METHODS AND APPLICATIONS OF ANALYSIS. © 2002 International Press
Vol. 9, No. 3, pp. 407-424, September 2002 005

A LIOUVILLE TYPE THEOREM FOR MINIMIZING MAPS *

FENGBO HANG#T AND FANGHUA LIN#

Abstract. Here we establish a Liouville type theorem for minimizing maps from R? (or in
general, from R™) into a compact Riemannian manifold N. As a consequence of this, we prove a local
gradient estimate for minimal solutions to a variational problem arise from planar ferromagnetism
and anti-ferromagnetism. The latter can be applied to study the asymptotic behavior of entire
solutions.

1. Introduction. In [HnL] we studied the following simplified mathematical
model for the planar ferromagnetism and anti-ferromagnetism. Let Q C R? be a
bounded open connected smooth subset, S?> C R? be the standard 2-sphere, S! be
the horizontal great circle on S2, and g : 9Q — S! be a smooth map. For any ¢ > 0
and u € H}(Q,5?), we define

(1.1) I(u) = /Q% {|Vu|2 + @] dz.

We analyzed the asymptotic behavior of the minimizers of I. over H gl (©,58%) as e —
0T. One of the crucial step in our proof is gradient estimates for minimizers (see
Theorem 1.3 in [HnL]), which was proved by combining a blow-up argument with some
Liouville type theorems. The main theme relies on the fact that minimizers of such
boundary value problems always lie in a half sphere. In order to study the asymptotic
behavior of minimizing solutions or to understand the behavior of general minimizers
of (1.1) (without the Dirichlet boundary condition), we lead to the following;:

THEOREM 1.1. Assume 1 < p < oo, N is a connected compact Riemannian
manifold such that either 1 < p < 2 or p > 2 but m (N) is finite and m;(N) = 0 for
2<i<[p]-1. meN,ue VVIIO’C”(IR’”7 N) is a locally minimizing p-harmonic map.

o If 1 <p<m, then fBr |du|P < ¢(m,p, N)r™~P for any r > 0.
o Ifm < p < oo, then u must be a constant map.

From this Liouville type theorem we may deduce the following gradient estimates
for minimizing p harmonic maps.

THEOREM 1.2. Let m,p and N be the same as in Theorem 1.1,  C R™ be an
open subset, u € Wli’cp(Q, N) be a locally minimizing p-harmonic map.

o If1 <p<m, then for any x € Q, 0 < r < d(z,R™\Q) we have

m—p

/ |du|? < e(m,p, N) ! — —
B,(@) (- Temme )"

o Ifm<p<oo, thenu e CY(Q,N) and

o cm,p,N)

ERRETES i)

for any x € Q.
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An interesting consequence of Theorem 1.2 is the compactness for p-energy min-
imizing maps.

COROLLARY 1.1. Let m,p,Q2 and N be the same as in Theorem 1.2, u; €
Wllo’f(Q, N) be a sequence of locally minimizing p-harmonic maps, then there exists a
subsequence u;r and a locally minimizing p-harmonic map u € VVllo’p(Q, N) such that

wy — u in WEP(Q, N).

loc

The main point in Corollary 1.1 is that, under the topological condition on N,
one may drop the condition that the p-energy of the sequence of maps is uniformly
bounded as in the Luckhaus compactness theorem for minimizing p-harmonic maps
(see [Lul] and [Lu2]). This fact has already been observed in [HKL] in a special case.
We also have the following

THEOREM 1.3. Let m,p and N be the same as in Theorem 1.1, Hy = {z\x €
R™ 2™ > 0} be the upper half space, and u € Wllo’f(Ho,N) be a locally minimizing
p-harmonic map such that ulsm, s a constant map, then u is a constant map.

When p = 2, the topological condition on the target stated in Theorem 1.1 simply
says the fundamental group is finite, or equivalently, the universal covering space is
compact. Typical examples of Riemannian manifolds with finite fundamental group
are compact Riemannian manifolds with strictly positive Ricci curvature. When the
fundamental group of the target manifold is infinite, we may have nonconstant min-
imizing harmonic maps with arbitrary growth rates for the energy. Indeed a lifting
argument tells us if IV is a complete Riemannian manifold with non-positive sectional
curvature, then for m > 2, any harmonic map from R™ to NN is minimizing. A typical
example is the case N = T" = St x --- x S (n factors). A map u : R™ — T"
is a harmonic map if and only if u = (e?",... e®=) and hy,--- , h, are harmonic
functions on R™. This shows Theorem 1.1, Theorem 1.2 and Theorem 1.3 can not be
true if we drop the topological condition.

We also would like to point out a few known facts related to our results. It
was proved in [SU] that for n > 3, every stable harmonic map from R? to S™ is a
constant map (see Theorem 2.9 in [SU]). Note that in Theorem 1.1 one could have
N = S?o0or N = S n > 2 but with arbitrary smooth Riemannian metric. It is
well-known that holomorphic or anti-holomorphic maps from R? to S? are stable. In
fact, a theorem of A. Lichnerowicz says every holomorphic or anti-holomorphic map
from a compact Kahler manifold to another Kahler manifold is energy minimizing in
its homotopy class (see Theorem 4.2 in [Xi]). If one looks at the proof closely, one
can easily show that without the compactness condition on the domain manifold, any
holomorphic or anti-holomorphic map is energy minimizing in its homotopy class if
only those homotopies supported in compact subsets are considered. In particular, it
shows holomorphic or anti-holomorphic maps between Kéahler manifolds are always
stable harmonic maps. We also note that it was proved in Corollary 6 of [So] that
any minimizing harmonic map from R? to S? which misses a nonempty open subset
of S? is a constant map. On the other hand, for m > 7, there exists a nonconstant
smooth harmonic map u : R™ — S™ with image lying in open upper half sphere (see
Example 2.2 in [SU]), and hence it is a minimizing harmonic map by Lemma 2.1 in
[SUJ. For general p-harmonic maps, we note that if m —1 <p<morl<p<m-—1
but p € Z, then z/|z| : R™ — S™~1! is a minimizing p-harmonic map. See [AL], [CG],
[HLW] and the references therein.

The key concept related to Theorem 1.1, Theorem 1.2 and Theorem 1.3 is the
so called p-extension property for 1 < p < oo (see Definition 2.1). Based on an
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important lemma and some techniques from [HrL] (see Section 6 of [HrL]), we may
show that a compact Riemannian manifold satisfies p-extension property if and only
if it is ([p] — 1)-simply connected (see Theorem 2.1).

Once we show every minimizing harmonic map from R? to S2 is a constant map,
we are able to classify blow-up limits of local minimizers of I,, ¢ — 0%. We have the
following

THEOREM 1.4. Suppose u € C>(R?,5?%) satisfies
(1.2) —Au = (|Vu|2 + (u3)2) u—udes

on R?, also assume u locally minimizes I, then the image of u lies in upper half
sphere or lower half sphere and it satisfies

|u3(l’)| < C(u)ef%, |vu(x)‘ < C|(x’ui)

1 2
In addition, either u is a constant in S* or the degree of % is +1 or —1. In the

)

latter case we have [g,(u?)? = 7.

When the base points of blow-ups are somewhat close to the boundary, we get
blow-up limits defined on a half plane. Then we have the boundary version of Theorem
1.4, which in some sense corresponds to the fact that the vortices should “stay inside”
) in Theorem 1.2 of [HnL].

THEOREM 1.5. Let Hy = {z\z € R2 2% > 0} be the open upper_half plane.
Assume u € C*(Hy, 5?) satisfies (1.2) in Hy and locally minimizes I in Hy, ulom, =
e, e € S is a constant, then u = e in Hy.

The ingredients in proving Theorem 1.4 and Theorem 1.5 are the gradient esti-
mate, which follows from a blowing up argument, and energy comparison maps from
[Sa2] and Section 6 of [HrL]. We have just learned from Sylvia Serfaty that in [AS]
and [Sal], the authors made a similar investigation as our previous work [HnL]. How-
ever, [AS] seems to have missed this key gradient estimate (see page 677 of [AS]). It
is also necessary to have this gradient estimates to understand the fine properties of
minimizers. An interesting point in Theorem 1.4 and Theorem 1.5 is that we do not
have any growth condition on solutions to start with. It remains as an open problem if
after translation, rotation, reflection with respect to 2! axis on R? and reflection with
respect to the horizontal plane on S, a minimizer in Theorem 1.4 is either a constant
or the degree 1 radial solution in Proposition 5.2 of [HnL]. For the Ginzburg-Landau
model case, the corresponding problem was solved in [Mi].

The paper is written as follows. In Section 2, we study the relation between
minimizing p-harmonic maps and the topology of the target manifolds and prove
Theorem 1.1, Theorem 1.2 and Theorem 1.3. In Section 3, we classify the blow-up
limits of minimizers of I. as ¢ — 0% and prove Theorem 1.4 and Theorem 1.5.

Acknowledgment. The research of the first author is supported by a Dean’s
Dissertation Fellowship from New York University. The research of the second author
is supported by a NSF grant.

2. Minimizing p-harmonic maps. In this section we shall study the relations
between minimizing p-harmonic maps and the topology of the target manifolds. As
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mentioned in the introduction, the key concept related to Theorem 1.1 and Theorem
1.2 is the following

DEFINITION 2.1 (p-Extension property). Assume 1 < p < oo, N is a smooth
compact manifold. If for any Riemannian metric g on N, any m € N and Q C R™
open, bounded and piecewisely smooth, there exists a constant ¢ = ¢(p,g,Q, N) such

that for any f € Wl_%’p(aQ, (N,g)), there exists a u € W1P(Q, (N, g)) such that

2.1 ulgg = and dul? < c(p, g, N) [f]” ’
(2.1) loa = f /Q| " <clp.g )[f]w“%‘f’(an,(N,g))

then we say N satisfies the p-extension property.

It is easy to see that once there exists a Riemannian metric gy on N such that
we may do extensions satisfying (2.1), then N has the p-extension property. We may
also define (m,p)-extension property by putting the dimension m in, but we don’t
need this here. The p-extension property is a topological property, in fact one has the
following

THEOREM 2.1. If N is a smooth connected compact manifold, 1 < p < oo, then
it has the p-extension property if and only if m;(N) =0 for 1 <i <|[p] —1.

To prove this theorem, we need Lemma 6.1 in [HrL], which is stated below for
reader’s convenience.

LEMMA 2.1 (Lemma 6.1 in [HrL]). Let N™ C R¥ be a smooth connected compact
submanifold, 1 € Z,1 > 0. If for any 1 < i <1, m;(N) = 0, then there exists a compact
(k —1—2)-dimensional Lipschitz polyhedron X C R¥ and a locally Lipschitz retraction
P :RM\X — N such that

(2.2) / |[dP(x)|Pdx < 0o for any 1l <p<l+2 and R > 0.
Br

Moreover, P is smooth in an open neighborhood of N .

Proof of Theorem 2.1. If N satisfies p-extension property, then, for any 1 < i <
[p] — 1, any smooth map f : S* = 6Bi+1 — N, there exists a u € Wl’p(Bi'H,N)
such that ulgp, = f. If p is not an integer or p is an integer but i # [p] — 1, then by
Sobolev embedding theorem, u is continuous, hence f is homotopic to a constant. If
p is an integer and ¢ = p — 1, then it follows from [BN] that f is still homotopic to a
constant. In any case, m;(N) = 0.

Let N be such that m;(N) = 0 for 1 < i < [p] — 1. First of all, we may assume
there is an embedding N C R* for some k. From Lemma 2.1 we may find a compact
(k — [p] —1)-dimensional Lipschitz polyhedron X C R* and a local Lipschitz retraction
P :RF\X — N such that

(2.3) / |[dP(z)|%dz < 0o for1<g<|[p]+1and R> 0.
Br

Moreover, P is smooth in an open neighborhood of N. We may find a § € (0,1) such
that for any a € B¥, the map P, : N — N, which is defined by P,(y) = P(y — a), is
a diffeomorphism with |dP,(y)| < ¢(N). Now given any open bounded piecewisely
smooth subset & C R™ and any f € Wlf%’p(aQ, N), let v : © — R* be the harmonic
extension of f, then if we denote Ry = sup, ¢y |y[, we have

(2.4) |v(z)] < Ry and /|dv\p§c(p,Q,N)[f]p 1 )
o Wi (00)
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For any a € B¥, denote v,(x) = P(v(z) — a), then

(2.5) /B o /Q \dva (2)Pdz < /B o /Q AP (o(x) — a)|P|dv(x)|da

1—— P

w 09)

< [ar [ p@pla@rdy < . 0N
BRrg+1
Here we used (2.3) with ¢ = p and (2.4). From (2.5) we may find an a € Bs such that

[ ldvata)pds < cr.N)FY L,
Q W' (aq)

then u = P, ! o, is the needed extension. [J
We note the extension problem without energy estimate was considered in [BD].
In fact, Theorem 5 in [BD] is in the same spirit as the necessary part of Theorem 2.1.

To prove Theorem 1.1 and 1.2 we need some technical lemmas.

DEFINITION 2.2. Let X be a metric space, k € Z, k > 0, E C X. If there
exists a sequence of bounded subsets, namely A; C R* and a sequence of Lipschitz
maps, namely ¢; : A; — X such that E = U2,¢,(A;), then we say E is countably k
rectifiable.

LEMMA 2.2. Let X and Y be metric spaces, s > 0, k€ Z, k > 0. If A C X
satisfies H*(A) =0, B C Y is countably k rectifiable, then H*T5(A x B) = 0.

Proof. We may assume k > 0, s > 0 and B = ¢(FE), where E C [0,1]* and ¢ is a
map from E to X with Lip(¢) < L. Given any 0 < € < 1, we may find (4;)52, such
that

AC G Ai, id(A )s
i=1 =1

Choose a; > d(A;) such that Y .2 af <e, then 0 < o < 1. Set l; = [1/c;] + 1, then
f

k _ Ocz‘j» Eij:Ciij7 E = UEij,

j=1
here C;; is a cube with side length 1/I;. We have
oo IF
AchUA x B =J | 4i x o(E))
i=1j=1

d(As x $(Eyy) < d(A;) + d($(Eiy)) < elk, Lo,

which shows

iZdAx¢ k+9<z (k. s, L)lfa ’“+3<cksL§: c(k, s, L)e.

i=1 j=1
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This implies H*™$(A x B) =0. O

LEMMA 2.3. Assume m >3, F C R™ is a closed subset such that H™ 2(F) = 0,
then R™\F' is simply connected.

Proof. First we want to show R™\F' is path connected. In fact, given any two
points zg, z1 in R™\F, let v(t) = (1 — t)xo + tz; for 0 < ¢ < 1. Since F' is closed, we
may find a § > 0 such that Bs(x;) C R™\F for ¢ = 0,1. From Lemma 2.2 we know
H™ 1 (F—~([0,1])) = 0, hence we may find a point £ € BJ* such that £ ¢ F—~([0, 1]).
Clearly for any 0 <t <1, v(t) + £ ¢ F, this means zo + £ can be connected to z1 + ¢
in R™\F. On the other hand, it is clear that z; can be connected to x; + & in R™\F
by the line segment connecting them for i = 0, 1. Hence xy can be connected to x; in
R™\F.

Since R™\F' is open and connected, to show it is simply connected, it suffices
to show for any Lipschitz map f : 0B — R™\F, there exists a Lipschitz map
[+ Bf — R™\F such that f|yp: = f. In fact for any f € Lip(0B%,R™\F), we may
find a 6 > 0 such that for any = € 9B?, By*(f(z)) C R™\F. On the other hand, we
may find a f € LZp(B%,Rm) such that f is an extension of f. Indeed one may take
f(x) = |z|f(z/|z]) for any € B2. Via Lemma 2.2 we know H™(F — f(B?)) = 0.
Hence we may find a € € B} such that ¢ ¢ F — f(B?). This implies f(z) +& ¢ F for
any x € Bf. Define

Fa) = f2z) +¢€, for z € B1/2’
f@/lz]) +2(1 = |z[)¢,  for z € BY\B} ,.

Clearly f € Lz'p(B—127 R™\ F) is the needed extension of f. O
Proof of Theorem 1.1. Let us first consider the special case when m;(N) = 0 for
1 < i < [p] — 1. From Theorem 2.1 we know N satisfies the p-extension property,

hence for any f € Wl_%’p(aB{”,N), there exists a v € WHP(BJ*, N) such that

(2.6) vlos = f and / o < clmp, NP o
B W~ »7(8By)

A scaling argument shows for any r > 0, any f € Wl_%’p(aB;",N), there exists a
v € WHP(B™ N) such that

(2.7) vlos, = f and / dol? < clmp, VP ..
w 2" (8B,)

r

The point here is that the constant ¢(m,p, N) doesn’t depend on r. Suppose u :
R™ — N is a minimizing p-harmonic map, for r» > 0, let ¢(r fB |dul?. For any
r >0, let f =ulgp, in (2.7), from the minimality of u and (2. 7) we have

(2.9 o) = [ ldup < clmp N fulon, 1,

r

1 1—
< c(m,p,N) (/ |u|Pde1) (/ |d<u|aBT>|dem1)
OB, OB,

(9Br)

=
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1—1
< c(m, p, N5 (/ |dudeml) — e(mp, N)r ™50/ ()4
OB,

Assume for some R > 0, we have ¢(R) > 0, then for any r > R,

1)

m—1 —

2.9
29) c(m,p, N)re=1

If p > m, then integrating (2.9), we obtain

1 p=m p=m 1 1 1
—((R')»=* —R» 1)< i 1 < T
o ) ) )= o(R)7  G(R)7 ~ ¢(R)7T

(2.10)

for any R’ > R. Let R’ — oo in (2.10), we lead to a contradiction. Hence ¢ = 0, that
is u must be a constant map.
If p = m, then integrating (2.9) one gets
1 R 1 1 1
(2'11) I AT IOg - < 1 1 < 1
clm, N) = R = g(R)m=1  ¢(R)mT ~ $(R)m1

for any R’ > R. Let R’ — oo in (2.11), we obtain again a contradiction. Hence v is a
constant.

If 1 < p < m, then integrating (2.9),one has

1 m—p m—p 1 1 1
7(R7p71 _(R/)7p71)§ T — < i
c(m,p, N) GR)7T G(R)7TT ()7

(2.12)

for any R’ > R. Let R’ — oo in (2.12), we thus conclude
(2.13) d(R) < ¢(m,p, N)R™™P  whenever ¢(R) > 0.

Now let us prove Theorem 1.1 in its full generality. If 1 < p < 2, this has been
proved above because [p] — 1 = 0. If p > 2, then since 71 (N) is a finite group,
the universal covering space of N, namely N is compact. Denote 7 as the natural
prOJectlon map from N to N, and let N be endowed with the induced Riemannian
metric 7*gy. Note that N satisfies 7;(N) = 0 for 1 <i < [p] — 1.

CramMm 2.1. If p > 2, then there exists a minimizing p-harmonic map 4 €
WEP(R™, N) such that 7o @ = u.

loc
Proof of Claim 2.1. If p > m, then from Corollary 2.6 of [HrL] we know u €
C(R™, N). Since R™ is simply connected, we may find a & € C(R™, N) such that
7o d = u. It is clear that @ € W'P(R™, N).

loc

If 2 < p < m, then from Corollary 2.6 of [HrL] we may find a closed subset S,, C
R™ such that u|gm\ g, is locally Holder continuous and H™~?(S,) = 0. From Lemma
2.3 we know R™\S,, is simply connected, hence we may find a u € C(R™\S,, N) such
that 7 o @ = u. It is then clear that @ € WP (R™, N).

For any r > 0, any & € W?(B™, N) such that 3|9p, = i|op,, then v =T o €
WYP(B,, N) and v|sp, = u|pp,. From the minimality of v and the fact 7 is a local
isometry we know

/ df? = / d(r o @) = / dul? < / do? = / dae.
B B B B, B,

r r T
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Hence u is also a minimizing p-harmonic map. This proves Claim 2.1.

This reduces the general case to the special case we have treated, and hence
completes the proof of Theorem 1.1. O

Proof of Theorem 1.2. We consider first the case 1 < p < m.

CLam 2.2. If Q = By, then [, |dulp < €D T for 0 < < 1,

A_r)pT

Proof of Claim 2.2. First look at the case m;(N) =0 for 1 <4 < [p] — 1. Denote
¢(r) = [ |dulP for 0 < r <1, then the arguments in the proof of Theorem 1.1 gives
us (see (2.12)) that, if ¢(r) > 0, then for any r < s < 1, we have

e T
c(m,p,N) T p(r)rT)
Let s — 17, we get
T e(mp Ny
r)<c m, 7N m—j —
¢(r) < c(m,p )(1—7“17—110)1’*1 (1—r)pp—t

Hence Claim 2.2 is true under the assumption that the target is [p] — 1 simply con-
nected. The general case can be proved by the lifting argument presented above.

When 2 is an arbitrary open subset, the conclusion in Theorem 1.2 follows from
Claim 2.2 by a simple scaling.

Next let us look at the case m < p < co. In this case it follows from Corollary
2.6 of [HrL] that u € C*(Q, N). Again by scalings, to prove the gradient estimate, it
suffices to show the following

Cram 2.3. Ifu € CY(B}*, N) is a minimizing p-harmonic map, then |du(x)| <
c(m,p,N)

1—[x]

Proof of Claim 2.3. If the conclusion of Claim 2.3 were false, then we would find

a sequence u; € C(BJ", N) such that u; is a minimizing p-harmonic map and

for any x € B".

K; = max(1 — |z|)|du;(x)] — 00 as i — oo.
r€EB,

Let x; € By be such that K; = (1 — |z;|)|du;(x;)|. Denote o; = 1 — |z;|. Define
vi(z) = ui(w; + Fx) for v € By,, then v; is a minimizing p-harmonic map with
|dv; (x)] < W and |dv;(0)] = 1. It follows from Theorem 3.1 of [HrL] that for
any r > 0, ‘vi|Cva(E) < ¢(m,p,r, N) for i large enough, here o« = a(m,p, N) € (0, 1).

Hence after passing to a subsequence, we may find a v € Cllo’g(Rm,N ) such that

v; — v in C’llo’f/ 2(Rm). It is clear that v is still a locally minimizing p-harmonic
map. By Theorem 1.1, v is a constant map. On the other hand, |dv(0)| = 1 because
|dv;(0)] =1 for any 7. This gives us a contradiction. We finish the proof of Claim 2.3
and hence also the Theorem 1.2. [

Proof of Theorem 1.3. Again we consider first the case m;(IN) = 0 for 1 < i <
[p] — 1. For any r > 0, we denote the open upper half ball as B;f = B, N Hy, and let
o4 (r) = fBi |du|P. Replacing B, in the proof of Theorem 1.1 by B;F and we observe
that

e[ dloran T = [l Pt
oB;f 9B,NHo

r
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< / |du|PdH™ ' = ¢/ (r) forr > 0.
OB,NHg

(2.9) remains true if we replace ¢ by ¢;. When m < p < oo, we prove in the same
way as before that ¢ = 0, that is u is a constant map. If 1 < p < m, via the proof
of Theorem 1.1 we get

(2.15) / |du|P < ¢(m,p, N)r™™P  for r > 0.
+
To show u is a constant map, we need the monotonicity formula.
CLAIM 2.4 (Monotonicity identity). For almost every r > 0, we have

d
(2.16) — (rp—m/ |dudem> :prp—m/ |0pu|?|du|P~2dH™
dr B dB,NHy

Proof of Claim 2.4. See Lemma 4.1 in [HrL].

Define a function py by pu(r) = r*~™ [ |dufP for r > 0. From Claim 2.4 and
(2.15) we know p,, is a bounded increasing function. Hence there is a limit p,(c0) € R.
For any A > 0, we denote uy(z) = u(x/A) for x € Hy. Then p,, (r) = pu(r/N). From
the proof of Corollary 2.8 and Theorem 6.4 in [HrL] or [Lul], [Lu2] we know there
existsav € Wllo’f (Fo, N) and a sequence of positive numbers A; — 0 such that uy, — v
in Wllo’f (Hp, N) and v is a minimizing p-harmonic map. By the strong convergence,
one has p,(r) = py(00), and hence by (2.16) we get d,v = 0. Since v is a constant
map on JHy, it follows from Theorem 5.7 of [HrL] that v itself is a constant map.
The latter implies p,(c0) = p,(r) = 0, and therefore u is a constant map.

Theorem 1.3 in its full generality can be proved by the same lifting argument as
that in the proof of Theorem 1.1. [

Proof of Corollary 1.1. This follows from Theorem 1.2 and the Luckhaus Com-
pactness Theorem (see [Lul] and [Lu2]). O

3. Minimal solutions of a simplified Landau-Lifschitz equation. The aim
of this section is to classify all blow-up limits of minimizers of I. (see (1.1)). That is
we want to study minimal solutions of the simplified Landau-Lifschitz equation

(3.1) —Au= (|Vu|2 + (u3)2> u—u’es
for a S? valued u defined on the entire plane.

To proceed, we need the following gradient estimate.

PROPOSITION 3.1. Suppose u € C> (B, S?) satisfies (3.1) in By. If u minimizes
I on By, then |Vu(z)| < =777 on Bi, here ¢ is an absolute constant.
__ Proof. Otherwise, we would find a sequence u; € C* (B1, S?), minimizing I; on
Bl and

K; = sup (1 - [al)[Vu;(a)] — .
r€B

Choose z; € Bj such that (1 — |z,;|)|Vu,(z;)| = Kj, put 0; = 1 — |z, and define
v;(x) = u;(z; + ) for x € Bg,. Then
J

o2 (v3)* o2} 1
—Av; = <|ij2 + % v— I]{ZJ ez on By, |Vv;(z)] < T [Vv;(0)] =1,
J J K
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and v; minimizes I«; . Hence ‘Uj‘clﬂ(BT) < ¢(a,r). After passing to a subsequence

o4

we may assume v; — v in C*°(R?), then v € C*°(R?, $?) and
—Av = |Vv|*v on R?, |Vo(0)| =1, |Vu(z)| < 1.

Moreover, v is a locally minimizing harmonic map. It follows from Theorem 1.1 that
v is a constant, we obtain a contradiction. [J

We also need the following edition of Theorem 2.1. The key point here is that
the constant doesn’t depend on domain 2.

LEMMA 3.1. Let Q C R™ be a bounded open subset with Lipschitz boundary,
n>2, ue HY(QR") such that ulan € S™, then there exists a i € H'(Q,S™) such
that

(3.2) ilon = ulon  and / |Va|* < c(n)/ |Vul?.
Q Q

Proof. For any a € B!, let u,(z) = % Since
2

Vul* = |V]u—al[* + [u — af*| Vua [,

we have |Vu,|? < ‘Vu“ Integrating both a and z, we get

2
/ da/ |Vug(z 2d;z:</ / vul 5d
B B Q |’U,— a|
2 2
/ / [Vula 2d a<c(n /|Vu )| d.
By lu—al

Hence we may find a b € By such that [, [Vuy(2)[*dz < c(n) [, |[Vu(x)[*dz. For any
a € By, define P, : 5" — 5" by P,(y) = =%, then P, is a diffeomorphism with

ly a\’
|Vsn PrH(y)| + |Ven Pa(y)] < e(n) for y € S™. Let @(z) = P, '(up(z)), then 4 is the
needed map. [
We note the method above was introduced in Section 6 of [HrL]. Now we may
turn to Theorem 1.4.
Proof of Theorem 1.4. From Proposition 3.1 we deduce

(3.3) |Vu(z)| <c for z € R%

Next we will combine Lemma 3.1 together with the comparison method in [Sa2] to
show u has nice decay properties.

Cram 3.1. I(u,Br) <cR for R>0.
Proof of Claim 3.1. We may assume R > 2, define

wn(z) = (R—|z])er + (|| — R+ Du(x), if R—1<|z| <R,
BT e, if 2] <R -1,

here ey = (1,0,0). From (3.3) we know [Vug(z)| < c. Hence [ \p |Vug|? < cR.
By Lemma 3.1 we may find a ig € H'(Br\Bg,,S?) such that ig|opsuoBs_, =
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URrloBrUOBR., and fBR\BRq |Vig|? < cR. Let @ig = e; in Br_1, then I1(u, Bg) <
I (g, Br) < cR. This proves Claim 3.1.

In the next step we want to show indeed the growth of I;(u, Bg) is sublinear in
R.

Cram 3.2. I;(u,Bg) < cRi for R > 0.

Proof of Claim 3.2. We may assume R > 4. Via Claim 3.1 we have
I (u, Bog\Bgr) < cR. Hence we may find R; € [R,2R)] such that

(3.4) /BB (IVul® + (u*)?) ds < c.

Let B = {z\z € OBg,, |u*(z)| > 1}. By estimates (3.3) and (3.4), and by a covering
argument we may find a finite number of unit length arcs on 9Bg,, namely I1,--- , I,
such that U7, 1; O B and m < c. Denote I=0Br\U;I;. Let v=T""ouon I, T
is the stereographic projection, that is

(3.5)  T:R*— SA\{(0,0,-1)}, I(y',y%) = ( 2y 2y 1-lyl )

L+[yl2" T+ yl2" 1+ y?

From co-area formula we have

so [ # ((ﬂ)l ({s})) () = [lo. (& )ttt < [ jorolar

<c¢ﬁ</ w%ml) <c¢ﬁ</ |Vu|2dH1> < VR,
BBRI aBRl

Hence we may find a & € S' such that

—1
v
(3.7 - ((|—) ({&})) < VR
For simplicity we assume & = —1, then let Ji,---,J, be those unit length arcs

centered at points in (ﬁ)_l({—l}). Let G = 0Bg, \((U;I;) U (UgJk)). On G we

write v(z) = p(z)e*® with |a| < 7. Fix a § € (0,£) to be determined later, let
V = {z\z € Bgr,\Brg,-s, J‘T‘Tl‘z € G}, then for z € V, we set

Ry — — R ) R jlel=Ri+8 (Riw
UR(J?):< 15‘I|+|1'| 51"’ p(|71|1'>>6 6+ (‘m‘).

Let up(z) = I'(vgr(x)) for z € V, ug(x) = u(x) for x € OBR, and ugr(z) = e; for
x € Br,—s. Then we check that

Lip(uR, Vu 6331 @] aBRI,z;) <ec.
Hence we may extend ug to Br,\Bgr,—s such that

(38) Lip(uR, BR1 \BRI,(;) S C.



418 F. HANG AND F. LIN

A computation using the polar coordinates and the stereographic coordinates yields
2 32 R
(3.9) / [Vug|”+ (up)” < c—.
v )
By (3.7) and (3.8) we get
/ |Vug|? < eVR6.
(Bry\Bry-6)\V
From Lemma 3.1 we may find a @ip € H'((Bg,\Br,-s)\V,S?) such that
/ \Vig|®> <eVRS  and UR|o((Br, \Br,—5)\V) = UR|a((Br, \Br,_s)\V)-
(Bry\Bry-s)\V
Let ugr be equal to ugp on Br,_s UV, then
- R
(3.10) L(u, Br) < I(u, Br,) < I(ir, Br,) < (5 + VRS).

By taking § = R7 in (3.10), we obtain the Claim 3.2.

Now we proceed to show the growth of I (u, Br) is at most of order log R. That
is

CramMm 3.3. For R large enough, I(u,Br) < clogR, here c is an absolute
constant.

Proof of Claim 3.3. Denote ¢(R) = I;(u, Bg). Given R > 0, choose R; € [R,2R]
such that

(3.11) ¢'(Ry) = Rg{ignmﬁ(r)

From Claim 3.2 we know
2R X
/ & (r)dr < 6(2R) < cRY.
R
This and (3.11) imply that
c

(3.12) /aB (17l + (a*)?) ds = 2/ (Ra) < .

Combining(3.12) and (3.3), one has [u®| < 1 on dBg, when R is large enough. Let
vr(x) = T~Y(u(z)) for x € dBg,. For each z € Bg,\Bg, -1, set

v Rix
vnle) = (B — |2)) n(%) | (la] — By + L)og (ﬂ) |

on () .

o | —]
5 | =

We have
(3.13)

1
2

/ |8,vr|ds < VR </ |aTUR|2dS> < ¢(R¢'(R1))? < c(R¢/(R))%.
OBRy -1 OBR, -1
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Define a continuous function a : [0,27] — R such that vg((R; — 1)e??) = (@
for 0 < 0 < 2m. Let 6y = 0, choose #; € [0,27] be such that e*(®1) = ¢ix(0)
|a(61) — a(0)] = 27 and |a(f) — a(0)| < 27 for any 0 < 6 < ;. Starting from 6;, we
may inductively define 65,05, -- , 0, until we come back to § = 27. From (3.13) we
get a rough bound n < ¢(R¢'(R))2. (Ry — 1)ei ... (Ry — 1) breaks dBgr, _1
into arcs. First we assume there are some arcs on which the degree of vy is +1 or
—1, then after combining neighbored arcs, we may assume on each arc (which could
be a union of several original arcs) v has degree +1 or —1. For every such resulting
arc I, we let J; be the circular arc (with the circle’s center at the intersection of two
tangent lines at 0I;) lie inside the 0Bg, 1 and orthogonal to I; at 0I;. I; and J;
together encloses a domain called ;. Set vr|p, _,\u,0, = ¢ Choose a; € Q;
such that Bs,(a;) C £2; for some ry > 0, an absolute constant. Suppose the degree
of vg on I; is 41, then let

m—aj

'UR‘[)QJ, = |x — al‘ei@j(w)'
J

Set ; in £2; as the harmonic extension of the boundary function. Let

T —aj
UR|Q]‘\BT0(aj) = _|:C — aj| Z<PJ(£)

and vg| By, (a) be the harmonic extension of vg|sp We may proceed similarly

ro (az)
0 .
for the degree —1 case. If no arc has nonzero degree, then we have vgrlop,, , = €'%.
Then using the harmonic extension to define ¢ inside Bg, -1, and let vg|p,, , = ete.
Let ugp = I' o wg, by a careful computation as in [Sa2], we have

(3.14) ¢(R) < ¢(R1) = I(u, Br,) < Ii(ur, Br,)

< c(R¢’(R))% log R+ clog R for R large enough,
If we put ¢(R) = ¢(R) + log R, then (3.14) implies

(3.15) #(R) < ¢(RF (R))? log R.

In other words

1 11
(3.16) EPAC)
cRlog”R — ¢(R)
By integrating on both sides we get for any R>R
1 1 1
(3.17) Lo 52; ( =)
S(R) ~ G(R) c\logR logR

Let R — 00, we get (;E(R) < clog R for R large. This implies I;(u, Bg) < clog R and
Claim 3.3 is proved.

Claim 3.3 along with the Pohozaev’s identity (which follows from multiplying
(3.1) by 279;u and integrating by parts, one may see Lemma 4.4 in [HnL])

(3.18) /(u3)2+f/ |ayu|2ds=f/ |aTu\2ds+f/ (u®)2ds,
B, 2 JoB, 2 JoB, 2 JoB,
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yields [, (u®)?dz < oo Combining the last fact with (3.3), we get u® — 0 as |z| — oo.
Further estlmates of u? and |Vu| follow from Proposition 6.1 in [HnL]. To obtain the
degree of the map at oo, we assume for |z| > Ry, [u3(z)| < 3, then I'~tou = pe'(@9+¥),

T is the stereographic projection defined in (3.5), d is the degree of % at oo. For

R > 2Ry, from the Annulus Lemma (see [BMR] or Lemma 4.1 in [HnL]) we have

1

R
(3.19) = / |Vu|?> > md? log — — c(u).
2 JBp\Br, Ry

On the other hand, if we set o(z) = ﬁe“deﬂ;) on BR\Bg7 where

R
Ix\*— |z -5

(@)~ 1) (@) = ¥r+ D2 ()~ ), wR:]i\B v,

plr) =1+

and u =I" o v, then

. o(1T51? 4 (=132
I I R M .t P
2 Br\B g Br\Bg (1+12]2)

By the fact that |p — 1|, |Vp| decay exponentially at oo, one has via Poincare’s
inequality that |V (z)] = O(|z|~2) (see Proposition 6.1 in [HnL]). We note that
a(z) = el d0+vr) on OBr, from Lemma 4.3 in [HnL] we may choose @ on By such
that

1
(3.21) 5/ |Va|? 4 (@) < n|d|log R + c,
Br

where ¢ is an absolute constant. Combining (3.20) and (3.21), and energy minimizing
property of u, we conclude

1
(3.22) 5/ Vul? + ()2 < nld]log R + c(u).
Br

Applying (3.19) and (3.22), and letting R — oo, we get d? < |d|. Hence d = 0, +1
or —1. If d = 0, from Proposition 6.1 in [HnL] we know u® = 0. An estimate for

harmonic function and |Vu(z)| < CI(:I) tells us u = const..

Cra 3.4. @ = (ul,u?, |[u3|) is locally minimizing I .
Proof of Claim 3.4. For R > Ry, define

wr(z) = M(u(z) + (R+1 = [z])(a(z) = u(z))) for x € Bri1\Br.
Here II(¢) = Ii for £ € R3\{0}. From the estimates for u, one easily verifies
Ii(wg, Br+1\Br) = 0o(1), Ii(u,Br41\Bgr) =0(1) as R — oc.

For any v € H(Bg,,S?), U\aBR = u|3]_r;R1 R1 > Ry, pick up a R > Ry, extend v to
Bgr41 by setting U|BR\BR = 4, v|BR+1\BR wg. Via minimizing property of u we
know I (v, Br+1) > I1 (u, BR+1). But

I (v, Bry1)—I1(u, Br41) = I (v, Bg,)—1Ii(u, Bg, )+I1 (wr, Br+1\Br)—I1(u, Br+1\BRr)
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= Il(vaBR1) - Il(aaBR1) + 0(1)

Let R — oo, we get I (v, Bg,) > I1 (@, Bg, ), hence Claim 3.4 is proved.

From Claim 3.4 we know 4 is smooth and satisfies (3.1). Since @3 > 0, from the
equation of third component we know either @ > 0 or @ = 0. The first case implies
u? > 0 or u? < 0. The second case implies u = const. O

REMARK 3.1. For any c € R, || < 1, u(z) = (V1 — 2cosz!, V1 — Zsinzl, ) is
a solution to (3.1). Clearly these are not local minimizers.

REMARK 3.2. It is of interest to prove that under translation, rotation, and
reflection with respect to the x' axis and the horizontal plane, the degree 1 radial
solution in Proposition 5.2 in [HnL] is the unique nonconstant local minimizer. In the
Ginzburg-Landau model case, the corresponding problem was solved in [Mi].

To prove Theorem 1.5, we need the following boundary version of Proposition
3.1.

PROPOSITION 3.2. Denote B+iBl N Hy, Ly = B1NOH,, where Hy is the open
upper half plane. Suppose u € C>®(B;", S?) satisfies (3.1) and it locally minimizes I

in BY, u|p, = const, then |Vu(z)| < =77 here c is an absolute constant.

Proof. The proof goes almost the same as the one for Proposition 3.1, except in
case we get half plane in the blow-up limit, we use Theorem 1.3 to find a contradiction.
One may refer to the proofs of Theorem 3.1 and Proposition 6.3 in [HnL]. O

Proof of Theorem 1.5. Without losing of generality we may assume e = e; =
(1,0,0). From Proposition 3.1 and Proposition 3.2 we get

(3.23) |Vu(z)| <c for any = € Hy.

Here ¢ is an absolute constant. Denote BE = Br N Hy, we may show as for Theorem
1.4 that, for R large enough,

(3.24) I(u,Bf) < clog R

for some absolute constant c.
By Pohozaev’s identity (see Lemma 4.4 in [HnL]) we have

(3.25) / (u®)? + R / |0, u|?ds = R (|07ul?® + (u®)?)ds.
B} 2 JoBpnH, 2

OBRrNHg

From (3.24) one may find a sequence R; — oo such that

(3.26) R, (|IVul]® + (u*)?) ds < c.

6BRjﬁHO

(3.25) and (3.26) together imply
(3.27) | wrse
Ho

here ¢ is an absolute constant. Next, using (3.23), one has u® — 0 as |z| — oo.
Choose Rg > 0 such that [u?(x)| < § for 2 € Ho\Bj, , then v/ = u' +iu® = pe’® with
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p= > 2 , o = 2d0 + 1. d is the degree of =
computation shows div(p?Vy) = 0.

CLAIM 3.5. fHO\B; |VY|? < .
0

on B}, ¢(x',0) = 0. A simple

\U’I

Proof of Claim 3.5. Denote A}, = BE\BEO, then

/ p*(2dV0 4 V) - Vip = / div(¢p* V)
A, At

R

2 0
= - ds = ds —
(/aBRmHO /293R00H0)p 31/1/) T /z’iBRmHo ov By Vs —elw).

Since faBmHO V0 - Vipds = 0, we have

2 2 9 2ld|
forwers [ g [ 022w e

R

By the Poincare and Holder inequalities, we have

[ i<y [ (uas
6BROH0 BrNHg

and

[ =290l <o) [ wae < o < o
A A

R R

Here we use the fact |[Vi¢| < ¢, which follows from (3.23), also we use (3.27). We,
therefore, obtain

/+ |Vy|> < cR |V |?ds + c(u).
AR

HyNOBR

Since fA; |V1)|? < c(u) log R, by choosing a sequence of generic radius R; — oo, the
right hand side with R = R; remains bounded, we get fHO\B+ V|2 < c(u) < oc.
Ro

This proves Claim 3.5.
Multiplying the third component’s equation by u? and integrating by parts we
get

3
[ v = [ wrevarsaipi [ w0 [ 00,
At AL oBrnH, OV dBR,NHo ov

R

Combining (3.23) with (3.27) we have

/ Va3 > < c(u) + c(R VP |2ds)? .
Af dBRrNH,

By choosing R; — oo such that R; faBRﬂHU |Vu?|?ds < ¢, we obtain
J

(3.28) /H |Vu?? < e(u) < oo.
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For p we have

3\2 \V/ 3|2
(3.29) / V|2 :/ % < c/ (W%)? < .
Ho\Bf, Ho\B}, 1—(u?) Hy

Using (3.25) one has

/ (u?)? = 2rd* + R,
BT

R

where

R < c(uw) (R Lo un e [DoR + 9P+ s+ (1 [ |vw|2ds>%) |

BrNHgp

Since fHo\BEO [Vpl? + V|2 + |[Vu?|? + (u3)? < oo, we may find R; — oo such that

Rj/ (IVpl? + |V |* + [V )* + (u?)?)ds — 0.
(’}BRjﬂH()

Hence
(3.30) / (u*)? = 2md?.
Ho
Next we want to derive a lower bound for the energy. We have
1 1 1
CEIE O N\ e R\ )
Bi\BF, Bi\Bf, Bi\Bf,

1 R R
2 5/ Vel —c(u) > 2md® log R—+2d/ Dptp—c(u) = 2md? log R——c(u).
B;\B;U 0 B;\Eﬁ0 0

Let T be the stereographic projection defined in (3.5), we may write [ o u =

prei2do+e) 5 1+pu3~ Set ¥ = ﬁez‘(zdew?) on BE\B% where
. |z - & - jz| = §
) =1+ g2 () 1), dx) = —p2u(a),
2 2

and u =TI o v, then

o2 (-oP)?
(3.32) I/BE\BE |Vﬂ|2+(ﬁ3)2:/ 2 (V |* + |4‘ ) < c(u).

~19\2
2 sy (L)

Here one uses the fact that fHD\B; Vo2 < oo, fHo\B§O (pr — 1)> < oo and
Ju. IVY|> < co. Note that we have @(z) = €2 on OB} N Hy, from Lemma 4.3
Hy 5

in [HnL] we may choose @ on B}, such that
2

1
(3.33) 5/+ Va2 + ()2 < nld|log R + c(d).
B

R

2
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Via (3.32) and (3.33), we get
1 1
(3.34) . /B+ Vul? 4 () < /B+ Va2 + ()2 < nld)log R + c(u).
R R

Combining (3.31) and (3.34) and letting R — oo, we see 2d*> < |d|. Hence d = 0
and by (3.30), u® = 0. Thus u(x) = (¢'¥*),0), ¢ is a harmonic function on H, with
olom, = 0. Since |V¢| < ¢, we have p(z) = coz? for some c; € R. Now it follows
from (3.24) that ¢ = 0, hence v = (1,0,0). O
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