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A CONSTANT RANK THEOREM FOR HERMITIAN k—CONVEX
SOLUTIONS OF COMPLEX LAPLACE EQUATIONS*

FEI HANT, XI-NAN MA%, AND DAMIN WU$

Abstract. Using the strong maximum principle, we obtain a constant rank theorem for the
Hermitian k—convex solutions of complex Laplace equation.
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1. Introduction. In some geometry and analysis problems, it is always impor-
tant to get the existence of convex solutions for partial differential equations. Up to
now, we have in general two methods to produce convex solutions for elliptic partial
differential equations. They are the macroscopic and microscopic convexity principle.

The macroscopic convexity principle was developed by Korevaar [19, 20], Ken-
nington [17], Kawohl [16], and by Alvarez-Lasry-Lions [1] for generally nonlinear
partial differential equations.

The microscopic convexity principle concentrates on the constant rank theorem
for convex solutions of partial differential equations. Caffarelli-Friedman [4] proved
a constant rank theorem for convex solutions of quasilinear elliptic equations in R?; a
similar result was also obtained by Yau [28] (in fact, Yau have known the idea much
earlier, according to A. Treibergs, and also Korevaar [21, p. 117].). The method of
Caffarelli-Friedman—Yau was generalized to R" by Korevaar-Lewis [22] shortly after.
It is a powerful tool in producing convex solutions of partial differential equations via
the continuity methods. The microscopic convexity principle has been generalized to a
variety of fully nonlinear differential equations involving the second fundamental forms
of hypersurfaces (see, for instance, [5, 11, 12].). Recently, Bian—Guan [2] obtained
the microscopic convexity principle for the most generally fully nonlinear differential
equations and gave much interesting geometry applications. It is interesting that the
structure condition found by Bian—Guan [2] are almost the same as the structure
condition that found by Alvarez—Lasry and Lions in [1].

In differential geometry, there are much interesting on the k—convexity of the so-
lutions of the geometric partial differential equations. Here the k—convexity means
that the sum of any k eigenvalues of the Hessian matrix of the solution is nonnegative.
Similarly, we can formulate the notions of k—convexity for the curvature operator and
second fundamental forms of hypersurfaces. There has been a large amount of liter-
ature in differential geometry on this subject. For example, Sha [26, 27] and H. Wu
[30] introduced the k-positivity of the sectional curvature of Riemannian manifolds
and studied the topology for these manifolds. Chen [7] and B6hm-Wilking [3] studied
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the classification of compact Riemannian manifolds with 2—positive curvature opera-
tor via Ricci flow. Moore-Schulte [25] and Fraser [9, 10] obtained some Morse index
estimates for the minimal disk with free boundary on the k—convex surfaces and then
have some interesting consequences on the topology of k—convex domain in R™. More
recently, Huisken—Sinestrari [15] classified the compact 2—convex hypersurfaces in R"
using the technique of mean curvature flow. Let us also call attention to the work by
Tsui and Wang [29], in which the 2—positivity of some parallel 2—tensor on manifolds
plays an important role on the long time existence and convergence of mean curvature
flows.

In the study of elliptic equations, Harvey—Lawson [14] introduced some generally
convexity on the solutions of the nonlinear elliptic Dirichlet problem. The k—convexity
is a special case.

From the above geometry and analysis reasons, it is naturally to study the gen-
eral microscopic and macroscopic convexity principle in the context of the k-convex
solutions of partial differential equations. In Han—-Ma-Wu [13] we establish a con-
stant rank theorem of the k-convex hypersurfaces on the prescribed mean curvature
equation in R™*!, and then as an application, we obtain an existence theorem for
k-convex hypersurfaces with prescribed mean curvature.

For the potential application and independent interesting in complex analysis
and complex geometry, in this paper we establish the complex counterpart of the
constant rank theorem on the Hermitian k—convexr solutions for complex Laplace
equation. The constant rank theorem on the Hermitian 1-convex (i.e., plurisubhar-
monic) solutions for some elliptic partial differential equations in complex variables
had been considered by Q. Li in [23]. We will see from below that the ranks of k—
convex (k > 2) solutions enjoy certain interesting jumping phenomenon. This would
distinguish our treatment from those in the literature. The Hermitian k—convexity
(k > 2) has naturally appeared, and played an important role, in the several complex
variables and complex geometry, such as the vanishing theorem (see, for example,
Kobayashi-Wu [18], and Ma-Marinescu [24]), and the Cauchy-Riemann geometry
(see, for example, Chirka [8]). We shall report the applications of our result in a later
occasion.

We consider the following equation

" d%u
Au = 550550 = f(2) (1.1)

in a domain 2 of C™. Here we assume that
fec*Q), f>0o, for some 0 < A\ < 1. (1.2)

We are interested in the solution u of Hermitian k—convex. Namely, the sum of any
k eigenvalues of the Hermitian matrix (u,3)1<a,6<n is nonnegative. We would like
to know, under what condition would the Hermitian k—convex solution u has certain
constant rank in Q. Throughout this note, k denotes an integer in {1,...,n — 1}
(there is nothing to prove when k = n, since f > 0 by our assumption.).

It is convenient to work with the following w—matrix, whose eigenvalues are the
sums of the k eigenvalues of (u,3). First, note that (u,s3) induces an operator P on
C™ by

P(ea) = Zu’y&e'y, foralll <a< n,
y=1
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where {e1,...,e,} is the standard basis of C", as a complex vector space. As in
Caffarelli-Nirenberg—Spruck [6], we further extend P to acting on the complex vector
space AFC™ by

k
Plea, Ao+ Neag) = 3 €ay Ao AP(ea,) Ave Aca,.
i=1

Here {eq, A---Aeq, | 1 < ay < -+ < ag < n} is the standard basis for AFC™. Let
(wi;) be the matrix of P under this standard basis, where the indices ¢ and j range
from 1 to (Z) It is, however, more helpful to write the indices of w in terms of the
base indices. Namely, we denote by

Way...op,B1...Br = <P(ea1 ARERNA eak)v S NARRRNAN eﬁk>'

Here (-,-) is the inner product on A*C" induced from the standard one on C" so that

A1y, Q) -
(aeal/\---/\eak,beﬁl/\---/\egk):(5< ! k)ab,

615 s aﬁk
in which a,b € C. We denote by 5(‘21’:::’2}’:) the generalized Kronecker symbol; it
is equal to 1 (respectively, —1) if aq,...,ax are distinct and (by,...,b;) is an even
(respectively, odd) permutation of (ay,...,ax); otherwise it is equal to zero. Then,
b a Qi1,7, o)
Tyeo ey g—1,77, g1y ..., O
Wayy...op.B1...8r = U~y O .
i ;; " (51,---,@'hﬂmﬁiﬂ---,ﬁk)

In particular,

k
Way ...ap,aq ..., — § Ua;a;y
=1

and

Wa...op,81...8 — 0

if the index sets {a1,...,ax} and {f1,..., Bk} are differed by two elements. It follows
that the w—matrix is Hermitian, i.e.,

Way...ap,B1...Br — Whi...0k,a1...0 *

Moreover, if we normalize the u—matrix at one point so that
’U/QB = 5&6”0«17

then the w—matrix is also diagonalized:

k k k
Wa...ak,B1...Be = (Héaiﬁi)wabnak;abnak = H(Saiﬁi § Ua;a; -
=1 =1 1=1

As an example, when k = 2, we have

Wapne = (Plea Neg),en Aeg).
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Then

WapB,ne = 0pctna — Opntca + Santcs — Saclyg (1.3)
= Wn¢,ap-
In particular, the diagonal elements are given by
WaB,af = Uaa + Uggs-

Throughout this note, we denote by

n n!
N = dimc AFC" = = —.
Hie (k:) kl(n — k)!
Unless otherwise indicated, the Greek indices «, 3,7,..., are in {1,...,n}, while

English indices 4,j,0,..., lie in {1,...,N}. We may interchangeably use (w;;) and
(Way ...ax, 1.8, ) to indicate the w—matrix. That is, we may use a single index, such as
i, to represent a multi-index (a1, ...,a). The correspondence is given by the one-
to—one map from S = {1,...,N} to M = {(aa,...,a5) | 1 < a1 < -+ < ay < n},
preserving the order of the elements. Here the order in S is as usual, while the order
in M is defined to be that

(alu"'aak) < (617"'76/@)

if there is a number ¢ € {1,...,n} such that oy < G, and o; = G; for all j =
1,...,q—1. For example, when n = 3 and k = 2, the correspondence are identified as

1=(1,2), 2=(1,3), 3=1(2,3);
and hence,

w11 = Wi2,12, W12 = W12,13, w13 = W12,23,

However, a precise formula of the correspondence is not needed in the follows.
For a finite set A, we denote by #A the total number of elements in A. For
derivatives of a function h, we denote by

oh oh 9?h

T 9z00 AT gzar MeB T Hlazp

ha

A Hermitian matrix (H,gz) is called k-concave, if the sum of any k eigenvalues of
(Haﬁ) is nonpositive, equivalently, if Ay +--- 4+ A < 0, where Ay > Ao > --- > \,, are
the eigenvalues of (H,3). In particular, a 1-concave Hermitian matrix is nonpositive
definite. A C?~function v is called Hermitian k-concave in Q if (v,3) is k-concave in
Q. Here is our main result:

THEOREM 1.1. Let u and f satisfy (1.1), (1.2). Suppose that the w-matriz
is positive semidefinite on . Then the w—matriz has constant rank in Q, if the
Hermitian matriz

—
(kfus = ufs)

is k—concave in Q. Equivalently, the w-matriz has constant rank if f*=/* is Her-
mitian k—concave for k > 2, and —log f is plurisubharmonic when k = 1.
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REMARK 1.2. In the above theorem, the k = 1 case was obtained by Q. Li in
[23]. For k > 2, there are restrictions on the possible ranks of w (these restrictions
are explicitly given in the proof.). Consider k = 2 for instance: The possible ranks of
w must lie in

{N—-k(k+1)/2|k=1,....n =2} U{N —n,...,N}.
Furthermore, if n = 6 for example, then the possible ranks are in the set

{BU{reZ|9<r<15}.

Our proof would follow the standard approach in the literature (see Korevaar—
Lewis [22] and Guan-Ma [12], for example). Assume that (w;;) has rank r < N at a
point. Let 0,41 be the sum of all » + 1 by r 4+ 1 principal minors of (w;;). The main
step is to derive the estimate

AUT+1 S 01|V0'T+1| + C20y 41, (14)

where the constants ¢; and ¢y are under control up to the ||u||c1. Then the desired
result would follow from the strong maximum principle.

The major difference between the w—matrix, and the u—matrix (which was treated
in literature, such as Korevaar-Lewis [22]), is that the indices of w cannot commute,
such as w;j;a 7# Wia;j. Thus, one has to convert w to w; in particular, one has to
find their correspondences of the “good” or “bad” sets of indices (see the next section
for the definitions). Given a general rank, it is not easy to determine the “good” or
“bad” indices for w, because one can never expect to order the diagonal elements of
w completely in terms of the indices, even though we can do that for u, say (3.1). We
do have some partial orders for w, however.

The key observation here is that the “bad” indices can only appear in certain
explicit reqular cases, because of the partial orders of w;;. In the proof we divide
the “bad” sets into two cases. Geometrically, one is the solid “cone” while the other
consists of certain boundaries of the “cone” in the index space. In particular, this
imposes some restrictions on the possible ranks on the w—matrix. As a consequence,
we do not have to derive for each 0,11 the hard estimates. More importantly, the
explicit “bad” sets of indices make it much easier to transfer from w to . This greatly
simplifies the calculations.

For instance, for A2CS, the possible “bad” sets are given as follows:

Biu={(a,f)|p<a<f<6), forp=234,
and
B2,v:{(VaG)v(V+136)7'-'7(536)}7 fOI‘V:1,2,..-,5.

In particular, this shows that the rank of w—matrix at any point can never be 1, 2, 3,
4,6,7, 8.

Comparing with [13] in the real case, the Hermitian k—convexity is weaker than
the k—convexity of the full Hessian. In the complex case one has to distinguish the
indices of u with bars and without bars, especially in the third derivatives. Roughly
speaking, we would drop the terms as |u,,3|*> while keep the terms |u,45/* in the
derivation. This is one of the reasons why the powers in the concavity of f are shifted
by 1/k in the main results.
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Let us finally remark that, the Hermitian k-concavity of f1=1/* k > 2, is only
needed in the second case to establish (1.4), while a weaker assumption, such as the
Hermitian k—concavity of log f, is enough for the first case of the “bad” sets (see
Lemma 3.4 and Lemma 4.6 below).

In Section 2 certain estimates of w are established for later use. To make it
easier for the reader to comprehend the idea, we first settle Theorem 1.1 for £k = 2 in
Section 3. The general case is proved in the last section.

Acknowledgment. Part of the work was done while the third author was visit-
ing the University of Science and Technology of China in July 2008, he would like to
thank their warm hospitality. The second author would also like to thank Professor
P. Guan for his encouragement and support.

2. Estimates. In this section we shall reduce the proof of Theorem 1.1 to estab-
lishing certain Laplacian estimates. Throughout this section, we denote the Hermitian
w-matrix by (w;;). The English letters, ¢,7,1,..., range from 1 to N, and the Greek
letters, «, 3,7, ..., range from 1 to n, unless otherwise indicated.

By (1.1) we have

N n—1
;wu‘ = (k—l)f’ in €.

Since f > 0, the rank of (w;;) is at least 1 everywhere in Q. Suppose that (w;;) attains
its minimal rank r < N at some point z¢ in Q. Let ¢ = 0,41, the sum of all r + 1 by
r + 1 principal minors of (w;;). Our goal is to show that ¢ vanishes identically in €.

We first to show that ¢ = 0 in a neighborhood of zy. For two real-valued functions
h and g defined in a neighborhood of g, we write h < g, if

(h = 9)(x) < (1| Ve| + c20)(x) (2.1)

for any z in this neighborhood, where ¢; and cs are two positive constants independent
of z. We write h ~ g if h < g and g < h. We also denote by h(z) < g(z) the pointwise
estimate (2.1), and similarly for h(z) ~ g(z). For complex—valued functions g and
h, we write g ~ h if |g — h| < 0. In the following, all calculations are carried out at
one point using the relation <, with the understanding that the constants in (2.1) are
under control.

Note that we only have to show that

Ap=> " ¢aa 0. (2.2)
a=1

Indeed, since ¢ > 0 and ¢(xg) = 0, applying the strong maximum principle to (2.2)
yields that ¢ = 0 in a neighborhood of xg.

Thus, by assuming (2.2) we conclude that ¢ = 0 locally. Recall that r is the
minimal rank of (w;;). Hence, the subset

Q. = {y € Q| rank(wy;)(y) =}
is open. On the other hand, the continuity of ¢ implies that

rank(wg;)(z1) <,
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for any 1 € QN 9Q,.. But r is the minimal rank; this forces that
rank(w;;)(z1) = r.

Hence, €, is also closed in . Therefore, 2. = €2, in view of the connectivity of ).
Therefore, the proof of Theorem 1.1 is reduced to establishing (2.2).

To verify (2.2), let us introduce the “good” and “bad” sets of indices, and then
derive certain estimates related to these sets. Recall that (w;;) has rank r at xo. We
can pick a constant ¢ > 0 so that the r nonzero eigenvalues of (w;;)(xo) are bounded
below by 2¢. Then, by continuity (w;;)(z) has exactly r eigenvalues > ¢, for any point
x near xo. Fix such an 2. We choose a coordinate system so that (u,z) is diagonalized
at x; then so is (w;;). We denote by

G={i|wy(z)>ec, 1<i< N}, (2.3)
and
B={1,...,N}\G. (2.4)

In other words, G consists of the indices of the eigenvalues of w—matrix which is no
less than ¢, and B is the complement of G in the total index set. Then, #G = r and
#B = N —r. We call G and B, respectively, the “good” and “bad” sets of indices.
We remark that, if one works with the multiple indices of w, i.e., (Way. .ax.81..8: )5 s
then

G = {(al, R ,Oék) | wa1~..ak,a1...o¢k(x) >, 1<a; <~ <a; < n},
and
B={(at,...,o) |1 <1 < - <ar <n}\G.
Let us start with some simple observations, which will be used in the later reduction.
PROPOSITION 2.1. Let G and B be defined as in (2.3) and (2.4), respectively.

Let i be an element in G. Then w;; is not ~ 0. If for some function h defined in a
neighborhood of xo and x such that w;;h ~ 0, then h ~ 0.

Proof. By continuity, there exists a neighborhood V of zy and x such that
w;;i(y) > ¢/2, forally e V and j € G. (2.5)

Here the constant ¢ > 0 is given in (2.3). Now suppose that w;; ~ 0 for some i € G.
This implies that

wii < (1|Vo| + c20)

in a neighborhood of zy and x, where ¢; and ¢, are constants independent of zy and
x. Then, at the point zg we get a contradiction

/2 < wii(zo) < (e1|Vo(wo)| + cad(x0)) = 0,

where the last equality holds because z( is a minimum point of ¢. This proves the first
statement. The second statement follows immediately from (2.5) and the definition
of ~. O
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As in [22] the following proposition is standard.

PROPOSITION 2.2. Let G and B be defined as in (2.3) and (2.4), respectively.
Then,

w;; ~ 0, for all j € B, 2.6
33

Z(wjj)a ~ 0, Z(wjj)@ ~ 0, (2.7)

JjEB jeB
and

|(wiz)al? + [(wij)al®
dac S [Jwn | 2o (wisdaa =33 =
leGq jEB i€eG jeB Wii

foreacha=1,... n.

Proof. Note that w; > 0 for alli=1,..., N. For each j € B, we have
0~ ¢~ [ wi- > wu>wy; [Jwi>o0.
i€G leB i€G
This implies that
Wi 4 H Wi 0.
i€G

Thus, we have w;; ~ 0, by the second statement of Proposition 2.1. Next, for each
a=1,...,n,

0~ ¢o ~ H Wi - Z(wjj)a-
ieG jeB

Then, by the second statement of Proposition 2.1, we have for each «

> (wjj)a~0, and Y (wj;)a ~0.

jeB JjEB

These prove (2.7).
Let us now compute ¢n. By (2.3) and (2.4) we obtain

¢o@($) ~ H Wi Z(wjj)a&

i€G jEeB
1 1
53— > {2Re[nm)alwi)a] = wpa)al? = |(wp)al?}
lec U p,q€B,p#q

| 2

—|—Z Z 2Re[(wll)a(wpp)&] - |(wlp)oz|2 — |(wip)a

wyy
leG peB

By (2.7) we have

Z (Wq)a ~ —(Wpp)a-

g€ B,q#p
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This implies that
Z ZRE{(wpp)a(wqq)d} ~ =2 Z |(wpp)oz|2 <0.
p,q€B,p#q pEB

Substituting this back to ¢ns and applying (2.7) to the third term yield the desired
result. O

For later uses, let us rewrite the above results in terms of the multiple indices of
w. That is,

W3y ... LBr,B1...Br ~ 0, for all (ﬁl,...,ﬁk) €B (2.8)
> s sepsa~ >, (Ws g s)a~0, (2.9)
(B1,---,8k)EB (B1,---.8k)EB

and

baa S Q Z (wﬁl»»ﬂkﬁl--ﬂk)a&

B1;.--,8k)EB
_ Z Z |(wﬁl---ﬁk7’)’1---’¥k)0¢|2 + |(w51»~5k1'¥1~»7k)07|2
(Y15--76)EG (B1,....Bk)EB ey
for each a = 1,...,n. Here and after, we denote by
Q= H Wi = H Wy oy vtk
i€G (71,--7%)EG

3. Two—convex case. In this section, we shall prove Theorem 1.1 for the case
k = 2. Namely,

THEOREM 3.1. Let u and f satisfy (1.1), (1.2). Suppose that the (wgync) > 0
on Q. Then (wgyne) has constant rank in Q, if fY2 is Hermitian 2—concave in Q.

From the proof, we can say more about the (constant) ranks of (wg,,¢). Indeed,
instead of being an arbitrary integer from 1 to N, the rank of (wg ,¢) must lie in

{N—-n,....,N}U{N —k(k+1)/2|k=1,...,n—2}.

Hereafter, we always work on the w—matrix with the multiple indices. In view of
the previous section, we only have to derive (2.2) at the point z. We have chosen a
local coordinate system so that

uag(:v) = 0apUaa(T);
then wag,n¢ at x is also diagonalized to be
Wapne = Oandpc(Uas + Ugp) = dandpcwap,ap-
Furthermore, we can arrange for u that

U1 () > ugz(x) > - > Upa (). (3.1)
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As before, we define the good and bad sets of indices to be, respectively,
G = {(@.8) | wapap(a) > ¢, L < a < B<n), (3.2)
and
B={(af)|1<a<f<n}\G (3.3)

We claim that any bad set must be one of the following two cases:
(i) There exists some positive integer u < n — 2 such that

B={(a,p) | p<a<f<n}

(ii) The bad set B is a subset of {(a,n) |a=1,...,n —1}.
Assuming this claim, then we only need to verify (2.2) for the above two cases.
Furthermore, this claim imposes some constraints on the possible ranks of w at any
point. In particular, by this claim we know that

#Be{l,....,n}U{r(k+1)/2|k=1,...,n—2}.
Therefore, the rank of w—matrix can only be in the following set:
{N—-n,...,N}JU{N —k(k+1)/2|k=1,...,n—2}.

Before proving this claim, let us first derive from Proposition 2.2 certain simple
properties regarding these sets. For k = 2, the results of Proposition 2.2 can be
reformulated as follows:

Upiy + U = Wye ¢ ~ 0, for all (,¢) € B, (3.4)
Z (unia + U¢za) = Z (Wn¢me)a ~ 0, (3.5)
(n,¢)eB (n,C)EB
and
— w - 2 + w & 2
0@ S Y (Wpndea— 3 Y | (Wgm¢) L |(wgy,n¢)al . (36)
(n.Q)€B (B4)€G (1.0)€B o
for each « = 1,...,n. Here
Q= H Wo~y, By
(B,7EG

PROPOSITION 3.2. If (n —2,n—1) € B, then
ugg ~ 0, for f=n—-2,n—1,n.
Proof. Tt follows from (3.4) that
Uyt T Y1) D) = Wn-2)(n—1),(n-2)(n-1) ~ 0. 3.7)
But by (3.1) and the nonnegativity of wag ag,

Uiy _2ytn=2) T Y1) 1) = Y(n—2)(n=2) T Unn = 0.
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Hence,
Similarly, we also have

The result then follows from solving the linear equations (3.7), (3.8), and (3.9). O

PROPOSITION 3.3. If (o, 8) € B for some 1 <a < (<n-—1, then

Uyy ~ 0, for all v > a.
Proof. By (3.4) and (3.1) we have
0~ Uupg + Ugp = Uy _2)(n=2) + Uiy 1)y > 0.
Hence,

Un—2)=2) T Yn—1)—) ~ O-

It follows from the proof of Proposition 3.2 that

Uyy ~ 0, forally=n—2,n—1,n.
But we also have that
Owuad—i-uﬁgzuﬂ—-—l—unﬁzO, foral T=aqa,...,n—1.
This implies that
Urzr + Ups ~ 0, forall 7 =a«,...,n—1.

Since uy,; ~ 0, we conclude that
Urz ~ 0, forall7=aq,...,n.

d

Let us now to prove the claim: Suppose that for some rank r, there exists

a bad set B which is none of the two cases above. Then B must contain an element
(a1, 1) such that f; <n—1. Let

7 =min{a | (o, 5) € Band § <n —1}.
Since B does not belong to Case (i), we have
{(a.B) [ T<a<B<n}\B#.

In other words, there exists an element (7,{) in G with 7 < 7 < ¢ < n. But on the
other hand, it follows from Proposition 3.3 that

Uyy ~ 0, for all v > 7.
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In particular, we have
W¢ e = Uny + uee ~ 0.

This contradicts with the first statement in Proposition 2.1. Therefore, the claim is
proved.

The two cases are, respectively, settled in Lemma 3.4 and Lemma 3.5 below. We
should point out that the assumption in Lemma 3.4 is weaker.

LEMMA 3.4. Assume that there exists a positive integer 2 < u < n — 2 such that

B={(a,p) | p<a<f<n}

e (3)-(71)

AUT+1 5 07

Denote

Then,

provided that log f is Hermitian 2—concave.
Proof. Let ¢ = 0,.41. First, applying Proposition 3.3 to (u, u+ 1) € B yields that
ugg ~ 0, for all B=p,...,n. (3.10)
By the Laplace equation (1.1),

p—1
> ugs~ f. (3.11)
B=1
Next, it follows from (3.5) that
- :u) Z uﬁﬁa ~ 07
B=p
Here we also make use of the elementary identity

> (Aa+A4g)=(b—a) ZAB, (3.12)

ala<pB<b

for any finite numbers {Ag; 8 = a,...,b}, where a < b are two positive integers. By
(1.1) we obtain

p—1
> Uspe ~ fa- (3.13)
B=1

Now let us consider the second order derivatives. Apply (3.6) and (1.3) to obtain
that

p—1 n

_ 2 o
Q 1¢o¢o¢ = TL — ZUO‘O‘WW’ Z Z Z |uﬁ‘r0¢|7 + |’U/ﬁ:roz

B=1v=p p<7T<n, 7y Upp T Uy

u‘Fa2 U%@Q
) S s — =) S 3 1 C el iy (320,

B=17=n BB
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Therefore,

A¢ n n p—1 n |Uﬁ7a|+|uﬁa
TEmCRD PRI IS

a=1p=17=p

- U |uﬁ[§‘r|
5 Z f'y"v - Z Z Unz
Y=p T=p =1 P
n n p—1 ) p—1 B
S wa— D1 ugs] (Z%B)
= T=W ﬁ*l =

(by Schwarz inequality)

~wa £ Z|ff|2 (by (3.11) and (3.13)).

Thus, the result follows immediately. O

LEMMA 3.5. Assume that
Bc{(a,n)|a=1,...
We denote by
r=N —#B.
Then,
Aori1 S0,

provided that f'/2 is Hermitian 2—concave.

Proof. In view of (3.1) and Proposition 2.1 we can assume that

B={(v,n),(v+1,n),...,(n—1,n)},

for some integer 1 < v <n — 1. Let

¢ =041

By (3.4) we have

Ugg + Unm ~ 0, B=v,....n—1
Then,
e > Uy Y Y1) (e T Unae
As a consequence, for each y =v,...,n—1,
v—1 n
(n—2uyy S Zuﬁ5+ (n—v—-1u Z
B=1 B=1
Next, by (3.5) we have
n—1 n—1
0~ Z(uﬁga + Unpa) = Z Ugga T+ (N — V)Unna-
B=v B=v

275

(by setting a = 8 and dropping |uggs|?)

(3.14)

(3.15)

(3.16)
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Thus, applying (1.1) yields that

v—1
(n—l/)ZuWa—i—( —v—1) Zuﬁﬁa (n—v)fq. (3.17)
y=1

For the second order derivatives, applying (1.3) to (3.6) yields that
n—1

Q_l(ba@ S Z uﬁﬁaa + (n - I/)unﬁa&

v—1n—1 v—1n—1

Z Z lugnal® + |ugnal® Z Z [ugsal® + |ussal?

B=1v=v uﬁﬁ+u7’y =1v=v u5ﬁ+unn

Z |U6ﬁa|2 + |Uﬁﬁa| + |u'yﬁo¢| + |uvﬁ6¢|2

r<p<y<n—1 uﬁB + ’U’V:Y
Thus,
v—1n—1 |ugﬁ |
1 n
RO WA I
B=1y=v
1 1
Vznz ugs, P 5 |uﬁBn|2+|unﬁﬁ|2+|uvin|2+|unﬁv|2'
pB=1~y= uu[w—i_un" v<p<y<n—1 uﬁ6+u’ﬁ
1 1
o= 3 el Ll
nn — — :
e R
=« o lugz, |ty |
5 — — - — . 3.19
T Y 2 e 3.1)
y=v p=1 5 v<p<n—1,84y P8 T TN

Apply the Schwarz inequality to the last two terms in (3.18) to obtain that

v—1n—1 n—1

|uﬁﬁn| |Uﬁ6n|2
Z Z Ugp + Uyy Z Z Ugp + Uyy

B=1y=v B=v v<y<n—1,4#£8
2
(= 1) S5 tggn + (= v = 1) T ,,uﬁgn 20
(n—v) Y5 1 ugs + (20 —v —3) 357 '
y (3.14) and (3.15) we have
v—1
(n—l/)ZuﬁB—i—@n—u—?))ZuB@ ~n=v)f+n—-v)(n—2u,ym
B=1 =
<2(n—v)f.
Plugging this and (3.17) into (3.20) yields that
v—1n—1 2 _ 2
Z S ool _uggnl® uganl”  (n=v)fnf® (3.21)

5= Uss T u’” v<Brr<n—1 BB TUyy 2f
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We next to handle (3.19). For each v = v,...,n — 1, we apply the Schwarz
inequality to obtain that

-1
S |uﬁﬁ'y|2 |unny|*
D D e
p=1 BB T IR y<g<n_1,82y PB T T
2
‘Zﬁ 1 U8By — (n —v — Dunny
Zﬁ 1Ugs T (v = Duna + Zygﬁgnfl Ugp + (n—v—2)u;
| £+ 1?
226 Lugg +2(n—v—1uyp

Vv

(by (3.16), (3.1), and (3.14))

/I
~ 2’} , (by (3.15)).

Now substituting this and (3.21) into (3.19) and (3.18), respectively, yields that

1A¢<Z( ~@N7ULE) + =) (fan = CH7l?)

- Z [(f'y'v @) ) * (fnﬁ B (2f)71|fn|2)} '

Therefore, if f1/2 is Hermitian 2-concave then we conclude that A¢ < 0. O
Hence, the proof of Theorem 3.1 is completed.

4. General case. In this section, we shall prove Theorem 1.1 for any k =
1,...,n — 1. As in the previous section, we only have to show (2.2) at a point z
near zo. Let us choose a coordinate system at = so that

uaﬁ = 504[1”04075
and
ULT = Ugs >« * > Unp. (4.1)

Then the w-matrix is also diagonalized:

k k k
Wa...ak,B1...Be = (Héaiﬁi)wabnak;abnak = H(Saiﬁi § Ua;a; -
i=1 =1 =1

But in general we do not have a similar order for wa,...a;,a1...a, i1 terms of the indices.
Recall that the rank of w—matrix is assumed to be r at xg. We can pick a constant
¢ > 0 so that the w—matrix has exactly r eigenvalues > ¢ near xy. We denote by

G={(o1,...,0n) | Way..ap, ar.car = 61 <y <o <ap < nj,
and
B={(a1,...,ap) [1<an <+ <y <n}p\G.

Then, #G =r and #B = N —r. As before, G and B are referred to be the good set
and bad set of indices, respectively.
We claim that any bad set must belong to one of the two cases.
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1. There exists a positive integer p < n — k so that
B={(a1,...,05) | p<a1 <az<--<ap <n}.
2. There exist positive integers v <n — k and m < k — 1 so that
B=A{(a1,...,0p-myn—m+1,....n) |v<a; < < Q_m <n—m}.

Equivalently, one can also think that Case (2) consists of the following k — 1 smaller
cases in terms of the integer m. Namely, for each m = 1,...,k— 1, Case (2:m) is that
there exists a positive integer v,, <n — k so that

B={(a1,...,05—mn—m~+1....0n)|vm<a1 < - <ap-m <n—m}.

Assuming this claim, we only need to verify (2.2) for these two cases. Before
proving this claim, let us prove some simple facts. Our starting point is (2.8) in
Proposition 2.2.

PROPOSITION 4.1. Let A = (apq)i<pg<i, | > 2, be a matriz given by
apg =0, forallp+qg=1I1+1, anday =1 forallelse p,q.
Then A is invertible, and A~ = (1 — 1)7(bpg) in which
bpg=2—1, forallp+qg=10+4+1, and by, =1 for else.
Proof. The result follows from a direct verification. O
PROPOSITION 4.2. Suppose that we,_)...(n—1),(n—k)...(n—1) ~ 0. Then

ugg ~ 0, forall =n—k,...,n.

Proof. By (4.1) we have
n—1 k
W(n—k)...(n=1),(n—k)...(n—1) = Z Upp = Z“%% = Wy pemiem 2 05
B=n—k i=1

forallmn —k <~ <--- <~ <n. Hence,
k
Zu%;ﬂfvo, foralln —k <y < - <y <. (4.2)
i=1
Then, the result follows from solving these linear equations. Indeed, we can rewrite
(4.2) as
AU ~ 0,

Here U is the transpose of (u(n_k)m, . ,unﬁ), and A = (apq) isthe k+1 by k+1
matrix given by

apg =0, forallp+¢=k+2, andap,=1forallelsel <p,¢g<k-+1.

Then A is invertible by Proposition 4.1. O



CONSTANT RANK THEOREM FOR HERMITIAN k-CONVEX SOLUTIONS 279

PROPOSITION 4.3. If there exists a (51, ..., 0k) € B with B <n — 1, then

Uyy ~ 0, for all v > [.

Proof. By (2.8) we know that

Wa, ... BP0 ~ 0

In view of (4.1), we have

0 < Win—k)...(n—1),(n—k)..(n—1) < WB,...By.01...0-
Thus,

Win—k)...(n-1),(n—k)...(n—-1) ~ 0-
It follows from Proposition 4.2 that
Uyzy ~ 0, forally =n—Fk,...,n.
For each ¢ such that 5, < ( < n — k, we also have

We(n—k+2)...n,¢(n—k+2)..n 0,

since

0 < Wetn—ka2)..n,C(n—k+2)..n < WGy .3k, Br... 0k
Hence,
n
0~ wues+ Z Uy ~ U
y=n—k+2
This completes the proof. O

PROPOSITION 4.4. Let m be an integer such that 1 < m < k — 1. Suppose that
there exists a (B1,...,Bk—m,n—m=+1,...,n) € B with Bx—m <n—m—1. Then

n

1
Uy ~ = Z ucg, forall By <y <n-—m.
¢(=n—m+1

As a consequence,
Weyyoyg g (R=m+1)...n,y1 Y- (Rn—mA4-1).om ™ 0,
forall B <y <+ <Ypem <N —m.
Proof. By (2.8) we have
WS, .. By (n=m41)...m, 1. B g (n—m+1)...n ~ 0.
Note that Or_,, < n —m — 1 implies that

Gi<n—k+i—1, foreacht=1,....k—m. (4.3)
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Then, by (4.1),

Wey...Bg—m(n—m+1)..0,81...086 —m (n—m+1)...n

>0

= Wryy . Yg—m (R=mA41)..0,91 . Yo—m (n—m+1)..n0 ’

foralln —k <y < -+ < Yg—m < n—m. This implies that

Wryyooyg g (R=m+1)...n,y1 Y- (Rn—mA4-1).on ™ 0,
foralln —k <~ <+ <k—m <n —m. Thus,

n

k—m
Douum T DL U
i=1

(=n—m+1

(4.4)

foralln—k <y <--- < Yk—m < n—m. Let us solve these linear equations: We can

reformulate the linear equations (4.4) as
AU ~ B,

Here U is the transpose of (u(n_k)m, e Uy Ty

by (k — m + 1) matrix given by

{0, ifp+g=k+m+2, 1<pg<k-m+l,
Apq =

1, otherwise,

and B is the transpose of the following (kK —m + 1)—vector

n

- > w10,

{=n—m+1

Now applying Proposition 4.1 to (4.5) yields that

n

1
e Z uce, foralln—k <y <n-—m.

—m
{=n—m+1

For those v with 8; <~y <n —k, we have by (4.1) and (4.3) that

0< Wry(n—k+2)...n,y(n—k+2)...n < Wiy .0, —m(n—m+1)..n,01...0k—m(n—m+1)..n-

Thus,

0~ Wry(n—k+2)...n,y(n—k+2)...n

n—m n
~Muggt Y umt D U
n=n—k+2 (=n—m+1

n

1
~ u'Y:Y =+ m C_anJrl UCE, (by (46))

Therefore, we have shown that

n

1
uwm_k— Z Uegs forall y = 61,...,n—m.

—m
{=n—m+1

(4.5)

), A = (apq) is the (k—m+1)

(4.6)
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COROLLARY 4.5. Suppose that there exist two positive integers v and m, v <
n—k, m<k-—1, such that

B=A{(a1,...,0p-mn—m+1,....n) |v<a; < < Q_m <n—m}.
Then,
1 n
Uyy ~ = Z uce, forally =v,...,n—m. (4.7)
¢=n—m+1

Proof. Applying Proposition 4.4 to
vyn—k+1,....n—m—-1n—m+1,...,n) €B

yields the desired result. O

Let us prove this claim. Let B be a bad set which does not belong to Case (1)
nor Case (2). The idea is to show that there exists an element in G which ~ 0. Then
this would contradicts with the first statement in Proposition 2.1.

First, assume that B contains an element (01, ..., ) with S <n — 1. Let

71 = min{oq | (aq,...,ax) € B, ap <n —1}.
Since B does not belong to Case (1), we have
{(ar,...;ap) [ <an < <ap <n}p\B#0.

In other words, there exists a (m1,...,mx) € G with 74 <11 < --- <7 < n. But on
the other hand, we have by Proposition 4.3 that

Uyy ~ 0, for all v > 7.

In particular,

k
Wy ey eomie = E :umﬁi ~ 0.
=1

This contradicts with Proposition 2.1. Thus, if B does not belong to Case (1) nor
Case (2), then B must be a subset of

{(ala"'vakflvn) | 1§C¥1 < < Q-1 Sn_l}
Now suppose that B is a subset of
{(a1,...;ap—,n—10+1,....0) |1 <1 < - <ap; <n-—1}

for some 1 <[ < k—2, and that B contains an element (vy,...,yx—1,n—1l+1,...,n)
with vx—1 <n—1—1. Let

A=min{oy | (a1,...,p—;,n—1+1,....,n) € B, a—; <n—1—1}.
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Since B does not belong to Case (2:1), we have
{(at,..,ap—py,n—1+1,....n) | A<a; < - <ap_; <n—1}\B#0.
Thus, there exists a (¢1,...,Ck—1,m —1+1,...,n) in G such that
ASGQ << g En—1L
But it follows from Proposition 4.4 that
W, ot (n=141)eccn CrvoCromt (n—141) om0
This contradicts with Proposition 2.1. Thus, B is indeed a subset of
{(a1,. ., ap—i—1,n—1,....,n) | 1< a1 < - <agp_j—1 <n—1—1},

Therefore, by induction, we obtain that B is a subset of

{(a,n—k+2,....n) |1 <a; <n—k+1}.

This implies that B belongs to Case (2: k — 1). It is a contradiction. This proves the
claim.

We treat Case (1) and Case (2) in the following Lemma 4.6 and Lemma 4.7,
respectively. Thus, the proof of Theorem 1.1 is completed.

LEMMA 4.6. Assume that there exists an integer p € {2,...,n —k} so that

B={(a1,...,ar) | p<a; <---a <n}.

= (@)= ()- (1)

A0T+1 5 07

Let

Then,

provided that log f is Hermitian k—concave in 2.

Proof. Let ¢ = o,41. Apply Proposition 4.3 to (u,n —k+1,...,n—1) € B to
obtain that

Uy5 ~ 0, for all v > p. (4.8)
Then,
pn—1 n
Dot~ D U =S (4.9)
y=1 y=1

It follows from (2.9) that, for each « = 1,...,n,

n—p\ —
(k— 1) Zuﬁﬁa = Z (uﬁlﬁla—i_”.—i_uﬁkﬁka) ~ 0.
B=n

p<P1<-<Pr<n
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Then,
p—1 n
ZquOéwZuWa:fa, foralla=1,...,n. (4.10)
y=1 y=1

By (2.10) we have

Q71¢a6¢ 5 Z (wﬁbnﬁlmﬁbnﬁk)a@

(B1se-es Br)EB
|(w51~~~6k7'71~~~'7k)04|2 + |(wﬁl~~-ﬁkx'71~~'7k)@|2
- > >
(v1,--76)EG (B1,....8k)EB Wraeemmeom e
Note that
Z (wﬁl---ﬁkﬁl»»ﬂk)a@ = Z (uﬁléla& +e uﬁk@ka&)
(B1,---.0x)EB plp1<<Pr<n

_(nn\\~,
_ (k_ 1) S gsa
B=p

Recall that wg, .. g, +.., 1S identically zero as long as {f1,...,0k} and {y1,..., v}
are differed by two elements. We then obtain that

Z Z |(wﬁ1»»»5k=71»»»7k)0¢|2 + |wﬁ1»~ﬁk7’)’l---’)’k)@|2

w.
(7v1,--76)EG (B1,...,Br)EB TRk
pn—1 k 2 2
lug;5al” + |ug,al

77+uﬁlﬁl+.'.+uﬁj6j+'”+uﬁk6k

( _1)§i'“ﬁ“' Flusal oy g))

y=1p8=p

Here we use the convention: aj +---+a; +- - -+ a; means that the term a; is omitted
in the summation. Then, we have

zn: lugyal® + [upsa

Uyy
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Therefore, A¢ < 0 if log f is Hermitian k—concave in . O

LEMMA 4.7. Assume that there exist positive integers m < k—1 andv <n —k
so that

B={(a1,...,p—m,n—m+1,....n)|v<a; < < Q-m <n—m}.
Let
n n n—m-—v+1
= — #B = — .
(1)) ()
Then,
Ao'r-i-lsoa

provided that the matriz (kff,5 — fafz)1<a.p<n s k-concave in Q, equivalently,
f1=Y% is Hermitian k-concave for k > 2, and log f is Hermitian 1-concave when
k=1.

Proof. Let ¢ = 0,41. Notice that, by (4.7) and (4.1),

v—1
f:Zuw Zunn+ Z Ueg

¢=n—m+1
~ Zuw (n—k—v+1uy (4.11)
> (n — k)uyp. (4.12)

It follows from (2.9) that

n

n—m-—v n—m-v+1
(k m—l)zu"na+< k—m ) Z H¢ca

{=n—m+1

v<p1<--<PBr<n—m =1 (=n—m+1

for each a = 1,...,n. Then, for each «,

n—m-v+1 n—m-v+1
(v = () e
N (n— _V+1)Zuwa+(n_ —1/) Zumm

where we make use of the elementary identity

()= ()G2)

(4.13)
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for any two positive integers ¢ and p > 2. Similarly, we have

(i =m2h)s
n (4.14)

() () X e

¢=n—m+1

for each a =1,...,n.
By (2.10) we have

—1
Q ¢oz6¢ 5 Z (wﬁl...ﬁk,m(nferl)...n,ﬁl..ﬂk,m(nferl)...n)a&
v<p1< - <PBr—m<n—m

2
S 3 (W3, i (n=mt1).nm e )] (4.15)

w
(Y1, Vk)EG VEP1 < <P —m <n—m TL ek

12
- Z Z |(’U}ﬁl___ﬁk,m(nfm+1)...n7’h...’Yk)Ol| ) (416)

w
(’Yl;~~~7'Yk)EG v<PL< < Pr—m<n—m Y1 VksV1--VE

Observe that

Z (wﬁl ~~~Bk7m(n_m+1)~~~n761~~~,8k7m(n_m+1)---771)0‘6‘
v<pB1 < <Br—m<n—m

k—m n
- 2. (X wsmaat D wrmaa)
=1

v<f1<--<PBr—mI<n—m y=n—m-+1

—m = — 1 n
() S (1) B e

y=n—m-+1

Next, (4.15) plus (4.16) is equal to

_ Z Z Z |ug;5al* + [up,5a

m
U~y + Elglgk—m,l#] uﬁlﬁl + Z‘r:n—m-{-l Urr

1(B1,-Br—m) J=
B Z > Z |u(n—mtjyal® + [Wn-m+j)sal”
=1 (Br ) = w‘*‘zl 1 U3, + 2 i<i<miA Ul mt D) (n—miD)
_ Z Z Z [un—mti)zal® + [Umn—mij5al 7
Y= (B1reo Br—m) i=1 + 3 g, 5. T Li<i<m it Un-m )y TimmtD)

in which Z(Bl Brm) denotes the summation over allv < 1 < +++ < Bp—m < n—m,
while E?ﬁl Bm) denotes the summation over all v < 61 < -+ < Bpem < n—m
and §; # v forall j =1,...,k—m. By (4.7) we can simplify the above expression as
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follows:
—1n—
_ <” -m- V> Vz:rf [uggal® + lupyal?
k—m-—1 == Uyy — Upp
(n —m—v- 1> Z i [nral® + [gral?
k—m y=1n=n—m+1 ’U,V:Y - unﬁ
o D L
k—m oy et ugz — Unq
Thus,

n—m—1v\ n—m-v-+1 -
5(k_m_l)z;f'%—i_< k—m )y—nzvznﬂfw

[ugyal? + lupyal?

Uyy — Uvp

n—m-—v—1\ ¢« [ungal® + [unsal®
(TR ey y el

Uryy — Unp

—m n

_(nmm-v zn: Z T e L T
k—m 3

u — Upp
a=1 B=v n=n—m+1 BB nm

n—m n—mv—1 2

n—m-—v n—m-—v |uy38]
< I Uyl
N|:<k—m—1)ﬁ_ UL (k—m—l)zz 5 — Uy

u
v B=v v=1 Y

n—m n 2
_(n—m—V) Z |unigl

B=v n=n—m+1 uﬁg o unn

n n—m

n—m-v+1 2 n—m-—v
(e )sz—( DS

_ _ +1 n v—1 | 7|2
(TR xSl

U~ U
n=n—-m+1~=1 17 m

| 2

vy

n=n—m+1 f=p BB~ Unn
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It then follows from Proposition 4.8 and Proposition 4.9 below that

1 n—m—r\ v | f5]?
Ad < o sl
@ aox (f207Y) > (12~ 121

nemevi1y & fal?

+( k—m ) 2 ("” kf

n=n—m+1

-y S (- )]

v<f1 < <Br—m<n—m Li=1 n=n—m-+1

Therefore, A¢ < 0 if the Hermitian matrix (kffag — fafg) is k—concave in €. 0

ProposITION 4.8. For each { =v,v+1,...,n—m, we have

neme N fusc (memer) N gl
74_ — sl
(k—m—l);uw—uw ( kE—m ) Z UeE — Unq

n=n—m+1
o (n=m=v\ (k= DI
~\k-m-—1 kf

Proof. Let

n—m-—v n—m-—v
A_</€—m—1>7 C_( k—m )

By the Schwarz inequality,

AZ |7fwc| +C Z |“nﬁ<|2

1 Uy — Uwp n=n—m+1 X¢¢ ~ Unn

2
n
‘A Z 1 Uyze — C Zn:nferl unﬁC‘

>
A Ev l(u’Y’Y i) + szzn—m-rl(uw? — Upy)
v—1 1
ZA2|fn|2(mzuw+C/€qu/) (4.17)
y=1
A k m
~ A )|fn| L (4.18)

n (4.17) we have used (4.14) and that

-1
=D~ g Y Uy S = E:vw

This completes the proof. O
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PROPOSITION 4.9. For eachn=n—m+1,...,n, we have

v—1 n—m 2
n—m-—v+l [ty n-—m-v [
D o s G DY

=1 Uyy — Unp f—v Ugg — Unq

s (n—m-v+1 |f77|2'
~ k—m kS

Proof. For convenience, let us denote by
n—m-—v+1 n—m-—v
B = C= .
e S
First, notice the fact that

s < (k= D)u, (4.19)

Indeed,

0 < Win—k+41)...n,(n—k+1)..n = Z Uyy + Z Ucg

y=n—k+1 (=n—m+1
~ = mus Y uge (by (A7)
(=n—m+1
< (k= Dty + gy, (by (4.1))

Now we apply the Schwarz inequality to obtain that

n—m
BZ |an| —|—C Z |“ﬁﬁn
'LL»Y'Y 'LL ﬁ ) UQﬁ—unn
2 —1

v—1 n—m n
> BZ“WW"‘CZ“B@; BZuW—l—CZuﬁB—B(n—k)um—,
y=1 B=v =1 B=v

N B|f,7|2(f —(n— k)u,,f,)fl (by (4.13))
ZB|f,7|2(f+(n—k)(k—1)u,,,;>7 (by (4.19))
2 BILPENT, (b (412).

Therefore, the proof of Theorem 1.1 is completed.
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