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NONEXISTENCE OF SOLUTION FOR HIGHER ORDER

EVOLUTION EQUATIONS AND INEQUALITIES∗

HIRBOD ASSA† AND MAHMOUD HESAARAKI†

Abstract. Many authors have established results for existence and nonexistence of nonlinear

evolution P.D.Es in the form ∂ku

∂tk − δ1△u+ δ2∆2u = f(x,∇u, u) where δ1, δ2 ∈ {0, 1}. In this paper

we will prove the nonexistence results for the general form that contains this forms for f(x,∇u, u) =
|x|−γ |u|q or |u|q or |∇uq|p.
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1. Introduction. Consider the following family of inequalities in a domain Ω ⊆
R
N ,

(1.1)

k
∑

i=1

∂i

∂ti

(

ai(t, x)u(t, x)
)

+
∑

|α|≤n

Dα
(

bα(t, x)umα(t, x)
)

≥ c(t, x)F
(

u(t, x)
)

,

where F (u) = |x|−γ |u|q or |u|q or |∇uq|p for γ > 0, p, q > 1, mα > 0 are real numbers.
Here ai(t, x), bα(t, x) and c(t, x) are real valued functions andDα = ∂α1

∂x1
α1
... ∂αN

∂xN
αN

. In
the present paper we will to investigate nonexistence of solution in bounded domain
for finite interval of time and nonexistence of global solution in R

N with suitable
initial data on [0,+∞) and as a result of these, nonexistence of nonnegative solution
for nonevolution P.D.Es.

Suppose that u(0, x) = u0(x), ...,
∂k−1

∂tk−1 u(0, x) = uk−1(x) are initial data for (1.1).
By initial data in this paper we mean:

∂i−j

∂ti−j
(ai(0, x)u(0, x)) :=

∑

l1+l2=i−j

(i− j)!

l1!l2!

∂l1

∂tl1
ai(0, x)ul2(x)

for all 1 ≤ j ≤ i ≤ k, when ai(t, x) is considered to be i − 1 time t−differentiable at
t = 0 (0 ≤ i ≤ k − 1).

For F (u) = |u|q, we shall prove the nonexistence of nontrivial global solution if
the value of initial data are large. In this case our result is independent on boundary
condition. For F (u) = |∇uq|p we will consider of the nonexistence of nonnegative
nontrivial global solution for the Dirichlet boundary condition when p − 1 > n + 1
and large initial data.

Now consider the following problem:
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(1.2)



















































k
∑

i=1

∂i

∂ti

(

ai(t, x)u(t, x)
)

+

l
∑

s=1

∆s
(

bs(t, x)u
m(t, x)

)

,

≥ c(t, x)F
(

u(t, x)
)

um(t, x) = ∆
(

um(t, x)
)

= · · · = ∆l−1
(

um(t, x)
)

= 0,

x ∈ ∂Ω

u ≥ 0

where the boundary conditions is in the mean of trace.
Notice that this inequality is a special case of the above inequality. For the

problem (1.2) we prove the nonexistence of nonnegative nontrivial global solutions
for F (u) = |∇uq|p when p > 2 which is a better result with respect to the problem
(1.1).

Here, we describe the literature of the problems for the following problems:

(1.3)
∂u

∂t
−△um = |∇uq|p, u ≥ 0,

(1.4)
∂ku

∂tk
−△um = |u|q, u ≥ 0,

(1.5)
∂u

∂t
+ △2u = |∇uq|p, u ≥ 0,

(1.6)
∂2u

∂t2
−△u = |x|−γ |u|q, u ≥ 0,

These problems are special cases of (1.1) or (1.2).
For problem (1.3) Andreucci in [1] has proved the existence of local solution in

R
N for pq ≥ m, m ≥ 1, 0 < p < 2, and N ≥ 1. In his work the initial data are

measures.He proved the local solution for (1.4) in the supercritical case q > m+ 2/N
and k = 1. He discovered some useful inequalities for solutions in the paper.

Here we should mention that Souplet in [16] had proved existence of global solu-
tion for (1.4) when k = m = 1 before Andreucci[1].

Problem (1.4) considered by Laptev in [8, 9]. He has proved the nonexistence of
nontrivial global solution for this problem whenever Ω is a cone or is a ball complement
and nonnegative initial data.

Problem (1.5) with q = 1 has considered by Bellout, Benachour and Titi in [2].
They used the Galerkin method to prove the short-time existence of weak and strong
solutions for this initial boundary value problem.

Problem (1.6) has investigated by Pohozaev and Tesei in [14] when Ω is a smooth
boundary domain such that 0 ∈ Ω. They show the instantaneous blow-up for this
problem when the initial data has a critical point in 0. They employ the Test Function
method in their investigation.

For more information about the existence and nonexistence of solutions of non-
trivial global solution for these problems the reader is refereed to [3, 4, 5, 6, 7, 10, 11,
12, 13, 16, 17].
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2. General type inequalities. Consider Ω ⊆ R
N is a domain with smooth

boundary. Let ai(t, x),bα(t, x) be real measurable functions with upper bounds
Ai, Bα ∈ R

+ for all, 1 ≤ i ≤ k, |α| ≤ n,respectively.As we mentioned before ai(t, x) is
i− 1 time differentiable at t = 0, and let c(t, x) be a real measurable function which

has a lower bound C > 0.Finally, let
−→
A = (A1, ..., Ak) and B = {Bα}|α|≤n.

Here we are interested to show that the following inequality has no nontrivial
global solution on (0, T ) ,T ∈ (0,+∞],for large values of initial data:

(2.1)

k
∑

i=1

∂i

∂ti

(

ai(t, x)u(t, x)
)

+
∑

|α|≤n

Dα
(

bα(t, x)umα(t, x)
)

≥ c(t, x)F
(

u(t, x)
)

.

Here F (u) = |u|q or |x|−γ |u|q or |∇uq|p and p, q > 1 are real numbers.For F (u) =
|x|−γ |u|q we consider that Ω − {0} = Ω.

In the following we give the concept of solution.

Definition 2.1. Let T ∈ (0,+∞] and Ω ⊆ R
N be an open set. By a global

solution on (0, T ),we mean a function u such that:
i) For F (u) = |u|q or F (u) = |x|−γ |u|q,

u ∈ C
(

[0, T );Lqloc(Ω)
)

⋂

(

⋂

|α|≤n

C
(

[0, T );Lmα

loc (Ω)
))

.

ii) For F (u) = |∇uq|p, uq belongs to C
(

[0, T );H1
0 (Ω)

)

⋂

C
(

[0, T );W 1,p
0 (Ω)

)

and u ∈
⋂

|α|≤n

C
(

[0, T );Lmα

loc (Ω)
)

.

Moreover,for every nonnegative function ζ(t, x) ∈ C
min{n,k}
t,x

(

[0, T ]× Ω
)

and ζ(t, .) ∈

Cn0 (Ω) and ζ(., x) ∈ Ck[0, T ] with ζ(T, .) = · · · =
∂k−1

∂tk−1
ζ(T, .) = 0 we have:

(2.2)

k
∑

i=1

i
∑

j=1

(−1)j
∫

Ω

∂i−j(ai(0, x)u(0, x))

∂ti−j
∂j−1ζ(0, x)

∂tj−1
dx

+

k
∑

j=1

(−1)j
∫ T

0

∫

Ω

aj(t, x)u(t, x)
∂jζ(t, x)

∂tj
dxdt

+(−1)|α|
∑

|α|≤n

∫ T

0

∫

Ω

bα(t, x)umα(t, x)Dα
x

(

ζ(t, x)
)

dxdt

≥

∫ T

0

∫

Ω

c(t, x)F
(

u(t, x)
)

ζ(t, x)dxdt,

where all the integrals are exist. Let φ be the first eigenvector of −∆ in H1
0 (Ω) such

that φ > 0, and

∫

Ω

φ = 1 and:

ψ(x) := φσ(x),

where σ > n is a real number.
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On the other hand let β = kq′ + 1 and define cβ,l as follow:

cβ.0 = 1,

cβ,l = β(β − 1)...(β − l+ 1),

for l ≤ β.
We have the following theorem related to inequality (2.1).

Theorem 2.2. Let Ω be a bounded smooth domain in R
N and q > mα for all

|α| ≤ n,and τ > 0.

a) Let F (u) = |u|q and

σ = [max|α|≤n{
q

q −mα
|α| − 1, n}] + 1.

Then, there exists a positive number M1 = M1(Ω, τ,
−→
A,B, C, k, n,N) such

that (2.2) has no nontrivial global solution on (0, τ) when:

k
∑

i=1

i
∑

j=1

cβ,j−1τ
β−j+1

∫

Ω

∂i−j(ai(0, x)u(0, x))

∂i−jt
ψ(x)dx > M1

b) Let F (u) = |∇uq|p, p − 1 > n + 1 and p − 1 > σ > n + 1 a real fixed

number.Then, there exists a positive number M2 = M2(Ω, τ,
−→
A,B, C, k, n,N)

such that (2.2) has no nonnegative nontrivial global solution on(0, τ) when:

k
∑

i=1

i
∑

j=1

cβ,j−1τ
β−j+1

∫

Ω

∂i−j(ai(0, x)u(0, x))

∂i−jt
ψ(x)dx > M2.

In order to prove this theorem, we need the following lemma from[15].

Lemma 2.3. Suppose that Ω ⊆ R
N is a bounded and C2 domain and φ is the

first eigenvector of the operator −∆ in H1
0 (Ω). Then

C(φ,Ω) :=

∫

Ω

1

φα
<∞, ∀α ∈ (−∞, 1).

Proof of Theorem 2.2. For 0 < τ < T set

(2.3) φ̂(t) :=

{

(τ − t)β 0 ≤ t ≤ τ
0 τ ≤ t ≤ T

,

from the definition of β we know that:

i′) β − iq′ + 1 > 1 for all 1 ≤ i ≤ k,
ii′) β ≥ k + 1,

where q′ is the conjugate of q. Let

(2.4) ζ(t, x) := φ̂(t)ψ(x).
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By using this ζ(t, x) in Definition 2.1, and by considering definition of σ and β we
get:

(2.5)

−

k
∑

i=1

i
∑

j=1

τβ−j+1cβ,j−1

∫

Ω

∂i−j(ai(0, x)u(0, x))

∂i−jt
ψ(x)dx

+

k
∑

i=1

∫ τ

0

∫

Ω

cβ,i(τ − t)β−iai(t, x)u(t, x)ψ(x)dxdt

+
∑

|α|≤n

(−1)|α|
∫ τ

0

∫

Ω

(τ − t)βbα(t, x)umα(t, x)Dαψ(x)dxdt

≥

∫ τ

0

∫

Ω

c(t, x)(τ − t)βF
(

u(t, x)
)

ψ(x)dxdt.

Proof of part (a). Consider u(t, x) as a solution.Let K > 0 be a positive real
number. By Holder’s and Young’s inequalities on (0, τ) × Ω from |ai(t, x)| ≤ Ai, 1 ≤
i ≤ k we get:

(2.6)

∫ τ

0

∫

Ω

cβ,i(τ − t)β−iai(t, x)u(t, x)ψ(x)dxdt

≤

∫ τ

0

∫

Ω

K(τ − t)
β
q ψ

1
q (x)|u(t, x)|K−1Aicβ,i(τ − t)

β
q′

−i
ψ

1
q′ (x)dxdt

≤
Kq

q

∫ τ

0

∫

Ω

(τ − t)β |u(t, x)|qψ(x)dxdt

+
cq

′

β,iA
q′

i

q′Kq′
C(ψ)

τβ−iq
′+1

β − iq′ + 1
,

where C(ψ) :=

∫

Ω

ψ(x)dx.

On the other hand, let Kα be a positive number and rα = q
mα

. By applying
Holder’s and Young’s inequalities on Ω from |bα(t, x)| ≤ Bα we get:

(2.7)

∫ τ

0

∫

Ω

(τ − t)βbα(t, x)umα(t, x)Dαψ(x)dx

≤

∫ τ

0

∫

Ω

(τ − t)βKα|u(t, x)|
mαψ

1
rα (x)K−1

α Bαψ
− 1

rα (x)Dαψ(x)dx

≤
Krα
α

rα

∫ τ

0

∫

Ω

(τ − t)β |u(t, x)|qψ(x) +
B
r′α
α τβ+1

r′αK
r′α
α (β + 1)

∫

Ω

|Dαψ(x)|r
′
α

ψ
r′α
rα

dx.

Now we will show that the last integral exists. We know:

σ = [max|α|≤n{
q

q −mα
|α| − 1, n}] + 1.

Note that |Dαψ(x)|r
′
α = |P (x)|r

′
αφ(σ−|α|)r′α(x) when P is a polynomial of φ and its

partial derivations. A simple calculation shows that:

σ
r′α
rα

− (σ − |α|)r′α < 1.
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Therefore, |Dαψ(x)|r
′
α

ψ
r′α
rα

= |P (x)|r
′
α

φ
r′α
rα

σ−(σ−|α|)r′α

is integrable, by Lemma 2.3; indeed:

Cα(ψ) =

∫

Ω

|Dαψ(x)|r
′
α

ψ
r′α
rα

<∞.

It is notable that by φ = −λ△φ and Relich’s Theorem φ and its derivations are
bounded on Ω. (1/λ is the eigenvalue due to −∆ )

By using (2.6) and (2.7) in (2.5) for F (u) = |u|q from the assumption c(t, x) ≥ C,
we get:

(2.8)

−

k
∑

i=1

i
∑

j=1

cβ,j−1τ
β−j+1

∫

Ω

∂i−j(ai(0, x)u(0, x))

∂i−jt
ψ(x)dx

+

k
∑

i=1

cq
′

β,iA
q′

i

q′Kq′
C(ψ)

τβ−iq
′+1

β − iq′ + 1
+

∑

|α|≤n

B
r′α
α

r′αK
r′α
α

Cα(ψ)
τβ+1

β + 1

≥

(

C −
kKq

q
−

∑

|α|≤n

Krα
α

rα

)
∫ τ

0

∫

Ω

|u(t, x)|qψ(x)(τ − t)βdxdt.

Now K > 0 and Kα > 0, |α| ≤ n, can be chosen so that C −
kKq

q
−

∑

|α|≤n

Krα
α

rα
≥ 0.

Let:

M1 =

k
∑

i=1

cq
′

β,iA
q′

i

q′Kq′
C(ψ)

τβ−iq
′+1

β − iq′ + 1
+

∑

|α|≤n

B
r′α
α

r′αK
r′α
α

Cα(ψ)
τβ+1

β + 1
.

If

k
∑

i=1

i
∑

j=1

cβ,j−1τ
β−j+1

∫

Ω

∂i−j(ai(0, x)u(0, x))

∂i−jt
ψ(x)dx > M1 then the left hand

side of (2.8) will be negative which is contradiction. This complete the proof of part
(a).

Proof of part (b). The proof of this part is similar. Since the estimations in
the proof are crucial we give the details of the proof. Let u(t, x) be a nonnegative
solution. For every K > 0, by Holder’s and Young’s inequalities on (0, τ) × Ω and
|ai(t, x)| ≤ Ai, 1 ≤ i ≤ k we get:

(2.9)

∫ τ

0

∫

Ω

cβ,i(τ − t)β−iai(t, x)u(t, x)ψ(x)dxdt

≤

∫ τ

0

∫

Ω

K(τ − t)
β
q φ

1
q (x)u(t, x)K−1cβ,iAiφ

− 1
q (x)(τ − t)

β

q′
−i
ψ(x)dxdt

≤
Kq

q

∫ τ

0

∫

Ω

(τ − t)βuq(t, x)φ(x) +
cq

′

β,iA
q′

i

q′Kq′

τβ−iq
′+1

β − iq′ + 1

∫

Ω

ψq
′

(x)

φ
q′

q (x)
dx.

Note that by q′

q − σq′ < 1, for all σ ≥ 1, and Lemma (2.3) we have

D1(φ) =

∫

Ω

ψq
′

(x)

φ
q′

q (x)
<∞.
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Now assume that λ > 0 is a positive number such that 1/λ is the eigenvalue

corresponding to φ. Then by condition u(t, x)
∣

∣

∣

∂Ω
≡ 0, Holder’s and Young’s inequality

on Ω we get:

(2.10)

∫

Ω

uq(t, x)φ(x) = λ

∫

Ω

∇uq(t, x) · ∇φ(x)dx

≤ λ

∫

Ω

|∇uq(t, x)|ψ
1
p (x)ψ− 1

p (x)|∇φ(x)|dx

≤
λ

p

∫

Ω

|∇uq(t, x)|pψ(x)dx +
λ

p′

∫

Ω

|∇φ(x)|p
′

ψ
p′

p (x)
dx.

Note that by conditions of part (b) of the theorem we have p− 1 > n+ 1. We know
σ ≥ 0 is such that n+ 1 ≤ σ < p− 1. Therfore, by Lemma 2.3 we obtain:

D2(φ) :=

∫

Ω

|∇φ(x)|p
′

ψ
p′

p (x)
dx <∞.

Now (2.10) and (2.9) imply:

(2.11)

∫ τ

0

∫

Ω

cβ,i(τ − t)β−iai(t, x)u(t, x)ψ(x)dxdt

≤
Kqλ

qp

∫ τ

0

∫

Ω

(τ − t)β |∇uq(t, x)|pψ(x)dx +
Kqλτβ+1

qp′(β + 1)
D2(φ)

+
cq

′

β,iA
q′

i

q′Kq′

τβ−iq
′+1

β − iq′ + 1
D1(φ).

On the other hand, for any positive numberKα and rα = q
mα

, by Holder’s and Young’s
inequality on Ω we get:

(2.12)

∫ τ

0

∫

Ω

(τ − t)βbα(t, x)umα(t, x)Dαψ(x)dx

≤

∫ τ

0

∫

Ω

(τ − t)βKαu
mα(t, x)φ

1
rα (x)φ−

1
rα (x)K−1

α BαD
αψ(x)dxdt

≤
Krα
α

rα

∫ τ

0

∫

Ω

(τ − t)βuq(t, x)φ(x)dxdt +
B
r′α
α τβ+1

r′αK
r′α
α (β + 1)

∫

Ω

|Dαψ(x)|r
′
α

φ(x)
r′α
rα

.

Note that from σ ≥ n+ 1 we have σ ≥ |α| + 1 for all |α| ≤ n. Morover, from q > mα

we get σ > 2mα

q + |α| − 1. This implies the inequality
r′α
rα

− (σ − |α|)r′α < 1. So we
have:

D3(φ, α) :=

∫

Ω

|Dαψ(x)|r
′
α

φ(x)
r′α
rα

dx <∞.
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Again from condition u(t, x)
∣

∣

∣

∂Ω
≡ 0,and by Holder’s and Young’s inequalities on Ω

and the definition of φ we get:

(2.13)

∫ τ

0

∫

Ω

(τ − t)βuq(t, x)φ(x) = λ

∫ τ

0

∫

Ω

(τ − t)β
(

∇uq(t, x)
)

·
(

∇φ(x)
)

dxdt

≤ λ

∫ τ

0

∫

Ω

(τ − t)β |∇uq(t, x)|ψ(x)
1
pψ(x)−

1
p |∇φ(x)|dxdt

≤
λ

p

∫ τ

0

∫

Ω

(τ − t)β |∇uq(t, x)|pψ(x)dxdt +
λ

p′
τβ+1

β + 1

∫

Ω

|∇φ(x)|p
′

ψ
p′

p (x)
.

Note that we have chosen σ so that σ < p− 1 or
σp′

p
< 1, we must have:

D2(φ) =

∫

Ω

|∇φ(x)|p
′

ψ(x)
p′

p

dx <∞.

Substitute (2.13) into (2.12) to get:

(2.14)

∫ τ

0

∫

Ω

(τ − t)βbα(t, x)umα(t, x)Dαψ(x)dx

≤
Krα
α λ

rαp

∫ τ

0

∫

Ω

(τ − t)β |∇uq(t, x)|pψ(x)dx +
Krα
α λτβ+1

rαp′(β + 1)
D2(φ)

+
B
r′α
α τβ+1

r′αK
r′α
α (β + 1)

D3(φ, α).

By using (2.11) in (2.5) for F (u) = |∇uq|p we get:

(2.15)

−

k
∑

i=1

i
∑

j=i

τβ−j+1cβ,j−1

∫

Ω

∂i−j(ai(0, x)u(0, x))

∂ti−j
ψ(x)dx

+

k
∑

i=1

cq
′

β,iA
q′

i

q′Kq′
τβ−iq

′+1

β − iq′ + 1
D1(φ) +

kKqλτβ+1

qp′(β + 1)
D2(φ)

+
∑

|α|≤n

(

Krα
α λ

rαp′
D2(φ) +

B
r′α
α

r′αK
r′α
α

D3(φ, α)

)

τβ+1

β + 1

≥

(

C −
kKqλ

qp
−

∑

|α|≤n

Krα
α λ

rαp

)
∫ τ

0

∫

Ω

|∇uq(t, x)|pψ(x)dxdt.

Notice that by choosing K and Kα (|α| ≤ n), very small positive number we have:

C −
kKqλ

qp
−

∑

|α|≤n

Krα
α λ

rαp
≥ 0.
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Now let:

M2 =

k
∑

i=1

cq
′

β,iA
q′

i

q′Kq′

τβ−iq
′+1

β − iq′ + 1
D1(φ) +

kKqλτβ+1

qp′(β + 1)
D2(φ)

+
∑

|α|≤n

(

Krα
α λ

rαp′
D2(φ) +

B
r′α
α

r′αK
r′α
α

D3(φ, α)

)

τβ+1

β + 1
.

Therefore, if
k

∑

i=1

i
∑

j=i

τβ−j+1cβ,j−1

∫

Ω

∂i−j(ai(0, x)u(0, x))

∂ti−j
ψ(x)dx > M2; then, the

left hand side of (2.15) will be negative. This is a contradiction.

We now want to discuss about solution in R
N . Let Ωd := B(0, d). Now we apply

the argument of part (a) for Ω = Ωd. Similar to(2.8), we have:

(2.16)

−
k

∑

i=1

i
∑

j=1

cβ,j−1τ
β−j+1

∫

Ωd

∂i−j(ai(0, x)u(0, x))

∂i−jt
ψd(x)dx

+
k

∑

i=1

cq
′

β,iA
q′

i

q′Kq′
C(ψd)

τβ−iq
′+1

β − iq′ + 1
+

∑

|α|≤n

B
r′α
α

r′αK
r′α
α

Cα(ψd)
τβ+1

β + 1

≥

(

C −
kKq

q
−

∑

|α|≤n

Krα
α

rα

)
∫ τ

0

∫

Ωd

|u(t, x)|qψd(x)(τ − t)βdxdt,

where φd(x) := φ(x/d) and ψd(x) := ψ(x/d), x ∈ Ωd and φ > 0 is the first eigenvector
of −△ in H1

0 (B1(Ω)). We can easily see that

Cα(ψd) =

∫

Ωd

|Dαψd(x)|
r′α

ψd(x)
r′α
rα

dx = d−|α|r′α+N

∫

Ωd

|Dαψ(x/d)|r
′
α

ψ
r′α
rα (x/d)

d(x/d),

= d−|α|r′α+NL(Ω)(2.17)

where L(Ω, α) =
∫

Ω1

|Dαψ|r
′
α

ψ
r′α
rα (x)

dx.

On the other hand, we have:

(2.18) C(ψd) =

∫

Ωd

ψd(x)dx = dNL(Ω),

where

L(Ω) =

∫

Ω1

ψ(x)dx,

and

(2.19)

∫

Ωd

∂i−j(ai(0, x)u(0, x))

∂i−jt
ψd(x)dx = dN

∫

Ω1

∂i−j(ai(0, dx)u(0, dx))

∂i−jt
ψ(x)dx.
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Now we deduce from (2.16), (2.17), (2.18) and (2.19)

(2.20)

−

k
∑

i=1

i
∑

j=1

cβ,j−1τ
β−j+1dN

∫

Ω1

∂i−j(ai(0, dx)u(0, dx))

∂i−jt
ψ(x)dx

+

k
∑

i=1

cq
′

β,iA
q′

i d
N

q′cq′Kq′
L(Ω)

τβ−iq
′+1

β − iq′ + 1
+

∑

|α|≤n

d−|α|r′α+N B
r′α
α

r′αK
r′α
α

L(α,Ω)
τβ+1

β + 1

≥ 0.

Consider that j1 := min{j ≤ k; ∃i ≥ j s.t. lim supd→∞

∫

Ω1

∂i−j1 (ai(0,dx)u(0,dx))
∂i−j1 t

ψ(x)dx

> 0}. Divide (2.20) by dN and then let d→ ∞ so we get

(2.21)

−cβ,j1−1τ
β−j1+1 lim sup

d→∞

∫

Ω1

∂i−j1(ai(0, dx)u(0, dx))

∂i−j1t
ψ(x)dx

+

k
∑

i=1

cq
′

β,iA
q′

i

q′Kq′
L(Ω)

τβ−iq
′+1

β − iq′ + 1
≥ 0.

Now if q′ > j1, by letting τ → ∞, the left hand side of (2.21) will be negative which
is a contradiction.

On the other hand, let i1 = min{i; ai(t, x) 6= 0} and e = min{|α|r′α; bα(t, x) 6= 0}.
Divide (2.16) with τβ ; then, by (2.17) and (2.18) we obtain:

(2.22)

−
k

∑

i=1

i
∑

j=1

cβ,j−1τ
−j+1

∫

Ωd

∂i−j(ai(0, x)u(0, x))

∂i−jt
ψ(x)dx

+

k
∑

i=1

cq
′

β,iA
q′

i

q′c
q′

q K
q′

q

dNL(Ω)
τ−iq

′+1

−iq′ + 1
+

∑

|α|≤n

d−|α|r′α+N B
r′α
α

r′αK
r′α
α

L(α,Ω)
τ

β + 1

≥ ψ1/2(1/2)β
(

C − kKq

q −
∑

|α|≤n
Krα

α

rα

)
∫ τ/2

0

∫

Ωd/2

|u(t, x)|qdxdt.

where ψ1/2 = ψ(1/2, 0, ..., 0). Now suppose that e > N and 1
e−N < i1q

′−1
N and initial

data are nonnegative. Assume A > 0 is a number such that 1
e−N < A < i1q

′−1
N . Let

d = τA. Since −i1q
′ +1+NA < 0 and (−e+N)A+1 < 0 by letting τ → ∞ in (2.22)

we get
∫ ∞

0

∫

RN |u|q ≤ 0. Then u ≡ 0.
We have the following theorem:

Theorem 2.4. Let Ω = R
N , i1, and j1 be as above. Suppose that the initial data

are positive. Then if q′ > j1 or e > N and 1
e−N < i1q

′−1
N ; then, we have no global

solution on [0,+∞).
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Now consider the following problem.

(2.23)



























k
∑

i=1

∂i

∂ti

(

ai(t, x)u(t, x)
)

+
∑

|α|≤n

Dα
(

bα(t, x)umα(t, x)
)

,

≥ |x|−γ |u|q

x ∈ Ω \ {0}

where γ > 0 is a real number and other things as above. In this case some of the
initial data have critical in zero.
Let xǫ = (0, ..., 0, 2ǫ) and Ωǫ = Bǫ(xǫ) and consider for ǫ < ǫ0, Bǫ(xǫ) ⊆ Ω.
Let u be a solution for (2.23) then, it is easy to see that u is a solution of

(2.24)



























k
∑

i=1

∂i

∂ti

(

ai(t, x)u(t, x)
)

+
∑

|α|≤n

Dα
(

bα(t, x)umα(t, x)
)

,

≥ ǫ−γ |u|q

x ∈ Ωǫ.

By the same argument of above we have:

(2.25)

−
k

∑

i=1

i
∑

j=1

cβ,j−1τ
β−j+1

∫

Ωǫ

∂i−j(ai(0, x)u(0, x))

∂i−jt
ψǫ(x)dx

+
k

∑

i=1

cq
′

β,iA
q′

i

q′K
q′

q

C(ψǫ)
τβ−iq

′+1

β − iq′ + 1
+

∑

|α|≤n

B
r′α
α

r′αK
r′α
α

Cα(ψǫ)
τβ+1

β + 1

≥

(

ǫ−γ −
kKq

q
−

∑

|α|≤n

Krα
α

rα

)
∫ τ

0

∫

Ωǫ

|u(t, x)|qψǫ(x)(τ − t)βdxdt.

where φ is the first eigenvector of −∆ in H1
0 (B1(0)) and φǫ(x) = φ((1/ǫ)(x − xǫ)).

Now we let Kq = Krα = dǫ−γ where d is so small that such that:

1 − d
k

q
+ d

∑

|α|≤n

1

rα
> 0.

We have:

C(ψǫ) = ǫNL(Ω),

and

Cα(ψǫ) = ǫN−|α|r′αL(α,Ω),

and
∫

Ωǫ

∂i−j(ai(0, x)u(0, x))

∂i−jt
ψǫ(x)dx = ǫN

∫

Ω

∂i−j(ai(0, ǫy + xǫ)u(0, ǫy + xǫ))

∂i−jt
ψ(y)dy.
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So there is a constant D(β, τ) > 0 such that

(2.26)

−

k
∑

i=1

i
∑

j=1

cβ,j−1τ
β−j+1ǫN

∫

Ω1

∂i−j(ai(0, ǫy + xǫ)u(0, ǫy + xǫ))

∂i−jt
ψ(y)dy

+D(β, τ)(
∑

|α|≤n

ǫN+γ
r′α
rα

−|α|r′α + ǫN+γ q′

q ) ≥ 0.

Now if q < γmα/|α|, for all |α| ≤ n, then, we have N + γ
r′α
rα

− |α|r′α > N ; so, if we

divide (2.27)by ǫN and letting ǫ→ 0 then from Fatou lemma we get:

(2.27)

−

k
∑

i=1

i
∑

j=1

cβ,j−1τ
β−j+1

∫

Ω1

∂i−j(ai(0, 0)u(0, 0))

∂i−jt
ψ(y)dy

≥ 0.

But if one of the∂
i−j(ai(0,0)u(0,0))

∂i−jt be positive then we have a contradiction.

On the other hand, suppose that one of the initial data have a critical at zero and
the other are positive. For example, suppose that for some δ > 0 there is an ǫ0 such

that |x| < ǫ0 then ∂i(ai(0,x)u(0,x))
∂it > |x|−δ. So we get:

(2.28)

−cβ,τǫ
N−δ

∫

Ω1

|y + (0, ..., 0, 2)|−δψ(y) +D(β, τ)(
∑

|α|≤n

ǫN+γ
r′α
rα

−|α|r′α + ǫN+γ q′

q ) ≥ 0.

Let n′ = min{|α|; bα(t, x) 6= 0}.

Theorem 2.5. 1-Suppose q < γmα/|α| and for some 1 ≤ i ≤ j ≤ k,
∂i−j(ai(0,x)u(0,x))

∂i−j t is continue and positive in origin.Then we have no nontrivial so-
lution.

2-Suppose for some 1 ≤ i ≤ j ≤ k, ∂i−j(ai(0,x)u(0,x))
∂i−jt > |x|−δ and we have one of

the following items
(a) δ > n and γ < n′ or δ < n′ and δ > n
(b) δ < γ and n < γ or γ < δ and δ < n′

then we have no nontrivial solution.

Proof. 1 is proved. For 2; in each item (a) or (b) we have N−δ < min(N+γ
r′α
rα

−

|α|r′α, N + γ q
′

q )+. Let ǫ → 0 in (2.29) then the left hand side will be negative which
is a contradiction.

Corollary 2.6. 1-With the conditions of Theorem 2.4 we have no positive
solution on R

N for the following problem:

(2.29)
∑

|α|≤n

Dα
(

bα(x)umα(x)
)

≥ c(x)|u(x)|q
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2-With the conditions of part (1) Theorem (2.5) we have no positive continue solution
on Ω − {0} (which Ω contains origin) for the following inequality:

(2.30)
∑

|α|≤n

Dα
(

bα(x)umα(x)
)

≥ |x|−γ |u(x)|q .

Proof. In contrary, suppose that (2.30) have a solution. Let u(t, x) = u(x).
Then the problem (2.1) for F (u) = |u|q have a positive solution on R

N ; which is a
contradiction. The proof of 2 is similar.

Remark 2.7. In (2.1) we can substitute
∑k

i=1
∂i

∂ti

(

ai(t, x)u(t, x)
)

by [4]
∑k

i=1
∂i

∂ti

(

ai(t, x)u
oi(t, x)

)

where 0 < oi < q and in Theorem2.3 we can use the

estimates similar to what we done in (2.7) and (2.14). Moreover, we must have some
additional conditions.

Remark 2.8. In the proof of Theorem (2.2) (a) we could choose any positive
function in C∞

0 (Ω) instead of φ, by choosing large σ.

3. Laplacian type inequalities. In this section we consider the following prob-
lem

(3.1)







































k
∑

i=1

∂i

∂ti

(

ai(t, x)u(t, x)
)

+

l
∑

s=1

∆s
(

bs(t, x)u
m(t, x)

)

,

≥ c(t, x)F
(

u(t, x)
)

um(t, x)|∂Ω = ∆
(

um(t, x)
)

|∂Ω = · · · = ∆l−1
(

um(t, x)
)

|∂Ω = 0,

u ≥ 0

where |∂Ω = 0 is in the mean of trace and Ω is a bounded smooth domain.
Here we shall show the global solution does not exist. Note that this inequality

is a special case of the inequality (2.1), but here we can substitute p− 1 > n+ 1 with
of p > 2.
Assume that ai(t, x), bs(t, x), c(t, x),Ai, are as before and b(t, .) ∈ C2l−1(Ω). Let Bs

be the upper bound for bs(t, x) and
−→
B = (B1, ..., Bl), and suppose ai(t, x) ≥ 0 In

order to avoid ambiguty in this section we change the definition of the solution as
follows.

Definition 3.1. By a solution u of the problem (3.1) we mean a function
u ∈ C((0, T ), C2l−1(Ω)), which for any test function ζ, which is given in the definition
2.1, the function u satisfies the folowing inequality:

k
∑

i=1

i
∑

j=1

(−1)j
∫

Ω

∂i−j(ai(0, x)u(0, x))

∂ti−j
∂j−1ζ(0, x)

∂tj−1
dx+

k
∑

j=1

(−1)j
∫ T

0

∫

Ω

aj(t, x)u(t, x)
∂jζ(t, x)

∂tj
dxdt+
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−
l

∑

s=1

∫ T

0

∫

Ω

∇△s−1(bs(t, x)u
m(t, x)).∇

(

ζ(t, x)
)

dxdt

≥

∫ T

0

∫

Ω

c(t, x)F
(

u(t, x)
)

ζ(t, x)dxdt.

Theorem 3.2. Let φ, λ be as in the proof of Theorem 2.3, and ψ be defined by:

(3.2) ψ := µφ,

where

(3.3) µ >
l

∑

s=1

bsλ
s.

a′) Let F (u) = uq. Then there is a positive numberM ′
1 = M ′

1(Ω, τ,
−→
A,

−→
B,C) such

that problem (3.1) has no nonnegative nontrivial global solution on (0, τ) when

k
∑

i=1

i
∑

j=1

cβ,j−1τ
β−j+1

∫

Ω

∂i−j(ai(0, x)u(0, x))

∂i−jt
ψ(x)dx > M ′

1.

b′) Let F (u) = |∇uq|p and p > 2. Then there is a positive number M ′
2 =

M ′
2(Ω, τ,

−→
A,

−→
B,C) such that (3.1) has no nonnegative nontrivial global so-

lution on (0, τ) when:

k
∑

i=1

i
∑

j=1

cβ,j−1τ
β−j+1

∫

Ω

∂i−j(ai(0, x)u(0, x))

∂i−jt
ψ(x)dx > M ′

2.

Proof. Now let as in the proof of Theorem 2.2

φ̂(t) :=

{

(τ − t)β 0 ≤ t ≤ τ,
0 t > τ

and β − iq′ + 1 > 1, 1 ≤ i ≤ k and,

ζ(t, x) := φ̂(t)ψ(x).

By using the above ζ in the definition 3.1 and um = · · · = ∆l−1um = 0 on ∂Ω and
concidering the Green’s theorem, we get

(3.4)

−

k
∑

i=1

i
∑

j=1

τβ−j+1cβ,j−1

∫

Ω

∂i−j(ai(0, x)u(0, x))

∂ti−j
ψ(x)dx

+

k
∑

i=1

∫ τ

0

∫

Ω

cβ,i(τ − t)β−iai(t, x)u(t, x)ψ(x)dxdt

+

l
∑

s=1

∫ τ

0

∫

Ω

(τ − t)βbs(t, x)u
m(t, x)△sψ(x)dxdt

≥

∫ τ

0

∫

Ω

c(t, x)(τ − t)βF
(

u(t, x)
)

ψ(x)dxdt.
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Case 1: part (a’). Similar to what we have done in the inequality (2.6) we can write:

(3.5)

∫ τ

0

∫

Ω

cβ,i(τ − t)β−iai(t, x)u(t, x)ψ(x)dxdt

≤

∫ τ

0

∫

Ω

K(τ − t)
β
q ψ

1
q (x)|u(t, x)|K−1Aicβ,i(τ − t)

β

q′
−i
ψ

1
q′ (x)dxdt

≤
Kq

q

∫ τ

0

∫

Ω

(τ − t)βuq(t, x)ψ(x)dxdt + µ
cq

′

β,iA
q′

i

q′K
q′

q

τβ−iq
′+1

β − iq′ + 1

where C(ψ) =

∫

Ω

ψ(x)dx = µ

∫

Ω

φ(x)dx = µ.

Again similar to inequality (2.7) we get:

(3.6)

∫ τ

0

∫

Ω

(τ − t)βbs(t, x)u
m(t, x)ψ(x)dx

≤
Kr
s

r

∫ τ

0

∫

Ω

(τ − t)β |u(t, x)|qψ(x) +
Br

′

s τ
β+1

r′Ks
r′(β + 1)

∫

Ω

|△sψ(x)|r
′

ψ
r′

r

dx.

≤
Kr
s

r

∫ τ

0

∫

Ω

(τ − t)βuq(t, x)ψ(x)dx +
λsr

′

µBr
′

s τ
β+1

r′Ks
r′(β + 1)

where r =
q

m
and

∫

Ω

|∆sψ(x)|r
′

ψ(x)
r′

r

dx = λ−sr
′

∫

Ω

ψr
′

(x)

ψ
r′

r

dx = λ−sr
′

∫

ψ(x)dx = λ−sr
′

µ.

By using (3.5) and (3.6) in (3.4) let F (u) = uq we get:

−
k

∑

i=1

i
∑

j=1

τβ−j+1cβ,j−1

∫

Ω

∂i−j(ai(0, x)u(0, x))

∂ti−j
ψ(x)dx

+

k
∑

i=1

µ
cq

′

β,iA
q′

i

q′Kq′

τβ−iq
′+1

β − iq′ + 1
+

l
∑

s=1

λ−sr
′

µBr
′

s τ
β+1

r′Kr′
s (β + 1)

≥
(

C −
kKq

q
−

l
∑

s=1

Kr
s

r

)

∫ τ

0

∫

Ω

(τ − t)βuq(t, x)ψ(x)dxdt.

Now choose K > 0, Ks > 0 small, 1 ≤ s ≤ l, and let

M ′
1 =

k
∑

i=1

µ
cq

′

β,iA
q′

i

q′Kq′
τβ−iq

′+1

β − iq′ + 1
+

l
∑

s=1

λ−sr
′

µBr
′

s τ
β+1

r′Kr′
s (β + 1)

.
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Case 2: part (b’). Similar to (2.11) we can write:

(3.7)

∫ τ

0

∫

Ω

cβ,i(τ − t)β−iai(t, x)u(t, x)ψ(x)dxdt

≤
Kqλ

qp

∫ τ

0

∫

Ω

(τ − t)β |∇uq(t, x)|pψ(x)dx +
Kqλτβ+1

qp′(β + 1)
D2(φ)

+
cq

′

β,iA
q′

i

q′Kq′

τβ−iq
′+1

β − iq′ + 1
D1(φ)

≤
Kqλ

qp

∫ τ

0

∫

Ω

(τ − t)β |∇uq(t, x)|pψ(x)dx +
Kqλτβ+1

qp′(β + 1)
D2(φ)

+
cβ,iA

q′

i

q′Kq′

τβ−iq
′+1

β − iq′ + 1
µq

′

,

where K > 0 is a real number and D1(φ) =

∫

Ω

ψq
′

(x)

φ(x)
q′

q

dx = µq
′

. Also from p > 2 by

Lemma (2.3) we get:

D2(φ) =

∫

Ω

|∇φ(x)|p
′

ψ(x)
p′

p

=
1

µ
p′

p

∫

Ω

|∇φ(x)|p
′

φ(x)
p′

p

<∞.

Similar to (2.14)

(3.8)

∫ τ

0

∫

Ω

(τ − t)βbs(t, x)u
m(t, x)∆sψ(x)dx

≤
Kr
sλ

rp

∫ τ

0

∫

Ω

(τ − t)β |∇uq(t, x)|pψ(x)dx +
Kr
sλτ

β+1

rp′(β + 1)
D2(φ)

+
Br

′

s τ
β+1

r′Kr′
s (β + 1)

D3(φ, s)

≤
Kr
sλ

rp

∫ τ

0

∫

Ω

(τ − t)β |∇uq(t, x)|pψ(x)dx

+
Kr
sλτ

β+1

rp′(β + 1)
D2(φ) +

Br
′

s τ
β+1

r′Kr′
s (β + 1)

λ−sp
′

µp
′

,

where D3(φ, s) =

∫

Ω

|∆sψ(x)|p
′

φ(x)
p′

p

dx = λ−sp
′

µp
′

.

By using (3.7) and (3.8) in (3.4) we get

−
kX

i=1

iX
j=1

τ
β−j+1

cβ,j−1

Z τ

0

Z
Ω

∂i−j(ai(0, x)u(0, x))

∂ti−j
ψ(x)dx

+

kX
i=1

c
q′

β A
q′

i

q′Kq′

τβ−iq′+1

β − iq′ + 1
µ

q′ +
kKqλτβ+1

qp′(β + 1)
D2(φ)

+τβ+1

lX
s=1

� Kr
sλ

rp′(β + 1)
D2(φ) +

Br′

s λ
−sp′

µp′

r′Kr′
s (β + 1)

�
≥
�
C −

kKqλ

pq
−

lX
s=1

Kr
sλ

rp

�Z τ

0

Z
Ω

(τ − t)β|∇uq(t, x)|pψ(x)dxdt.
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Now we choose K and Ks, 1 ≤ s ≤ k small and we let

M ′
2 =

k
∑

i=1

µ
cq

′

β,iA
q′

i

q′Kq′

τβ−iq
′+1

β − iq′ + 1
+

l
∑

s=1

λ−sr
′

µBr
′

s τ
β+1

r′Kr′
s (β + 1)

.
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