2792 + 2932 = 5,
5042")/2 = 5.

Solving the above nonlinear system, we get as = 2, 2 = 1 and 75 = 1/2, and

Da3-1 = 02 + 4udy + 2uy, (39)
1 1
Hop—3-1 = / <§uum + 6u3> dz. (40)

(2) CDG equation :

62 + a2 = 30,
279 + 2a 82 = 30,

Saye = 180.
Solving the above nonlinear system, we have ay = 12, §; = 1 and v, = 3,
and
DepG-3-1 = 02 + 24ud, + 12uy, (41)
Hepg—3-1 = / (%uum + u3) dz. (42)

(3) Lax equation :

672 + az32 = 20,
279 + 2a 82 = 10,
50&2’}/2 = 30.

The above system admits as = 4, f3 = 1 and 5 = 3, so that we have

Drow—3-1= 83 + 4uly + 2y, (43)
1
HLam—3—1 = / (iuumm + US) d.’I; (44)

We note that this is the same as Dyq,_3.
(4) KK I equation :

62 + e = 25,
272 + 20232 = 10,
50(2’72 = 20.

Then the above system gives as = 1, B2 = 1 and =2 = 4, and hence

Drrr-3-1 =02+ 2udy + Uy, (45)
1 4
HKK[[73,1 = / <§uumﬁ + §U3> dz. (46)

We note that this is the same as D gr—_3.
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(5) KK II equation :
672 + a2l = =3,
279 + 2a9 3 = —15,
50(2’72 = 45.

The above system gives ag = —3/2, f2 = 1 and 2 = —6, so that we have

3
Drrir-3—1 =0 — 3ud, — U (47)
1
Hrxrr-3—1 = / (§Uum - 2u3> dz. (48)

We note that this is the same as D grr_3.
(6) Ito equation :

62 + a2 ff2 = 6,
272 + 2a932 = 3,
5042")/2 = 2.

The above system is a contradictory linear system of equations, and no solu-
tions for o, B2 and v, can be found.

5. Fifth-order operator. In this section take the fifth-order, skew-adjoint op-
erator of the form

D =005 +add + d3a+ b0, + 0,b, (49)
where a = a (z, t), b=b(z, t) are to be determined. We suppose that
a = asu, b = Batge + Y3u°, (50)

where ag, (3 and 73 are real parameters to be determined. A quick judgement of
suitable Hamiltonian form from (8) and (49) is

1
H:/§u2dx, (51)

Substituting (49) and (51) into (8), we obtain

Uggzzr T 2a3uummm + a3Uzg U + 30‘3”11“@ + 3a3uwum;ﬂ

=0
+2 (63umm + ’73’“/2) Uy + (ﬁ?;uwwm + 2’73””1) U

Ut—|—

and nonlinear system of algebraic equations for as, 83 and 3 :
(1) SK equation :

3@3 + 63 = 55
6oz + 283 = 5,
4’73 = 5.

This system is a contradictory system of linear equations with no solutions
can be found.
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(2) CDG equation :

3as + fB3 = 30,
6as + 203 = 30,
43 = 180.

This system is a contradictory system of linear equations with no solutions
can be found.
(3) Lax equation :

3as + f3 = 10,
6as + 203 = 20,

This system gives infinite solutions under the condition 3a3 + 83 = 10 and
v = 15/2. It gives infinite numbers of skew-adjoint operators as

(92 + 2(13’(146;3;3;3 + (CYB + 63) Ugzz

DLa;E—S = + (3(13 + 263) uwwam + 30(3’11/1(911 5 (52)
+15u20, + 15uu,
1
Hriaz—s5 = / guzdx. (53)

(4) KK I equation :

3az + B3 = 10,
6az + 203 = 25,
4’73 = 20.

This system is a contradictory system, meaning no solutions can be found for

a3, O3 and 73.
(5) KK II equation :

3asg + B3 = —15,
6as + 203 = -3,
43 = 45.

This system contains contradictory linear equations such that no solutions
can be found for suitable a3, B3 and ~3.
(6) Ito equation :

3(13 + 53 = 37
6as + 205 = 6,
4")/3 = 2.

This system gives solutions when 3as + 83 = 3 and 3 = 1/2, so that we have

82 + 2a3uamxx + (013 + 63) Ugzx
Dlto—f) = + (3053 + 263) uzzam + 30[3’&1-811 ) (54)
+u?0, + uuy

1
Hrtos = / 5u%lgc. (55)
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6. Classification of the differential operators. In previous sections, we ap-
ply the operator multiplications to obtain many “potential” Hamiltonian operators
of 3-order and 5-order for the fifth-order KdV equations (1). These operators are all
nontrivial, but need to be further verified for its Hamiltonian nature. In this section
we would use the method of prolongation [18] to verify the skew-adjoint property and
Jacobi identity in order to justify the Hamiltonian structure for the equation (1).

6.1. Skew and non-skew adjoint operator. First we note that

s = =05 — Op - (3u) — uy,
= —83 — 3ud, — 4duy,
7é Dsk—Ba

hence Dgy_3 is not skew-adjoint, let alone can be used to define a Hamiltonian struc-
ture for the SK equation. Similarly, we have

Dipa_3 = —02 — 0y - (18u) — 6uy,
= 0% — 18ud, — 24u,,
# —Dcpa-3,

which shows that it is not skew-adjoint and surely can not be used to construct the
Hamiltonian system for the CDG equation. Furthermore, Dys,_3 is not skew-adjoint.

On the other hand, we have

:k—S—l = _ag - am : (4’(1,) + 2”17
= —(9;’ — 4ud, — 2uy,

= —Dgp—3-1.

Therefore Dgy,_3_1 is a skew-adjoint operator for the SK equation, and plays a suitable
candidate for being a Hamiltonian operator, which will be verified later.

In a similar manner, Dy 4.3, Dxrxi—3, Dxkir—3, and Depg_3_1 are all skew-
adjoint operators and will be further verified for the Jacobi identity later.

We now turn to the obtained 5-order Lax operator to get

i _82 - ag (20&311,) + (QB + 63) Ugza
DZa;E—S = _6LE ((30(3 + 263) uww)
| 4022 Basus) — 0, (15u%) + 15uu,
—05 — 203Uz — 63Uz 0 — 603U Oy
—2063’&81-1-1- + (043 + 63) Ugpgr — (3043 + 263) Uz
- (30[3 + 263) uxxaz + 3a3uxxx + 6a3uacxaz ’
+3a3uy0pp — 15uuy — 15420,
_ _8;2 - 20631146111 - (053 + 63) Uz
— (Baz + 23) UppOp — 303U 00y — 15u20, — 15uu, )’

- _DLax75-

Therefore it is skew-adjoint.
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For the 5-order Ito operator, we have

D* —35 - 83 (2043’(1,) + (043 + 63) Uggs — Ox ((3043 + 263) Uzz)
Tto—=5 = +0z (3asus) — Oy (u?) + vty ’
_62 - 2a3ummm - 6(13’(1@;3(91 - 60(3’11/18;3;3 - 2043’“/6111

- - (CY3 + 53) Ugzx — (30(3 + 253) Ugzx — (3(13 + 253) um;vam )
+303Ugps + 603Upg0p + 303UyO0py — U200y — Uy

. —32 - 2a3ua;uuﬂ - (CY3 + 53) Ugpzx — (30(3 + 253) ummam
o —3a3Uy 0y — U20y — Uy ’

= —Drio—5,

hence it is also a skew-adjoint operator.

6.2. Hamiltonian and non-Hamiltonian operator. The skew adjoint prop-
erty of differential operators are easily checked through (16). Jacobi identity is nor-
mally easier to check by examining the closure of the corresponding symplectic form.
However, most of the operators are highly nontrivial, making it extremely difficult
to invert. Thus we will turn to the use of the method of prolongation. We refer the
interested readers to [18, 19] for details on this method. Here we simply note that
if we define a bi-vector as Op = 3 [0 A D (6) dz, then D would satisfy the Jacobi
identity provided

prvpe (©p) = 0.
Here the assumption is that
0 F#6ul,

and by definition, prolongation acts only on coefficients functionally dependet on wu.
Now we examine Dr,q,—3 in (29), but we first write its bi-vector form as

1
OD, 0y 5 = / <§9 A Ogppe + 200 N Oy + ul 0 A 9> dz.

Notice that
Pr'VDpar 36 (u) = Opae + 4uby + Uy,
so we have

pr V'DLazf?x‘g ((_‘)DLam73)

=DPI'VD,,. 30 / (%6‘ ANOgpre + 200 N Oy + ul0 A 9) dz,

:2/(GMI/\G/\HJE+4u9m/\9/\91+2um9/\9/\91)dx,
=0.
This shows that Dy .3 is a Hamiltonian operator, and Hrqe_3 = f (%uum + u3) dx

is the corresponding Hamiltonian. Following similar procedures, Dxxr—3, Dxkr1r—3,
Der—3—1 and Dopg—3—1 are all shown to be Hamiltonian operators.
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Furthermore, Dy, —5 in (52) has the bi-vector form as

GDLaz—s = % /9 /\ DLaw—5 (9) dx

1 ONOprnan + 2043'“9 A Opea + (043 + 63) O A Uyt
-3 / + (30 + 285) 0 A gl + 3030 A gy da.
+15u20 A 0, + 150 A uuyf

Notice that
ozzzzz + 2053'“9111 + (043 + 63) umxac9

Pr'VDpar_50 (u) = + (3043 + 263) UgpzOp + 303U 050 )
+15u?0, + 15uu,0

we have, by using the integration by parts and boundary conditions,

PI' VD 40_50 (G'DLazfs)
[ emmmww + 2(13’(1,9111 + (CY3 + 63) umwme
(2a3 + 203) + (Baz + 203) Ugzby + 33U 0z, ANOAOppa
+15u20, + 15uu.f
ozzzzz + 2053uexacac + (043 + 63) uxacx9
—203 + (Bas + 203) ugebs + 3azugbys ABypz Ay da,
+15u20, + 15uu,6
emmmmm + 2(13’(1,9111 + (043 + 63) uwwwe
+30u + (Baz + 203) ugr0s + 3a3ug0z, ANONAG,
+15u20, + 15uuyb }

- (20(3 + 463) 91 A emm;ﬂ;ﬂ A HILIJLE
1 33Uy (2043 + 253) Orz NONOpypy
=35 / (—40436311, - 30”) emxac A ozz A 91 dz.

(B Yo v

+15uu,; — 90azuu,

Il
N | =
\

When 3as + 83 = 10, we have

PrVDy 0 50 (GDLa:—S)
1 sty (20 — 4as) Oz A O A Opyn
= / (—4as (10 — 3az) — 30) ubygx A Opy AN O, | da.

(10 — 2003) Ugga
98, ( R A LI

Therefore
P VDraw_s56 ((_‘)DLamfs) #0,

which proves that D45 is not Hamiltonian as a form of (49).
To verify the 5-order Ito operator in (54), we first write its bi-vector form as

1
GDHO—S = 5 /9 A DIto—5 (9) d,CC,

1 0N emmmww + 2(13’(1,9 A HILIJLE + ON (043 + 63) uwwwe
=5 / +O A (Baz + 203) ugzby + 0 A 3azugb,, dz.
+0 A u?l, + 0 A uugb



DIFFERENTIAL OPERATOR OF FIFTH-ORDER KdV EQUATIONS 135

Since

v (u) . ozzzzz + 2053uemxac + (043 + 63) umxac9
PEVD1o-s0 W =\ 4 (30 + 2083) Uaels + 3a3tglssn + u20y + uugd )’

it is tedious but straightforward to show that

Pr' VDro_56 (6D1t075 )

(2053 + 263) ozzzzz A 9 A ozzz
+3a3 (205 + 203) ugOpz A O A Oppy
emmmww + 2(13’(1,9111
/ —203 + (043 + 63) T— Opa N O, | dz,
+uug,d
ozzzzz + 2053'“9111
i +2u < 30310, > ON0O, ]
- (2053 + 263) ozz A emxxx A emx
(20[3 + 463) exxxacac A\ 91 N ozz
+ (Bag (2a3 + 283) tg) Opze AN O A O d
(—dovsB3u — 20) Ogpg A Oy A Oy *
6azuuy + 2083 (3 + (3) Uzas
i ( 42 Bsunt, Oz NONO,

N~

N =

by using the integration by parts and boundary conditions.
Notice that with the condition 3as + 83 = 3, the above expression turns out to
be

Pr VD, 56 (GDIto—S)

- (6 - 4043) emx A ozzzz A ozz

(12 — 1003) Opwawa A Oz A Oy

= / + (Baz (6 — 4az) ug) Opa A O N Opps dz,
(—das (3 —3as) u —2u) Oy A Opy A Oy

(6uu, +2 (3 —3as) (3 — 2a3) Ugas) Ozx N O N O,

# 0,

for any ag. This shows that the Ito equation has no 5-order Hamiltonian operator as
the form of (49).

7. Conclusions. In this paper, we present all of the differential operators for
the fifth-order KdV equation (1) including the order-3 and order-5 differential op-
erators. All the skew-adjoint and Hamiltonian operators have been presented and
identified. We show that there are five order-3 Hamiltonian operators, but no order-5
Hamiltonian operators existed for the fifth-order KdV equations, although they are
perfectly skew-adjoint and there are infinite number of them.
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