METHODS AND APPLICATIONS OF ANALYSIS. (© 2009 International Press
Vol. 16, No. 3, pp. 321-340, September 2009 004

CONCENTRATION IN LOTKA-VOLTERRA PARABOLIC OR
INTEGRAL EQUATIONS:
A GENERAL CONVERGENCE RESULT*

GUY BARLES', SEPIDEH MIRRAHIMI}, AND BENOIT PERTHAME?$

Abstract. We study two equations of Lotka-Volterra type that describe the Darwinian evolution

of a population density. In the first model a Laplace term represents the mutations. In the second
one we model the mutations by an integral kernel. In both cases, we use a nonlinear birth-death
term that corresponds to the competition between the traits leading to selection.
In the limit of rare or small mutations, we prove that the solution converges to a sum of moving
Dirac masses. This limit is described by a constrained Hamilton-Jacobi equation. This was already
proved in [8] for the case with a Laplace term. Here we generalize the assumptions on the initial
data and prove the same result for the integro-differential equation.
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1. Introduction. We continue the study, initiated in [8], of the asymptotic be-
havior of Lotka-Volterra parabolic equations. The model we use describes the dy-
namics of a population density. Individuals respond differently to the environment,
i.e. they have different abilities to use the available resources. To take this fact
into account, population models can be structured by a parameter, representing a
physiological (phenotypical) trait inherited from the parent, and that we denote by
x € R4, We denote by n(t,z) the density of trait . The mathematical modeling in
accordance with Darwin’s theory consists of two effects: natural selection and muta-
tions between the traits (see [18, 24, 27, 25] for literature in adaptive evolution). We
represent the birth and death rates of the phenotypical traits by a net growth rate
R(z,I). The term I(t) is an ecological parameter that corresponds to a measure of
the total population, whatever the trait, and that represents in the simpler possible
way the resources (more precisely the inverse of it). We use two different models for
mutations. A first possibility is to represent them by a Laplacian and, in an extreme
and irrealistic simplification, we take them independent of birth, so as to write

One — eAne = 2= R(x, I(t)), =€ R4, ¢t >0,
ne(t =0)=n’ € LY(RY), n? >0,

(1)

L) = [ w(e)n(t2)dr. 2)
Rd

Here € is a small term that we introduce to consider only rare mutations. It is also

used to re-scale time to consider a much larger time than a generation scale.
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A more natural way to model mutations is to use, instead of a Laplacian, an
integral term that describes directly the mutation probability to generate a new-born
of trait x from a mother with trait y. This yields

One = 2= R(x, I(1)) + % f %K(%) by, I)ne(t,y)dy, xR t>0, 3)
ne(t =0)=n e LY(RY), n? >0,

I(t) = /Rd ne(t, z)dx. (4)

Both types of models can be derived from individual based stochastic processes
in the limit of large populations depending on the scales in mutations birth and
death (see [13, 14]).

In this paper, we study the asymptotic behavior of equations (1)-(2) and
(3)-(4) when ¢ vanishes. Our purpose is to show that under some assumptions
on R(z,I), n.(t,z) concentrates as a sum of Dirac masses that are traveling. In
biological terms, at every moment one or several dominant traits coexist while other
traits disappear. The dominant traits change in time due to the presence of mutations.

We use the same assumptions as [8]. We assume that there exist two constants
PYm, Yar such that

0<thm <t <ty <00, € W>(RY). (5)
We also assume that there are two constants 0 < I,,, < Ipr < oo such that

in Rz, I,,) =0, R(z,In) =0, 6
min R(z, Im) max R(z, In) (6)

and there exists constants K; > 0 such that, for any z € R, I € R,

OR
—K) < =(z,1) < —K;' <0, (7)
ol
sup || R(,I) ||W2,00(Rd)< K. (8)
Ip<r<ory

We also make the following assumptions on the initial data

—Alz|+B
€

(9)

Im < [ ¥(z)nl(x) <In, and JA, B>0,nl<e
Rd

Here we take t(x) = 1 for equations (3)-(4) because replacing n by ¥n leaves
the model unchanged. For equation (3) we assume additionally that the probability
kernel K(z) and the mutation birth rate b(z) verify

0 < K(2), /K(z) dz=1, /K(z)e‘z‘2 dz < o0, (10)
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b < b(Z,I) < bM? |vmb(27])| < Iy b(zvj)v |b(xall)_b($7]2)| < L2|Il_12|7 (11)

where by, bas, L1 and Lo are positive constants. Finally for equation (3) we replace
(6) and (7) by

min [R(z, Iy,) + b(z, Iy,)] =0, max [R(z,In) +b(z, In)] =0,  (12)
TERC z€R4

O(R +b)

|R($,Il)—R(£L',IQ)| <K3|Il—12| and —Ky < ol

(x,]) < —K;' <0, (13)
where K3 and K4 are positive constants.

In both cases, in the limit we expect n(t,z) = 0 or R(x,I) = 0, where n(t,x) is
the weak limit of n.(t,z) as e vanishes. If we suppose that the latter is possible at
only isolated points, we expect n to concentrate as Dirac masses. Following earlier
works on the similar issue [19, 7, 8, 28], in order to study n, we make a change of
variable n¢(t,x) = e Tt is easier to study the asymptotic behavior of u. instead
of n.. In section 5 we study the asymptotic behavior of u. while € vanishes. We show
that u., after extraction of a subsequence, converge to a function u that satisfies a
constrained Hamilton-Jacobi equation in the viscosity sense (see [3, 20, 16, 22] for
general introduction to the theory of viscosity solutions). Our main results are as
follows.

THEOREM 1.1. Assume (5)-(9). Let n. be the solution of (1)-(2), and u. =
eln(n.). Then, after extraction of a subsequence, u. converges locally uniformly to a
function u € C((0,00) x RY), a viscosity solution to the following equation:

{(%u = |Vul|? + R(z,I(t)), (14)

max u(t,x) =0, Vt >0,
T€ERC

I.(t) —O> I(t /1/) =1I(t) ae. (15)

In particular, a.e. int, supp n(t,-) C {u(t,) = 0}. Here the measure n is the weak
limit of n. as € vanishes. If additionally (u?). := eIn(n?) is a sequence of uniformly
continuous functions which converges locally uniformly to u® then u € C([0,00) x R?)

and w(0,7) = u®(z) in R?.

THEOREM 1.2. Assume (8)-(13), and (u0). is a sequence of uniformly Lipschitz-
continuous functions which converges locally uniformly to u®. Let n. be the solution
uEO .
of (3)-(4) with n® = e“< , and uc = eln(n.). Then, after extraction of a subsequence,
ue converges locally uniformly to a function u € C([0,00) x RY), a viscosity solution
to the following equation:

owu = R(z,I(t)) + bz, I(t)) [ K(2)eV*“?dz,

t,x) =0, Vt>0,
max u(t, x) = (16)

u(0, 1) = u%(z),
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I(t) — I(t) a.e., /n(t,x)dx =1I(t) ae. (17)
In particular, a.e. in t, supp n(t,-) C {u(t,-) = 0}. As above, the measure n is
the weak limit of n. as € vanishes.

These theorems improve previous results proved in [19, 8, 7, 29] in various
directions. For the case where mutations are described by a Laplace equation,
ie. (1)-(2), Theorem 1.1 generalizes the assumptions on the initial data. This
generalization derives from regularizing effects of Eikonal Hamiltonian (see [26, 1, 2]).
But our motivation is more in the case of equations (3)-(4) where mutations are
described by an integral operator. Then we can treat cases where the mutation rate
b(x, I) really depends on x, which was not available until now. The difficulty here is
that Lipschitz bounds on the initial data are not propagated on u. and may blow up
in finite time (see [12, 5, 15] for regularity results for integral Hamiltonian). However,
we achieve to control the Lipschitz norm by —u., that goes to infinity as |z| goes to
+00.

We do not discuss the uniqueness for equations (14) and (16) in this paper. The
latter is studied, for some particular cases, in [8, 7].

A related, but different, situation arises in reaction-diffusion equations as in
combustion (see [6, 9, 10, 21, 23, 30]). A typical example is the Fisher-KPP equation,
where the solution is a progressive front. The dynamics of the front is described by a
level set of a solution of a Hamilton-Jacobi equation.

The paper is organized as follows. In section 2 we state some existence results
and bounds on n. and I.. In section 3 we prove some regularity results for u. corre-
sponding to equations (1)-(2). We show that u. are locally uniformly bounded and
continuous. In section 4 we prove some analogous regularity results for u. correspond-
ing to equations (3)-(4). Finally, in section 5 we describe the asymptotic behavior of
ue and deduce the constrained Hamilton-Jacobi equation (14)-(15).

2. Preliminary results. We recall the following existence results for n. and a
priori bounds for I, (see also [8, 17]).

THEOREM 2.1. With the assumptions (5)-(8), and I, — Ce? < I.(0) < Ins + Cé?,
there is a unique solution n. € C(RT; LY(R?)) to equations (1)-(2) and it satisfies
I' =1, -CE <I(t) < Iy +Ce& =1, (18)

where C is a constant. This solution, n(t, ), is nonnegative for all t > 0.

We recall a proof of this theorem in Appendix A. We have an analogous result
for equations (3)-(4):

THEOREM 2.2. With the assumptions (8), (10)-(13), and I, < I.(0) < Iy, there
is a unique solution n, € C(RT; L' N L*°(RY)) to equations (3)-(4) and it satisfies

Ly < I(t) < Ip. (19)

This solution, n.(t, ), is nonnegative for all t > 0.
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This theorem can be proved with similar arguments as Theorem 2.1. A uniform
BV bound on I.(t) for equations (1)-(2) is also proved in [8]:

THEOREM 2.3. With the assumptions (5)-(9), we have additionally to the uniform
bounds (18), the locally uniform BV and sub-Lipschitz bounds

IO
_1() —eC e /w Rz, )d:c, (20)
R(z,I?
Zodt) 2 ~Ct + /(1 +¢(z))n8(z)¥dm, (21)
where C' and L are positive constants and o.(t fRd ne(t,z)dz. Consequently, after

extraction of a subsequence, I.(t) converges a.e. to a function I(t), as € goes to 0.
The limit I(t) is nondecreasing as soon as there exists a constant C' independent of €
such that

0 1
[t B 5 g

We also have a local BV bound on I.(¢) for equations (3)-(4):

THEOREM 2.4. With the assumptions (8)-(13), we have additionally to the uni-
form bounds (19), the locally uniform BV bound

Iy 0 0
412~ et / nO(a) BEA) £ LE) g, (22)
€

/ |— (Bdt < 20T + (23)

where C', C" and L' are positive constants. Consequently, after extraction of a sub-
sequence, 1.(t) converges a.e. to a function I(t), as € goes to 0.

This theorem is proved in Appendix B.

3. Regularity results for equations (1)-(2). In this section we study the
regularity properties of u. = elnn., where n. is the unique solution of equations
(1)-(2). We have

ue 1 ue

1 1 1 ue
Oine = —duce<, Vne=—-Vuce=, An.= (—Au€ + —2|Vu€|2)67.
€ € € €

Consequently u. is a smooth solution to the following equation

Orue — eNue = |Vu|> + R(z, I.(t)), z€R,t>0,
ue(t =0) = elnn?.

We have the following regularity results for ..
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THEOREM 3.1. Assume (5)-(9) and let T > 0 be given. Set D = B+ (A% + K)T.
Then we have u, < D%. For all ty > 0, v. = /2D2 — u, are locally uniformly bounded
and Lipschitz in [to, T] x R?,

1
Vo | <C(T) + ——=, 25
Vol < O) + 5= (25)
where C(T) is a constant depending on T, K1, Ko, A and B. Moreover, if we assume
that (u?)e = eln(n?) is a sequence of uniformly continuous functions, then u. are

locally uniformly bounded and continuous in [0, co[xR?.

We prove Theorem 3.1 in several steps. We first prove an upper bound, then a
regularizing effect in x, then local L*> bounds, and finally a regularizing effect in ¢.

3.1. An upper bound for u.. From assumption (9) we have u?(z) < —Alz|+B.
We claim that, with C = A% + Ko,

ue(t,x) < —Alz|+ B+ Ct, Vt > 0. (26)
Define ¢(t,z) = —Alz| + B + Ct. We have

b — b — |VoO? — R(x L(£) > C + e% A2 K, >0

Here K is an upper bound for R(x,I) according to (8). We have also ¢(0,z) =
—Alz| + B > u(z). So ¢. is a super-solution to (24) and (26) is proved.

3.2. Regularizing effect in space. Let u = f(v), where f is chosen later. We
have

o = f'(v)0ww, Opu= f (v)0pv, Au= f'(v)Av+ f'(v)|Vo|>.

So equation (24) becomes

R(z,I)
frw)

f"(w)
f'(w)

Define p = Vv. By differentiating (27) we have

Ov — eAv — [e + f’(v)] |Vv|2 =

Ospi — €Ap; — 2 [e ‘;ll/((:)) + f’(v)] Vov-Vp; — {e ‘i‘/:/((vv)) — e‘;/l/((;)))Q + f”(v)] IVo|?ps
) g L OR
oy P ey

We multiply the equation by p; and sum over i:

|p|2 B [ef///(v) B f”(’U)Q

ol — S pip—2 [ L 4 ) 9. =170 It

F(v) 2 ) Py
__f”(U) T 2 1 .
= f’(v)zR( ,D)|pl —i-f,(v)VwR .
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First, we compute Y _,(Ap;)p;

_ Ipl _
= AT - Z |Vpi|?

= [plAlpl + [Vipl* =Y 1Vl

i

We also have

Vbl = 3 2 < 3

It follows that

= Z 102,517 = Z [Vp;|*.
4, J

Z(Api)pi < |p[Alp]-

i

We deduce

f"(w)
f'()

: [ ) )
+f(v)}p Vip| { 7o) )y

_SM) b 1 op P
S~y B Dlel+ Fs Vel

From (26) we know that, for 0 <t < T, u. < D(T)?, where D(T) = v/B + CT.
Then we define f(v) = —v? + 2D?, for v positive, and thus

Aol — eOlp] — 2 [ 1) wPes)

D(T) <,

, . 1 . 1 1
f'(v)=—=2v, and |m|—%§ﬁ,
" f’ 1 1

f (’U)——2, and |f/(5)?;)2|:ﬁ_ﬁ,

" _ . Ef'”(v) _ efll(v)2
" (v) =0, [ 7(v) f'(v)?

From (28), Theorem 2.1, assumption (8) and these calculations we deduce

1
"

ot o]

2D2| 2D =0.
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Thus for 6(T") large enough we can write

Wl ol =2 [ L s p@) ool 4200 - 02 <0 9

Define the function

Yt.3) = y(0) = 5=+

Since y is a solution to (29), and y(0) = co and |p| being a sub-solution we have

1
t7 S t, = — 4+ 9
Ip|(t, z) < y(t,z) Wi
Thus for v. = /2D? — u., we have
1
|Vo|(t,z) < —= +6(T), 0<t<T. (30)

2Vt

3.3. Regularity in space of u. near ¢t = 0. Assume that 4 are uniformly
continuous. We show that u, are uniformly continuous in space on [0,7] x R%.

For § > 0 we prove that for h small |u(t,z + h) — u.(t,z)| < 6. To do so define
we(t, z) = uc(t, x+h) —uc(t, z). Since u? are uniformly continuous, for & small enough
lwe(0,2)| < 3. Besides w, satisfies the following equation:

Oywe (t, x)—eAwe (t, ) — (Vue(t, z+h)+Vu(t, x))-Vwe (t, 2) = R(z+h, I(t))—R(x, I(t)).

From Theorem 2.1 and using assumption (8) we have

Oywe(t, x) — eAwe(t, ) — (Vue(t,z + h) + Vue(t, z)) - Vw(t, z) < Kalh|.

Therefore by the maximum principle we arrive at

nﬁ%ﬂwe(t, z)| < nﬁ%xme(o, z)| + Ka|hlt.

So for h small enough |u.(t,z + h) — uc(t,z)| < & on [0,T] x R4,

3.4. Local bounds for u.. We show that u. are bounded on compact subsets
of ]0,00[xR%. We already know from section 3.1 that wu,. is locally bounded from
above. We show that it is also bounded from below on C = [to, T] x B(0, R), for all
R>0and0<ty<T.

From section 3.1 we have u.(t,z) < —A|z|+ B+ CT. So for R large enough there
exists €p such that for € < ¢q

e —Alz|+B+CT I’
/ e~<dxr < / e c der < =2,
|z|>R |z|>R 2¢m
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We have also from (18) that

ue I
/ e~ dr > 2.
Rd Y

We deduce that for R large enough and for all 0 < € < ¢

I/
e~ dr >
»/1<R 2¢9m

Therefore there exists €; > 0 such that, for all € < ¢

3z € RY  |zo| < R, uc(t,xo) > —1, thus wc(t,z0) < /2D2 +1
From Section 3.2 we know that v, are locally uniformly Lipschitz

1

[ve(t, @ + h) — ve(t, z)| < (C(T) + NG

=) Ihl,

Thus for all (¢,2) € C and € < ¢;

1
t E(to, T, R) := /2D*(T 2 R.
ve(t, ) < E(to 1+ ( 2\/t_0)

It follows that

uc(t,r) > 2D*(T) — E*(t, T, R).
We conclude that u, are uniformly bounded from below on C.

If we assume additionally that u? are uniformly continuous, with similar argu-
ments we can show that u. are bounded on compact subsets of [0, co[xR?. To prove
the latter we use uniform continuity of u. instead of the Lipschitz bounds of v..

3.5. Regularizing effect in time. From the above uniform bounds and conti-
nuity results we can also deduce uniform continuity in time i.e. for all n > 0, there
exists § > 0 such that for all (¢,s,2) € [0,T]x [0,T] xB(0,£), such that 0 < t—s < 6,
and for all € < ¢y we have:

|U’E(ta I) - ’LLE(S, I)| < 277

We prove this with the same method as that of Lemma 9.1 in [4] (see also [11]
for another proof of this claim). We prove that for any > 0, we can find positive
constants A, B large enough such that, for any = € B(0, %), s € [0, 7] and for every
€ < €,

ué(tv y) - ué(sa I) < 77+A|CC - y|2 + B(t - S)v for every (ta y) € [Sa T] X B(Ov R)a (31)
and

uc(t,y) —uc(s, z) > —n—A|:v—y|2—B(t—s), for every (t,y) € [s,T] xB(0, R). (32)
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We prove inequality (31), the proof of (32) is analogous. We fix (s,z) in
[0, T[xB(0,£). Define

E(ty) = ue(s,x) +n+Aly —z[* + B(t —s),  (t.y) € [s,T[xB(0, R),
where A and B are constants to be determined. We prove that, for A and B large
enough, ¢ is a super-solution to (24) on [s,7] x B(0,R) and £(t,y) > uc(t,y) for
(t,y) € {s} x B(0, R) U [s,T] x 0B(0, R).
According to section 3.4, u. are locally uniformly bounded, so we can take A a

constant such that for all € < ¢,

8 I| we |l Lo (f0,71xB(0,R))
4> {0 |

With this choice, £(t,y) > uc(t,y) on [0, T]xIB(0, R), for all ), B and = € B(0, £).
Next we prove that, for A large enough, £(s,y) > uc(s,y) for all y € B(0,R). We
argue by contradiction. Assume that there exists 7 > 0 such that for all constants A
there exists ya . € B(0, R) such that

Ue(S,yA,e) —ue(s,x) > n+A|yA,e — % (33)
It follows that
| < 2M
YA,e T = A B

where M is a uniform upper bound for || uc ||z ([0,77xB(0,r))- Now let A — oo. Then
for all e, |ya,e—x| — 0. According to Section 3.3, u. are uniformly continuous on space.
Thus there exists h > 0 such that if [y — x| < h then |uc(s,ya,c) — ue(s, z)| < 3,
for all e. This is in contradiction with (33). Therefore £(s,y) > uc(s,y) for all
y € B(0, R). Finally, noting that R is bounded we deduce that for B large enough, &
is a super-solution to (24) in [s,T] x B(0, R). Since u. is a solution of (24) we have

uc(t,y) < E(ty) = uc(s,x)+n+Aly—z|*+ B(t—s) forall (t,y) € [s,T] x B(0, R).

Thus (31) is satisfied for ¢ > s. We can prove (32) for ¢ > s analogously. Then
we put © = y and we conclude taking § < 4.

4. Regularity results for equations (3)-(4). In this section we study the
regularity properties of u. = elnn, where n. is the unique solution of equations (3)-
(4) as given in Theorem 2.2. From equation (3) we deduce that u. is a solution to the
following equation

ue(t,xtez)—ue(t,x)
€

{Btue = R(z, I(t)) + [ K(2)b(x + ez, I.)e dz, zeR,t>0,

ue(t =0) = elnn?.

We have the following regularity results for ..
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THEOREM 4.1. Let n. be the solution of (3)-(4) withn? = eu_io, and u. = eln(n,).
With the assumptions (8)-(13), and if we assume that (u?) is a sequence of uniformly
bounded functions in W1°° then u. are locally uniformly bounded and Lipschitz in
[0, co[x R4,

As in section 3 we prove Theorem 4.1 in several steps. We first prove an upper
and a lower bound on u., then local Lipschitz bounds in space and finally a regularity
result in time.

4.1. Upper and lower bounds on u.. From assumption (9) we have u?(x) <

—A|z| + B. As in section 3.1 we claim that

ue(t,z) < —Alz|+ B+ Ct, Vt > 0. (35)

Define v(t,z) = —Al|z| + B + Ct, where C' = by [ K(2)eA?ldz + K5. Using (8)
and (11) we have

dw—R(x, I.(t))— / K(2)b(atez, [)e™ =2 02 > O~ Ky—by / K(2)eAdz > 0.

We also have v(0,7) = —Alz| + B > u%(z). So v is a supersolution to (34).

€
Since (3) verifies the comparison property, equation (34) verifies also the comparison

property, i.e. if v and u are respectively super and subsolutions of (34) then u < v.
Thus (35) is proved.

To prove a lower bound on u, we assume that u? are locally uniformly bounded.
Then from equation (34) and assumption (8) we deduce

8tué(t7x) Z _K27
and thus
ue(t, ) > —||u8||Lm(B(07R)) — Kot, VzeB(0,R).

Moreover, |[Vu?| being bounded, we can give a lower bound in R?

uc(t, ) > inful(0) — ||Vl g |z] — Kot, Ve R% (36)

4.2. Lipschitz bounds. Here we assume that u. is differentiable in x (See
[15]). See also Appendix C for a proof without any regularity assumptions on ..

Let p. = Vu, - x, where y is a fixed unit vector. By differentiating (34) with
respect to x we obtain

ue(t,xtez)—ue(t,x)
3

z

Ope(t, ) = VR(x, I (1)) - x + /K(Z)Vb(:zr +ez,I.)-xe

t,x+ez) — pe(t,x) prebstedou ) |

+ /K(z)b(:z: + ez, Ie)pe(

€
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Thus, using assumptions (8) and (11), we have

ue (t,xt+ez)—ue(t,z)
€

Ope(t,z) < Ko+ L4 /K(z)b(:t +ez, I )e dz (37)

Pe(t, x4+ €z) — p(t, x) prelbatenus )

+ /K(z)b(z +ez, 1)

€

Define we(t,z) = pe(t,z) + Liuc(t,z) and A (¢, z,2) = w From
(37) and (34) we deduce

(ta T+ 62) - wé(tv'r) eAé(
€

6,2,2) 1

Oywe — Ko (14 L) — /K(Z)b(x + ez,Ie)wE
= 2L1/K(Z)b(a:+ez,1€)eAe<t,x,z>dZ
— L /K(Z)b(x +ez, I)A(t, x, Z)eAe(t,m,z)dZ

=1 /K(z)b(ac N A (2= Ac(t, z,2))dz
< leMev

noticing that e is the maximum of the function g(t) = /(2 — t) in R. Therefore by
the maximum principle, with Cy = Ko(1 + L1) + Libye, we have

we(t,z) < Cit + max we (0, x).
R

It follows that
pe(t,z) < Cht+ || Vug L +L1(B+ Ct) + L1(||Vu8||Loo|3:| + Kot — ug(aj = O))

= Cot + Cs|z| 4 Cy,

where Cy, C3 and C4 are constants. Since this bound is true for any |x| = 1, we
obtain a local bound on |Vu,|.

4.3. Regularity in time. In section 4.2 we proved that u. is locally uniformly
Lipschitz in space. From this we can deduce that O;u. is also locally uniformly
bounded.

Let C = [0,T] x B(xo, R) and S; be a constant such that || uc || )< S1 for all
€ > 0. Assume that R’ is a constant large enough such that we have u(t,z) < =S

in [0, 7] x RN\B(xo, R'). According to (35) there exists such constant R’. We choose
a constant Sy such that || Ve || Lo (jo,7]xB(w0o,r7)) < S2 for all € > 0. We deduce

e (tyatez) —ue (te)
€ (]l|m+ez\<R’ + ]l\z+ez|2R/)dZ

O] < [R(x, I(1))] + /K(z)b(:v—i— e, 1)e
< Ky + bM/K(2)6S2|Z|]l‘z+ez|<R’dZ + bM/K(Z)]l\z+ez|2R’dZ
< Ko +by(1+ /K(z)eSQ‘z‘dz).

This completes the proof of Theorem 4.1.
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5. Asymptotic behavior of u.. Using the regularity results in sections 3 and
4, we can now describe the asymptotic behavior of u. and prove Theorems 1.1 and 1.2.
Here we prove Theorem 1.1. The proof of Theorem 1.2 is analogous, except the limit
of the integral term in equation (16). The latter has been studied in [19, 12, 7, 29].

Proof of theorem 1.1.

step 1 (Limit) According to section 3, u. are locally uniformly bounded and
continuous. So by Arzela-Ascoli Theorem after extraction of a subsequence, u.
converges locally uniformly to a continuous function w.

step 2 (Initial condition) We proved that if u? are uniformly continuous then
ue will be locally uniformly bounded and continuous in [0, 7] x R%. Thus we can ap-
ply Arzela-Ascoli near t = 0 as well. Therefore we have u(0,z) = HII(I) ue(0,2) = ul(x).

step 3 (ma;gu = O) Assume that for some ¢,z we have 0 < a < u(t,z). Since
z€R

u is continuous u(t,y) > § on B(z,r), for some 7 > 0. Thus we have n.(t,y) — oo,

while € — 0. Therefore I(t) — oo while € — 0. This is a contradiction with (18).

To prove that max u(t,x) = 0, it suffices to show that 1irr(1) ne(t,x) # 0, for some
PASIN €e—

r € RY From (26) we have
ue(t,x) < —Alz| + B + Ct.

It follows that for M large enough

—Alz|+B+Ct

lim ne(t, z)dr < lim e € = 0. (39)
e—0 || > M e—0 || >M
From this and (18) we deduce
I/
lim ne(t, r)dr > 2.
0 jzj<m M
If w(t,z) < 0 for all || < M then lir% "¢ = 0 and thus

lii% fIIISM ne(t,z)de = 0. This is a contradiction with (39). It follows that

max u(t,z) =0, Vt>0.
zeR4

step 4 (supp n(t,-) C {u(t,-) = 0}) Assume that u(to,z0) = —a < 0.
Since wu. are uniformly continuous in a small neighborhood of (¢o,z0),
(t,z) € [to — d,t0 + d] x B(zo,9), we have uc(t,z) < —§ < 0 for € small. We
deduce that f[tr&tow]xB(zmé)ndtdz = f[t0757t0+6]xB(1076)21_r)1(13 e~ < dtdr = 0.
Therefore we have supp n(t,-) C {u(t,-) = 0} for almost every t.

ue(t,x)

step 5 (Limit equation) Finally we recall, following [8], how to pass to the limit
in the equation. Since wu. is a solution to (24), it follows that ¢.(t,2) = u(t,x) —
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fot R(x,1.(s))ds is a solution to the following equation
t
Nde(t,x) — eApe(t, ) — [V (t,2)> — 2V e (¢, z) / VR(z,1.(s))ds
0

:e/ AR(I,Ie(S))dS+|/ VR(z,I.(s))ds|*.
0 0

Note that we have I.(s) — I(s) for all s > 0 as € goes to 0, and on the other hand,
the function R(z,I) is smooth. It follows that we have the locally uniform limits

t

giir(l) ; R(:C,Ie(s))ds:/o R(z, I(s))ds,

t

t
lin% VR(ZC,IE(S))dSZ/ VR(z,I(s))ds,
€E— 0 0

t t
hl% AR(z,I.(s))ds = / AR(z,I(s))ds,
«~%Jo 0

for all ¢ > 0. Moreover the functions fJR(x,I(s))ds, fJVR(:C,I(s))ds and

fot AR(z,1(s))ds are continuous. According to step 1, u(t,x) converge locally uni-
formly to the continuous function u(t,x) as e vanishes. Therefore ¢.(t,2) converge

locally uniformly to the continuous function ¢(t,z) = u(t,z) — fot R(x,I(s))ds as €
vanishes. It follows that ¢(¢,z) is a viscosity solution to the equation

ib(t, ) — [Vo(t, ) — 2Vo(t, x) - /0 VR(z, I(s))ds
:|/O VR(z,I)ds|*.

In other words u(t, z) is a viscosity solution to the following equation

owu(t,z) = |Vu(t,z)|* + R(z, I(t)).

Appendix A. Proof of theorem 2.1.
A.1. Existence. Let T' > 0 be given and A be the following closed subset:

A= {u € C([OaT]le(Rd»a u >0, || u(tv ) ”ng a},

where a = ([ n%dz) e“ ", Let ® be the following application:

d:A— A
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where v is the solution to the following equation

v — eAv = %R(I,Iu(t)), reR,t>0, (40)
v(t =0) =nl.
I,(t) = Y(x)u(t, z)dz, (41)
Rd
and R is defined as below
R(x, 1) if f» < I<2ly,
R(x,I) =< R(x,2Iy) if 2@y <1,
R(z, &) if 1<z,

We prove that

(a) ® defines a mapping of A into itself,

(b) @ is a contraction for T small.

With these properties, we can apply the Banach-Picard fixed point theorem and
iterate the construction with 7" fixed.

Assume that u € A. In order to prove (a) we show that v, the solution to (40),
belongs to A. By the maximum principle we know that v > 0. To prove the L' bound
we integrate (40)

%/de = /ER(x,Iu(t))dx < 1rmaml‘_%(ac,Iu(t))/val:zc < &/de,
€ €

€ zeR?

and we conclude from the Gronwall Lemma that

| vlp:i< (/ngd:c) e E = a

Thus (a) is proved. It remains to prove (b). Let ui, us € A, v; = ®(uq) and
vy = P(ug). We have

Or(v1 —v2) —eA(vy —v2) =

a |

[(vl —vo)R(x, I,,) + v2 (R(x, I.,) — R(x, Iu2))} .

Noting that || v2 ||;2< a, and |R(z,I.,) — R(z, I,)| < Ki|l,, — L.,| <
Kitar || ur — uz || we obtain

d Ky
7 | vi —we o< —= [J o1 —v2 [z +
t €

aK1nm

w1 —ua |1 -

Using v1(0, -) = v2(0, -) we deduce

KoT

aK1ym (™2

Ky

[ v1 — w2 [[perr < = 1) [ ur —u2 |pert -
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Thus, for T’ small h such that e~ = (e” = — 1 K
us, for T' small enough such that e < (e~< —1) < TRywon J10°
tion. Therefore ® has a fixed point and there exists n. € A a solution to the following

equation

d is a contrac-

Oine — eAne = %R(:z:, I(t)), zeR 0<t<T,
ne(t =0) =nl.

I(t) = 9 Y(x)n(t, x)dx,

With the same arguments as A.2 we prove that = < I(t) < 2I and thus n.
is a solution to equations (1)-(2) for ¢ € [0,7]. We fix T small enough such that

KoT KoT
e ¢ (e —1) < 22%m_ Then we can iterate in time and find a global solution
4K Y In

to equations (1)-(2).

A.2. Uniform bounds on I.(t). We have

dl. d
dt  dt

[ et adr =c | v(@)dn e)de+ - [ vt 2R, (1) da

We define ¢p, = xp-9¢ € ng’c(Rd), where y, is a smooth function with a compact
support such that xz|g,z) = 1, Xz|r\B(0,2z) = 0. Then by integration by parts we
find

’lﬁL(JJ)A’rLE(t,JJ)dCC = AwL(x)ne(tax)d‘r'
Rd

Rd

As L — o0, 11, converges to 9 in Wloc (R9). Therefore we obtain

lim A (x)nedr = Ap(x)nede,
Rd

L—oo Jrd

lim V(@) Anc(t,x)de = [ (x)An(t, x)dz.
Rd

L—oo JRd

From these calculations we conclude

dI,
=e [ AY(x)nt,z)dx —|— 1/)( ne(t, z)R(z, I (t))dx.
dt R4 €
It follows that
C dl. C
S =1, min R(z,I.) < <Gl ~I.max R(x, I,).
1/1m € zcRd t m € zeRd

Let C' = % As soon as I, overpasses Iy + Ce?, we have R(z, I.) < —(;{612 =

251 and thus ddI; becomes negative. Similarly, as soon as I. becomes less than
m

— Cé€?, % becomes positive. Thus (18) is proved.
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Appendix B. A locally uniform BV bound on I. for equations (3)-(4).
In this appendix we prove Theorem 2.4. We first integrate (3) over R? to obtain

%Ie(t) _ %/ne(t,x)(R (2, 1(8)) + b (2, L.(1)) ) da.

Define J.(t) = £ I.(t). We differentiate J. and we obtain

d_ 1 O(R+1)
ZJ(1)

= EJe(t)/né(t,a:)T(:r,Ie(t))da:
+ ;2 / (R(z, 1) + b(z, I.)) [ne(t, ) R(z, I.)
+ / Ky — 2)b(y, L)n. (t, y)dy] da.

We rewrite this equality in the following form

d
dt

() = %JE(t) / ne(t,x)%(x,fé(t))d:c

+ ;2 /ne(t,x)(R(a:,Ie(t)) +b(z, 1.(1))) *do
+ €i2 / / Koy — o) (R(x. () — Ry () )b(y, I.(6) e (t, y) dyda
+ ;2 //Ke(y — ) (b(z, I(t)) — b(y, 1c(1)) ) b(y, Lc(t)) ne(t, y)dyde.
Tt follows that
0.0 2 200 [ 0.0 8D 1 0)as
+€l2/n€(t,:c)(R(:c,I€(t)) +b(x, 1(t))) da

_M//K(z)|z|b(gc+ez,IE(t))ne(t,:v+ez)dzdw
€

> %JE(t)/ne(t,x)%(x,le(t))d:c
1

+ Eig /ne(t,x)(R(:zr,Ie(t)) +b(, 1.(1))) *dz — =,

where C is a positive constant. Consequently, using (13) we obtain

L) <= - L)

€ €

with (J.(t))— = max(0, —J.(t)). From this inequality we deduce
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With similar arguments we obtain

/ /
cht

((t)y > —% ) e,

with (Je(t))+ = max(0, J.(t)). Thus (22) is proved. Finally, we deduce the locally
uniform BV bound (23)

Td Td T d
—I.(t)|dt = —I.(t)dt + 2 —1I.(t))_dt
|G = [ S [
SI]W—Im—I—QC/T-i-O(l).

Appendix C. Lipschitz bounds for equations (3)-(4).
Here we prove that u. are locally uniformly Lipschitz without assuming that the
latter are differentiable. The proof follows the same ideas as in section 4.2.

Let ¢ = %ﬂ. From (34) we have

O (ue(t,x + h) — uc(t, ) +h(2uc(t, x + h) — uc(t, z)))
—(1+2eh)R(z+ h,I.) + (1 +¢h)R(z, I.)

:/K(z)b(x+h—|—ez,[€)e

ue (t,x+h+ez)—ue(t,x+h)
€

z

ue(t.otez) —ue(t.x)
e €

- /K(z)b(x+ez,[€) dz

ue(t,othtes)—ue(t,ath)
€

z

—I—Eh(/K(z)Zb(x—l—h—Fez,IJe

ue(t.otez)—ue(t.x)
e €

_ /K(z)b(x—i—ez,]e) dz)

Define o — ue(t,m-l—ez)—ue(t,;n)7 ﬁ _ ue(t,w-l-h-l-eze)—ue(t,w-i-h), A(t,.’l]) _ 2u€(t, T+ h) .

uc(t, z) and we(t,z) = w + ¢A(t, x). Using the convexity inequality
e? <e 4P - ),
we deduce
hoywe(t, ) — (1 4+ 2¢h)R(x + h,I.) + (1 +¢ch)R(z, I.)

< /K(z)b(:v +h+ez, I)(e* + e (B —a))dz — /K(z)b(x + ez, I )e%dz
+h( / 2K (2)b(x + h + ez, I.)ePdz — /K(z)b(x + ez, 1.)e“dz)

< /K(z) (b(x+ h+ ez, L) — bz + ez, I.))e*dz
Atz +ez) — A(t, x)

€

—i—/K(z)b(x—l—h—l—ez,IE)eﬁ(ﬂ—oz—l—Eh )dz

+¢ch / K(2)b(z 4+ h+ ez, 1)e’ (2 — 28 + a)dz — Eh/K(z)b(a: + ez, I )e%dz.
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From assumptions (8) and (11) it follows that

t,x + €z) — we(t, x)
€

dz

Orwe(t, x) < / K()b(a+h + ez, 1)ed 2l
+ Ko + 3¢cKs + /K(Z) (EbMeﬁ(Z — 20+ OZ) + (leM — Ebm)eo‘)dz.
Notice that

ehareP (2 — 26+ a) + (Libasr — by )e® = ehpre? (2 — 28 + ) — Libpre®,

is bounded from above. Indeed if we first maximize the latter with respect to 3 and
then with respect to a we obtain

bME2

ChareP (2 — 26+ a) — Libye® < 2ehyre? — Libye® <
1

We deduce

6t7 — Wel(t,
eﬁw( T+ ez) — we(t, x)
€

Orwe(t, z) < /K(z)b(:b—i—h—i—ez,le) dz + G,

where G is a constant. Therefore by the maximum principle, (35) and (36), we have

we(t,r) < Gt+ || Vul ||p~ —2€A|x + h| 4+ 2B —cul(x = 0) + ¢ || Vu? ||z~ |z].

Using again (35) and (36) we conclude that

ue(t,x + h) — ue(t, x)
h

<(G+2eKo)t +¢(— A+ || Vil || ) (lz| + 2|z + h])  (42)
+3¢B+ || VUl ||p~ —3cinfu®(z = 0).
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