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1. Introduction. The oldest theorems of Fourier analysis give sufficient condi-
tions under which

[f(x+0) + f(z—0)]. (1)

N =

im, S/ (@)=

Here f is an integrable function on the circle and Sy, f is the associated Fourier partial
sum. This can be viewed as an inverse problem, namely to determine the local average
of a function, given the knowledge of its Fourier partial sums. These conditions can be
substantially relaxed if the Fourier partial sum is replaced by a suitable summability
method.

One can also ask to obtain the jump from the Fourier partial sums, for example
by studying the derivative (Spsf)’(«). This inverse problem is more delicate, since the
localization principle of Riemann is not valid for the derivatives of the partial sums.
Nevertheless in 1913 Fejér [F] found that, assuming suitable regularity

lim (Smf)(x)
M—o0 M

= Ci[f(z+0) = f(z—0)] (2)

where C] is a universal constant, whose value depends on the convention used to
define Sjsf. Results of this type also hold for various summability procedures and
were studied by Lukdcs [L], Zygmund [Z] and others. In all of these works the jump in
(2) may be replaced by a suitable local average jump whose precise definition depends
on the regularity of the summability method.

Instead of using the derivative to retrieve the jump, one may also use the conjugate
partial sum Sy f. In this case one obtains a logarithmic behavior, leading to a result
of the form

(S f)(x)

Jim S = Gl 40) ~ f(a - 0)] )

for another universal constant. Results of this type were obtained by Fejér [F] and
Lukécs [L] for the Fourier partial sum and by Méricz[M2] for Abel summability of
Fourier series on the circle.

The purpose of this paper is to give a unified treatment of these results for func-
tions on the line. The corresponding results on the circle can be obtained by periodiza-
tion techniques. When we come to the analysis of the conjugate function, it is most ef-
ficient to use the definition of the conjugate Poisson integral formulated by Koosis[Ko],
which is simultaneously defined on all of the Lebesgue spaces LP(R),1 < p < oc.
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318 M. A. PINSKY

2. Analysis of the Fourier partial sum. The simplest instance of (2) occurs
when we consider a function on the real line. Let f € L'(R) and define the Fourier
transform and Fourier partial sum by

M

THEOREM 2.1. Suppose that f € L'(R) N BV(R). Then for all z € R,

M*%(SMJ“)(QJ)—>2(f(a:—|—0)—f(17—0))7 M7 oo.

First we state and prove an elementary fact:
LEMMA 2.2. For any f € L'(R) N BV(R), lim;— 1+ f(x) = 0.

Proof. For any a < b, we have
0~ f@ = [ ar
56~ s < |

(a

|df |
b]

which tends to zero when a,b — oo or a,b — —oo, by the dominated convergence
theorem. This proves that the limits lim, 4 f(z) exist. But f € L'(R) implies
that both limits are zero. O

Proof of the theorem. Computing directly, we have

) = /A; ( /R AT f(y) dy> du
N /OM </R cos 2mu(z — y) f (y) dy) du

%SMf(:v) = —2/0M 2mu (/R sin 2mu(z — y) f(y) dy) du

_ _2/0M (/R d% (cos 2mu(z — ) £ (1) dy> du

~ 49 /OM (/R cos 2mulz — y) df(y)) du

B sin 2r M (z — y)
—2 [ W)

where we have used the lemma to discard the terms at +oo in the partial integration.
Now the measure df has finite total mass, while the integrand is bounded and has the
value M when y = x. Dividing both sides by M, we obtain

lin ML (S 1) (@) 1= 2df ({a}) = 2[f (2 +0) — f(xr —O)]

which was to be proved. O
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2.1. A refined result. If the jump df({z}) is zero, we can obtained a more
refined asymptotic formula for Sp;f'(0) in terms of jumps at other points. This is
closely related to the Pinsky phenomenon [Ka] which was first studied in the context
of multi-dimensional Fourier analysis [P].

THEOREM 2.3. Suppose that y — f.(y) = f(x +y) — f(xz — y) is piecewise
absolutely continuous with fi, € L'(R) and f.(07) = 0. Assume in addition that
y — fr(y) satisfies a Dini condition at y = 0. Then

sin 2 Mt ; 1

K
($a0f) (@) = S TN 4 5 @+ 0)+ [ =0 +ol1), Moo (5)

Jj=1

where (t;)1<j<i are the non-zero jump points of y — fz(y) and
Aj = fx(tj +0) - fx(tj -0),1<j<K.

This result gives an explicit expression of the failure of Riemann localization for
the derivative of the partial sums.

Proof. Tt is no loss of generality to do the case x = 0, since we can always replace
f(®) by f(t £ ). From the previous computation, we have

Surf© =~ [ 14 (T2 4y

—— [T - ey () gy

We can integrate-by-parts on each finite interval [a,b] on which f is absolutely con-
tinuous:

[0 - el (2 iy gy (R

Yy Yy

b .
- [+ =gy,

If a # 0,b # 0, each of the endpoint contributions gives the stated contribution, while
the new integral tends to zero, by the Riemann-Lebesgue lemma. In case a = 0 or
b = 0, the new integral is the standard Fourier partial sum for f., which satisfies a
Dini condition at y = 0. Hence this new integral converges to the stated value when
M — co.

2.2. The conjugate Fourier partial sum. The conjugate Fourier partial sum
is analyzed in a similar fashion. By definition

M 0
Suf(z):= —i/o e f(u) du + i /_M T (4 du (6)
[ 1—cos2nM(x —y)
- [ e ) ay 7

where we have used the definition of f and evaluated fOM and fB e

THEOREM 2.4. Suppose that f € L>®(R) N L'(R) and there exists do(f,x) =
fx+0)— f(z—0). Then
Su f(x) L

log7]\/[—>—;[f(ac—i—O)—f(gc—O)], M 1 co.
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Proof. The conjugate Fourier partial sum is written

Suf(x) = /R L= cos2mdlt 27TMtf($ —t)dt

it
B /°° 1—cos2m Mt
0

it

[f(z—1t)— flx+1)]dt.

Note that for any Ry > 0,

Ro 1 — cos2r Mt MRo 1 _ cos 2mrt 1
/ &dt:/ SOOI gt = ~log M + O(1).
0 0 ™

mt Tt
Letting F(t) = f(z —t) — f(x + ) 4+ do(f, x), we have for any Ry > 0,

Sarf(a) + 02 o ay - /RO F(t)l_LfWMt dt +0(1), (8)
T o T

Given € > 0, choose § > 0 so that |F(t)| < e for [t| < §. Then

)
1 — cos 2r Mt
/,F@}—Jgiz——ﬁ
0

t

Ro 1 — cos 2m Mt
/, F@y—if%f——dt
S T

5

1-— 2w Mt

SG/ - eosemr? dt < elogM
0 Tt

Ro 2
<Pl [ 2 dt < 1Pl Tox(Ro/5) = O().

Dividing both sides of (8) by log M, we have

ng@)+5dﬂ$)

lim sup log M -

M

<e€

which was to be proved. O

It is interesting to note that this result for the conjugate partial sum requires no
more smoothness hypotheses than the existence of the jump do(f,z). By contrast,
the result for the derivative in Theorem 2.1 requires that f be of bounded variation.
This discrepancy in assumptions is consistent with the classical results of Lukécs [L]
for Fourier series on the circle.

2.3. Fejér’s Gibbs phenomenon. Fejér also discovered the following Gibbs-
like phenomenon for the jump. There exists a universal sequence xp; | 0, so that for
any f above,

[Saef (@ +2pr) = Sy f(z — 2ur)] = fz +0) = f(z—0). (9)

lim
M—oo
Here x3; may be chosen as the smallest positive root x of the equation

® gin 2r Mt
/ sim2rMt . _

t

We will not pursue this theme in this paper.
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3. The generalized jump of a function. For a locally integrable function on
the real line we can consider three different notions of jump. We set

dol o) =i (@ +0) = (&= 1) (10)
h
B0 =tm [ (a0 — 1) i (1)

provided that these limits exist. An intermediate notion is the existence of d1(f,z)
with the property that

h
lim%/o Fx+1) — f(w— 1) —61(f,2)| dt = 0. (12)

R0

If do(f,x) exists, then so does 01 (f,z) and they are equal. If 61(f, ) exists, then so
does d2(f,x) and they are equal. At the end of this section we give the proof that
for a.e. x, 01(f,x) exists and is zero, generalizing a well-known result for functions of
bounded variation.

In the next paragraph we provide examples of locally integrable functions for
which

e a) None of the three limits exist.
e b) Only d2(f,0) exists.
e ¢) Only 01(f,0) and d2(f,0) exist.
To see this, begin with the locally integrable function defined for ¢ > 0 by

f(t) =t%sin (%) ) a>-1,>0 (13)

where we set f(t) = 0 for t < 0. If & > 0, then do(f,0) = 0. We claim that dz2(f,0)
exists if and only if o + 8 > 0, whereas d1 (f, 0) exists if and only if a > 0. To see this
make the change of variable s = 1/t# and write

hta ! g — 1 [ sin s d
0 Sin 8 B Jh-s so/B+1+1/B 5

_ _% T /A g cos )
h-8
= % (h_ﬁ)_l_a/ﬁ_l/ﬁ (cos(h_ﬁ) + 0(1))
1

= Bho”rﬁ“ (cos(h™P) +o(1))
%/h f(t)dt = %h““’ (cos(h™) +0(1)) , h 0.
0

If a+ 8 > 0, then d2(f,0) = 0. If a4+ 3 < 0, then §3(f,0) does not exist.

To compute 61 (f,0) for this example, note from the above that if it exists it must
be zero. However we can compute directly as follows:
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h
I
0

(1 1 [ |sins|
sin (t_5>‘ dt = B/}rﬁ pry TR yr ds

- 1
~ const Z W
[R=5]

= const A (1 + o(1))

h
%/ |f(#)] dt ~ const h*(1 + o(1)), h 0.
0

Thus we see that if a > 0 then d1(f,0) exists and is zero. If & < 0 and d;(f,0) did
exist, then it must be zero, since d3(f,0) = 0. But the above analysis shows that the
choice §1(f,0) = 0 gives a contradiction.
To summarize, the above class of examples show the possibilities a) and b). Fi-
nally we give an example for which only 6;(f,0) and d2(f,0) exist. Let
3777.

ft)=1, |t—27n|§7 n=12,...

and f(t) = 0 otherwise. These intervals are non-overlapping and the integral on each
interval is 37". Hence

t [e%}
3
O§t§2_N:>/ fs)ds <y 37" =237N,
0 n=N 2

Therefore if 2= V+1D) < ¢ < 2-N

1/t 3 21\ Y
Z ds < oN+1Zg-N _3 (=
t/of(s)s_ 2 3

which tends to zero when ¢ | 0. But clearly limsup,_,, f(t) = +1, hence do(f,0) does
not exist but §;(f,0) = 0 = d2(f,0).

3.1. Proof that 6,(f,z) = 0 a.e. This follows closely the details of the proof of
the Lebesgue differentiation theorem using the Hardy-Littlewood maximal function.
If f is a continuous function, then clearly §;1(f,z) = 0 for every x € R. For any
f € LY(R) and € > 0, there exists a continuous function g such that ||f — g||1 < e.
Let f =g+ r and set

1 h
Nf(z,h) = E/ |F(z+1) — f(z — )] dt < Ng(a,h) + Nr(z, h).
0
Since limp, 1o Ng(z, h) = 0, we have
1 x+h
limsup N f(x, h) < limsup Nr(z, h) < sup E/ |r(t)| dt <2 Mr(zx)

R1O R1O h>0 —h

where Mr is the Hardy-Littlewood maximal function of r. Hence for any § > 0

< Hz:2Mr(xz) > 5}

{z : limsup N f(z, h) > 6}
h10

< < llrlh

IN
> Q= Q
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where the Hardy-Littlewood maximal inequality was applied in the second line. But
€ > 0 was arbitrary. Hence the Lebesgue measure on the left side must be zero, for any
§ > 0. This means that limp, o N f(z,h) = 0 a.e. for any f € L'. If f is only locally
integrable, then apply the above argument on a sequence of compact sets whose union
is the real line, which completes the proof. O

4. Extension to summability kernels. In this section we extend Theorem 2.1,
where we replace the Fourier partial sum by a convolution operator with a suitable
class of kernels. Specifically, we consider a family of integral transforms on the real
line, written

K 0@ = [ fa=—mkd  y>0. (14)
In every case, k is an absolutely continuous real-valued function with
ke LY(R), k € L'R), k(—t)=k(t), VteR. (15)

Note that we do not require that the integral of k£ be normalized to 1. This normal-
ization would be convenient in studying lim, o K, f (z) but is not relevant in studying
the derivative (K, f)'(z) when y | 0. In addition we consider the following properties:

|K'(t)] < L(t), Vt > 0, where L € L*(R™) is monotone decreasing (16)
K'is absolutely continuous with &'(¢) < 0, k" (t) > 0 for t > to > 0. (17)
For examples the Poisson kernel with k(t) = 1/7(1 + t?) and the Gauss kernel with
k(t) = e~ satisfy all three properties. The Fejér kernel with k(t) = (1 — cost)/mt2
satisfies (15) and (16) but not (17). In general, any kernel that satisfies (15) and (17)

also satisfies (16). Recalling the definitions of the jumps §;(f, x) from the previous
section, we have the following three results for the derivative approximations.

THEOREM 4.1. Suppose that k satisfies (15). Let f € L™°(R) and suppose that
for some x € R, 6o(f,x) exists. Then (K, f) (z) exists for y >0,z € R and

lim y (K f)' (@) = k(0)o(f, 2). (18)

This result can be considered a counterpart of Theorem 2.1 on the derived Fourier
integral.

THEOREM 4.2. Suppose that k satisfies (15) and (16). Let f € L*(R) and
suppose that for some x € R, 61(f,x) exists. Then

lim (Kyf) (x) = k(0)d1(f, ). (19)

This result generalizes Zygmund’s theorem to the present setting, when Lebesgue-
type conditions hold. In order to handle the case of more general points, we require
a more stringent condition on the kernel.

THEOREM 4.3. Suppose that k satisfies (15), (16) and (17). Let f € L°°(R) and
suppose that for some x € R, d2(f, ) exists. Then

lim (Kyf) (x) = k(0)d2(f, ). (20)
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4.1. Proofs. We begin by writing

- fron (5%

Hypothesis (15) allows one to differentiate the integral to obtain

(1) @)= K@) = [ ow (1) &

Ty /Rf(x — Ytk (t) dt. (21)

From (15), k¥’ is an odd function, so that we can write

/ _l > T ~ f(x ’
%ﬁﬂ@—yé[ﬂ yt) — fla+ yt) K (1) de

y (Kyf)'(z) = k(0)do(f, ) = /Ooo[f(w —yt) = f(z +yt) + do(f, x)]K'(t) dt.

To prove Theorem 4.1, we note that k' € L*(R) so that given ¢ > 0 we may choose
M > 0 so that [,; |k'(t)|dt < e. From (10) we see that the integral on the interval
[0, M] tends to zero by the dominated convergence theorem, so that Theorem 4.1
follows.

To proceed further we state and prove a useful lemma.

LEMMA 4.4. Suppose that j(t) is defined for t > to with j; (t)| dt < oo so that
j(t) <0 and j'(t) > 0 fort > tg. Thenft tj'(t) dt < oo.

Proof. Under these hypotheses, we can write

tj(t)—toj(to):/ j(s)d8+/ sj'(s)ds.

to to

When t — oo the first integral has a finite limit while the second integral tends to
some C' € [0, 00]. Hence there exists D = lim;_.o tj(t), —o00 < D < co. But j(t) <0
implies that D < 0. But D # 0 is 1mp0551ble since f to |7(¢)| dt < oo. We have proved

that j; s5'(s) ds = —toj(to) ft s)ds < 0o, as required.

To prove Theorem 4.2, we write
E:=y(Kyf)(x) — k(0)o1(f, )

/ |f(x —u) — f(z+u)+ 01(f,x)| du

so that ®(¢)/t — 0 when t — 0. Finally, let e(t) = ®(t)/t, a bounded function with
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limy | €(t) = 0, we have
Bl< [ 15— ) - f(o ) + 3G o) d
< /0 h L(t)®'(ty) dt
- [ ED e a

But Lemma 4.4 applied to to = 0, j(t) = —L(t) shows that —tL’(t) is the density of
a finite measure on [0, 00); but the integrand tends to zero boundedly when y — 0 so
that the result follows by the dominated convergence theorem.

To prove Theorem 4.3, define ¥(t) = fot (f(x —u) — f(z+u)+ d2(f,z)) du and
e(t) = U(t)/t, a bounded function with lim;_g e(¢) = 0. Then

E = y(Kyf) (x) = k(0)d2(f, z) = /Ooo[f(w —yt) — fz +ty) + 62(f, 2)]K' (t) dt

/ b K ()W (ty) dt
0

— /O h illf(ty)k”(t) dt

= (/Oto +/:) tk" (t)e(ty) dt

=J1 + Js.
Then

to

A< sup few)] [ ko) de
0<t<yto 0

which tends to zero when y — 0. On the interval (tg, c00), t — tk”(t) is a non-negative

integrable function, while e(ty) — 0 boundedly when y | 0. Therefore Jo — 0 by the

dominated convergence theorem. This completes the proof of the first set of results.

5. Summability of the conjugate partial sum. In parallel with the direct
summability methods involving the derivative, one can model a class of kernels based
on the conjugate partial sum. We consider kernels k() satisfying

k(—t) = —k(¢), 0<tk(t)<C, Jim tk(t) = koo- (22)
This includes the conjugate Poisson kernel where k(t) = t/[r(1+t?)] and the conjugate
Fejér kernel, where k(t) = (mt)~ (1 — 22£). (see section 6.2). Note that neither of

these kernels is integrable. In the appendix we give the detailed computation of the
conjugate Fejér kernel. In general, we define a sequence of linear functionals

Lnif = /R M k(M) F(t) dt (23)
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and recall the definitions of dg, d1,d2 in (10),(11),(12).

THEOREM 5.1. Suppose that f € L*(R,dz/(1 + |z|)) and that §o(f,0) exists.
Then

lim Lo/
M—oo log M

= koodo(f,0).

THEOREM 5.2. Suppose, in addition to (22), we have |k(t)| < K(t) fort > 0,
where K is monotone increasing for 0 < t < yo, monotone decreasing for t > yo and
satisfies (22). Suppose that f € L'(R,dx/(1 + |z|)) and that 5:(f,0) exists. Then

11m LMf
M—o0 log M

= kso01(f,0).

THEOREM 5.3. Suppose, in addition to (22), that k is monotone increasing for
0 <t <y and monotone decreasing for t > yo. Suppose that f € L*(R,dx/(1 + |z|))
and that 02(f,0) exists. Then

lim Lo/
M—o0 log M

= koo02(f,0).

These three theorems give successively weaker conditions on f while imposing
increasingly stronger conditions on the kernel k. It is also understood that these
results are to be applied to a convolution operator f — [, f(z — ty)k(t) at z = 0.

5.1. Proofs.
Proof of Theorem 5.1. Write

Lutf = / LR — F(-OIME(ME) dr.

Given € > 0, choose i > 0 so that |f(¢) — f(—t) — do(f,0)] < e for 0 <t <n. Then

b= ([ [7)=rem
n

) = f=0] .,
11| §§1;1;>|zk(z)|/n ’f’ dt = O(1)

‘1 — 8(f,0) /On ME(Mt) dt‘ =

/ ") — F(—y) — 8o, 0)]Mk(My) dy\
<€ /Oan(My) dy

_e/OMnk(z)dz

<e(logM +0(1)).
But [)' M k(Mt)dt = keolog M + O(1), M — oco. Thus

\Karf — 8o(f,0)kee log M| < elog M + O(1).
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Dividing by log M and letting M — oo gives the result. O

Coming to the proofs of the Theorems 5.2 and 5.3, we will need to integrate by
parts and deal with the contributions from the differentiated terms. These will be
handled by a simple lemma.

LEMMA 5.4. For any K satisfying the hypothesis of Theorem 5.2 and n > 0,

n
/ 2M?|K'(Mz)|dz < Cy + Cylog M.
0

Proof. For M > yo/d, we can write the integral in two portions, corresponding to
the interval (0,yo/M) and the interval (yo/M,n). In the first case we have

yo/M yo/M
/ zM2|K’(Mz)|dz:y0K(y0)—/ MK(Mz)dz
0 0

— k)~ [ K du=0(1),

In the second case, we have

n n
/ 2M?|K'(M2)|dz = yo K (yo) — MnK (Mn) + MK (Mu)du
yo/M yo/M
Mn
=0(1)+ K (u) du
Yo

=0(1) + O(log M)

which completes the proof. O
Proof of Theorem 5.2. Let F(t) = fot |f(z) = f(—=2) = 61(f,0)| dz. For any n > 0,

write
Katf = 61(£,0) / " M(Mt)di = / ") = F(—t) = 1(£,0)) M(M) dt
+/Oo[f(t) — f(=0)|Mk(Mt)dt.

The second integral is handled in exactly the same way as in Theorem 5.1. To handle
the first integral, we can write for M > yo /7,

/ "LF(8) = (=) — 81(£,0)| ME(M?) d=

< /0 ME(MEF' (1) d=
= MK(Mn)F(n) — /0 M?*K(M2z)F(z)dz.

Given € > 0, choose 7 > 0 so that |F(z)/z| < € for 0 < z < 7. Then the first term
is less than eC. The new integral is estimated by Lemma 5.4 by ¢(C; + Cylog M).
Summarizing, we have the estimate

K f — 60(f,0) /077 ME(Mt)dt = O(1) + € (C1 + Cylog M) .
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Dividing by log M and taking M — oo produces the result. O

Proof of Theorem 5.5. Let G(t fo —z)—02(f,0)] dz, so that G(t)/t —
0. Following the previous steps, we have

LMf—cSQ(f,O)/Oan(Mt)dt_O(l)+/0an(Mt)G’(t)dt

In this case the kernel k satisfies the hypothesis satisfied by K in Theorem 5.2. Hence
we can integrate by parts and follow the steps in the previous proof. O

5.2. The conjugate Poisson kernel. Theorem 5.3 applies to the conjugate
Poisson integral, defined classically [SW] for f € L*(R) as

—Quf(@) =+ /R %f() (24)

T t—x)?+

In order to obtain a more generally applicable theory, we follow Koosis [Ko] and add
a constant to consider

~ 1 t—x t
Qi@ =1 [ (2 - 1) SO (25)

If f € LP(R) for some 1 < p < oo we can separate the two terms to see that
Qyf(xz) — Qyuf(x) is a constant. In general Q,f(z) is defined on a larger space,
namely

@)l

B={f: M= | 150

x < 0o} (26)

Koosis [K] has shown that for any f € B, there exists a.e. the conjugate function
Hf(x) = limy 0 @y f(z) and we have the Kolmogorov inequality

1 dx 4
_/ ~ S <—lfl a>o. (27)
T J{z:|Hf(z)|>a} 1 T 27— &

COROLLARY 5.5. Suppose that f € By and that for some x € R , d2(f, x) exists.
Then

: ny(x) _ 1
lylﬁ}m— 7_‘_52(][735)' (28)

Proof. We change variables to u =  — ¢ which leads to

~ 1 w4 u(l +a? —y?) —ay?
Quf@ =2 / W+ %) (1 + (@ + w)?)

=I1+1I+1I1.

flz+u)du

To estimate I, we discard y? in the denominator to obtain

<2 [ e - on)
1+ a:—l—u
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which is independent of y. Similary to estimate I11 we discard u? in the denominator
to obtain

I11] < |“’| et g oq,
rl+(x+u)?
It remains to analyze
1422 —y? / u
11 := T + u) du.
m R(u2+y2)(1+(x+u)2f( )

The function u — f(z +u)/(1 + (z + u)?) satsifies the hypotheses of Theorem 5.3, as
does the conjugate Poisson kernel 7 k(t) = t/(1 + t*). Hence we can apply Theorem
5.3 to conclude that IT/log(1/y) — (1/m)d2(f, x)

6. Appendix.

6.1. Proof of (21). In the absence of a published reference, we provide a direct
proof of the elementary fact that for f € L>°(R) and k, k' € L*(R) we can differentiate
under the sign of integration.

Without loss of generality, we can make a change-of-variable and assume that
y =1, z = 0. We write the difference quotient:

L (@) = K fO) = 1 [ 10 e =)= k(=0 i

_ E/Rf(t) </t k’(u)du) dt
_ /R K (u) <$ [ um £0) dt) du

where we have interchanged the orders of integration in the last step. The new
integrand is bounded pointwise by ||f||cc and converges a.e. to f(—u). Since k' €
LY(R), we can apply the Lebesgue dominated convergence theorem to conclude that

%Klf(fv)lm:o = /Rk/(—U)f(U) du (29)

as required.

6.2. The conjugate Fejér kernel. Since it is not easy to find a reference, we
include here the detailed computation of the conjugate Fejér kernel. This is defined
in terms of its Fourier transform for = # 0:

o (0 3 27ig M 3 27ig
KM(:C)ZZ/_M(l—i—M)e ' d{“—z/o (1—M>e dg
0 2milw M 2milx
. I3 e / I3 e
= 1 d — 1—-=1d
Z/ ( v M 2mix ‘ 0 M 2mix
e2mits M 27”51
—dE | —1
omiz _M 2mix 2mx M 27m:10
B L B i 1— e—27riMm N L B : e27rsz -1
T 2z 2nMuz 2mix 2 2nMx 2mix
1

B 1 sin 2n M x
oz - 2rMax
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which is non-negative for z > 0 and satisfies the conditions that K M(z) <
limy oo xKM(x) = .

[F]
[Ka]

[Ko]
(L]

[M1]
[M2]
[P]

[SW]

(2]
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