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ON CONSTRAINED EQUATIONS WITH SINGULAR DIFFUSIVITY *

YOSHIKAZU GIGAT AND RYO KOBAYASHI*

Dedicated to Professor Stanley Osher on the occasion of his 60th birthday

1. Introduction. This is a continuation of our work [KGJ, [GGK], where we
studied a gradient (flow) system of an energy whose energy density is not C! so
that the diffusivity in the equation is very strong and its effect is even nonlocal. In
this paper we consider the case when the values of unknowns are constrained. To
be specific we consider a gradient (flow) system of the total variations of mappings
with constraint of their values. Let us write the equation formally. For a mapping
u:Q — RY with a domain Q in R” let E1(u) denote its total variation, i.e.,

El(u):/Q\Vu\dm. (1.1)

Let 0E1/6u denote its ‘first variation’ (with respect to L? inner product). Then the
unconstrained gradient system is formally written in the form

w = —0B) /du (1.2)

for u =u(z,t),z € Q,t > 0, where u; denotes the time derivative, i.e., uy = du/0t. If
the values of u is constrained in some fixed (Riemannian) manifold M embedded in
RY, the first variation §E; /dnru with this constraint is of the form

where P, is the orthogonal projection to the tangent space of M at the value of u.
Thus our constrained gradient system is of the form

us = —P,(0F /du). (1.3)

The explicit form of (1.2) is

uy = div (%) . (1.4)

If M is a unit sphere S™V~1, then the explicit form of (1.3) is

. Vu

as explained in Example 2 in Section 2. An explicit calculation for (1.3) is for example
in [MSO]. Although the notion of solution of (1.4) is not a priori clear because of
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singularity at Vu = 0, a general nonlinear semigroup theory (initiated by Y. Komura
[Ko]) applies under appropriate boundary conditions since the energy is convex. The
theory yields the unique global solvability of the initial value problem for (1.2) under
the Dirichlet boundary condition; see e.g. [Br], [Ba] and also [KG], [GGK], [HZ],
[ACM], [ABCM], [ABCMZ2], [BCM]... However, for (1.3) such a theory does not apply
since it cannot be viewed as a gradient system of a convex functional. Even for smooth
energy a constrained gradient system needs individual study for well-posedness. A
typical example is the harmonic map flow equation. It is formally written in the form
(1.3) where E; in (1.1) is replaced by the Dirichlet energy

1
Ba(u) = 5/Q|vu|2dx.

Its initial value problem is well-studied, for example, in [ES], [St], [Cg], [Ch], [C],
[CDY], [F]. The solution is independent of the way how M is embedded in RY. For
the gradient system of the total variation (1.3) even the notion of solution is unclear
because of singularity at Vu = 0.

In this paper, as a first attempt, we propose to formulate a constrained gradient
system when the energy ¢ is convex but having singularities by using subdifferentials
Jp. Tt is formally written as

ug € — P, (0p(u)).

The speed u; looks undetermined. However, under some regularity condition of u we
prove that the right derivative d*u/dt is uniquely determined. Like unconstrained
problems it equals the minus of ‘minimal section’ of the convex set P,(9p(u)).

Unfortunately, even unique local solvability of the initial value problem for (1.3)
is not clear. ' We restrict ourselves to consider piecewise constant initial data in
a one dimensional domain — an open interval. We calculate the subdifferential dy
when ¢ is the total variation at a piecewise constant function. We further calcu-
late the minimal section of P, (0¢(u)) and construct a global solution for (1.3) with
the Dirichlet condition by reducing the problem to a system of ordinary differential
equations (ODEs). A key observation is that the minimal section is constant on each
maximal spatial interval where the solution is constant so that the solution must stay
as piecewise constant and the jump discontinuities are included in those of the initial
data. This yields the uniqueness of a solution at least among piecewise constant func-
tions. We say that each connected component of the graph of a piecewise constant
function is a plateau.

We also study the behavior of solution when M is the unit circle S*. The equation
of the motion of the plateau is presented, which is written in the form of reducing
ODE. We identify the form of stationary solutions and prove that the solution becomes
a stationary solution in finite time.

In the last part of this paper we demonstrate numerical simulations of the S!-
valued problem. Although our theoretical approach is restricted to the piecewise
constant solutions at this point, our method also applies to calculating the evolution
of the solutions in more general class. Our method to solve S'-valued problem employs
an angle variable, thus it is different from the method in [MSO] where M is represented
as a zero level set of some functions.

IRecently, a local solution is constructed for smooth initial data with small total variation under
periodic boundary condition [GKY].
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Unlike the harmonic map flow, the notion of solution depends not only on M itself,
but also on the ambient space RY. Moreover, there are several ways to define the
notion of total variation for mappings to M. The corresponding gradient system may
differ. The definition of the total variation in this paper is not intrinsic; it depends on
distance of the ambient space RY. For S'-valued problem one is tempting to define
the total variation of u = (cos6,sin6) by fQ |VO|dxz. However, this energy is also
singular when the jump of argument is 7, so the dynamics starting with such jumps
cannot be determined uniquely. There are several discussion to define the notion
of mapping of bounded variation with values in S'. In [GMS] a class of mappings
approximated by smooth S! mappings was characterized.

Although there is huge literature on quasilinear parabolic equations with singu-
larity at Vu = 0, the singularity is weaker than ours in the sense that the diffusion
effect is still local; see e.g. [D], [G]. There are several fields where equations with
nonlocal singular diffusivity are proposed. The first example stems from material sci-
ences for describing motion of antiphase grain boundaries [Gu]. In fact, a crystalline
curvature flow equation was proposed [AG], [T] as an example of anisotropic cur-
vature flow equations [G], [Gu] with singular interfacial energy. When the interface
is a curve given as the graph of a function, a simple example is of the form (1.4)
with n = 1 [FG]. The second example stems from image analysis. In [ROF] it was
proposed to use gradient flow system of the total variation with L?-constraint for a
grey level function u to remove noises from images. The third example stems from
plasticity problem [HZ]. The fourth example is derived from the phase field model of
grain structure evolution which include grain boundary migrations and grain rotation
[KWC],[WKC],[LW],[GBP]. The equation of orientation with singular diffusivity is
coupled with the equation of ordering parameter. This model yields a mathematical
subproblem with spatially non-uniform energy. We developed a mathematical the-
ory which handles such a non-uniform equation with singular diffusivity in [KG] and
[GGK] together with the case of the uniform energy. By now well-posedness for un-
constrained gradient system (1.3) is established by many authors [FG|, [HZ], [ACM],
[ABCM], [ABCMZ2], [ChW]...

Although the curvature flow equations with singular diffusivity do not have the
divergence structure of the form (1.2), they are well-studied for evolution of curves
[GG1] based on order-preserving structure. For a surface evolution the corresponding
theory is widely open; see e.g. [BN], [GPR]. There are several other applications of
singular diffusivity, for example for formation of shocks of conservation laws [GG2],
[TGO].

The problem with value constraint is proposed by [TSC] in image processing
to remove noise from chromaticity - direction field of color gray-level mappings u =
(u1,us,us3) keeping its strength u?+u3+u3 = 1. There is a nice book for background of
the problems form image processing. As mentioned in [S, §6.3] the well-posedness for
the initial-boundary problem for constrained problem (1.3) has not yet been studied
even for (1.5). This type of constrained problems also naturally arise in multi-grain
problems [KWC] where u is an angle of averaged crystallographical directions.

2. Gradient system with constraint. We prepare an abstract framework for
studying gradient systems of a convex functional. Let p(# 00) be a convex, lower
semicontinuous function on a Hilbert space H with values in R U {oo}. The gradient
system for ¢ is of the form

%(t) € —0p(u(t)) for t>0, (2.1)
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where dp(v) denotes the subdifferential of ¢ at v, i.e.,
Op() :={& € H; p(v+h)—ev)>(hE forall he H}

and u is a function from (0,00) to H. It is well known (see e.g. [Br], [Ba]) that the
problem (2.1) admits a unique global solution for any given initial data in H. We next
consider a gradient system with constraints on values of functions. Let (v, w) denote
the standard inner product of v,w € RY™. Let Q be a smooth, bounded domain in
R". The space of R¥-valued square integrable functions is denoted by L?(Q;R™).
As a Hilbert space H we take L?(Q; R") equipped with the inner product

(f.g) = /Q (f(z).g@)dx for f.ge H.

Let M be a smoothly embedded complete manifold in RY. For a given point v € M
let 7, denote the orthogonal projection from RN = T, RN to the tangent space T, M
of M at v. Let M be the space of L>-mappings from 2 to M i.e.,

M={feH; flx) e M for a.e. ze}.
For g € M we define a mapping from H to H by

Py(f)(x) = mga)(f(x)) for ae xz€Q,

where f € H. By definition P, is an orthogonal projection of H so that its image H,
is a closed subspace of H. (Actually, it is the tangent space of the Hilbert manifold
M at g.)

A constrained (by M) gradient systems is of the form

1) € ~Pun(@put) for 150 (2.2)

This problem is no longer dissipative so unique globally solvability is not expected even
if ¢ is smooth so that no singular diffusivity appears. In fact, there is a counterexample
for global solvability of a smooth solution and uniqueness for the harmonic map flow
in Example 1.

EXAMPLE 1 (Harmonic map flow). Let g be a Lipschitz map from 9Q to M.
For v € H we set

1
5/ |Vo|?de, if 0,0, v € H (1 <i<mn)with v=gon 99,
Q

400, otherwise.

p(v) =

Then (2.2) is the harmonic map flow equation with the Dirichlet condition v = g on
00, Here Vv = (94,0, ...,0,,v) and 8,, = §/0z; and |Vv|? denotes the sum of all
squares of d,,v® for v = (v!,...,v"). Unconstrained problem (2.1) for this ¢ is the
heat equation with the Dirichlet condition. Of course, ¢ is a lower semicontinuous,
convex function in H.

The harmonic map flow equation is well-studied by many authors. Uniqueness
and global solvability depend on the dimension of 2 and also geometric properties
of manifold M. For example if  is two-dimensional, i.e., n = 2, there is a unique
global weak solution which is regular except a finite number of isolated points and
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the energy is decreasing in time [St], [Cg], [F]. When n > 3, although there exists
a global weak solution, it may not be unique [Ch], [C]. If M = S!, then the global
solution is smooth. However, if M = 52, there exists a smooth local solution which
develops singularities in finite time [CDY] when 2 is a two dimensional disk. See, for
example, [S] for more complete list of references on this topics.

It

M=8"N"1t={weR"; |uw| =1} (2.3)
i.e. M is the unit sphere, then for z € M
m(y) =y~ (y,2)z for yeRY.
Since dp(v) = {—Awv} for v (belonging to the domain of dy),
_P,(0p(0)) = {Av — (Av,v)o}.
Since |v| = 1 so that (Av,v) = div(Vov,v) — |[Vv|? = —|Vv|?, we observe that
—P,(0¢(v)) = {Av +|Vol*v}.
So (2.2) is formally written as

ou
—=A 2.
o u+ |Vul*u

ExaMPLE 2  (Total variation flow with constraint). Let g be a Lipschitz map
form 02 to M. Let § denote a Lipschitz extension of g to R™. For v € H let ¥ be its
extension to R™ such that o(z) = g(z) for z € R™ \ Q. We set

o(v) = /Q|V17(x)|d:c, if o€ BV(Q;RYN) (2.4)

+-00, otherwise,

where BV denotes the space of functions of bounded total variation. The quantity
p(v) is the total variation of the measure Vv in R™. The reason we extend v to @
is that we would rather measure the discrepancy of v from g on the boundary. By
this choice of ¢ (2.1) is the total variation flow equation with Dirichlet condition. Its

formal form is
ou . Vu

It is easy to see that ¢ is a convex, lower semicontinuous function in H [GGK].
The equation (2.2) is the Dirichlet problem for the total variation flow equation with
constraint. If M is the unit sphere (2.3), then its formal form is

ou Vu
— =div | = Vulu
ot~ <|Vu|> * [Vl

since (div (\§Z|> ,v) = div <|§Z|,v) — |Vu| = —|Vu| for v satistying |v| = 1.
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EXAMPLE 3 (A simple inhomogeneous example). Let a be a positive continuous
function in €. Instead of Example 2 we set

o(v) = /S o(2)| V() |dz

for v € BV(,R"Y) and p(v) = +oco otherwise. This ¢ is also a convex, lower
semicontinuous function in H. This type of inhomogeneous version is important
in application to multi-grain problems [GGK], [KG] and also image processing e.g.
[ChW].

3. Characterization of speed. The evolution laws (2.1) and (2.2) look am-
biguous since Oy is multivalued. Like (2.1) the speed du/dt of the evolution by (2.2)
is actually uniquely determined under stronger assumptions than those for (2.1). We
state such a characterization of the speed in this section. Unfortunately, it does not
yield the uniqueness of a solution of the initial value problem for (2.2).

We prepare several notations. For a closed convex set A in a Hilbert space there
exists a unique point z closest to the origin. We shall write z by °A. Since dp(v) is
always a closed convex set in H, °(d¢(v)) is well-defined and is denoted by 8% (v). It
is called the canonical restriction (or minimal section) of dp(v). The set P,(d¢p(v)) is
also a convex set in H, for v € M since P, is an orthogonal projection. However, it
may not be closed. If there exists a point 2’ € P,(9p(v)) which is closest to the origin
of H,, it must be unique since the set is convex. We shall denote 2’ by °P,(9p(v)).
We call this element the minimal section (of P,(0p(v)).

THEOREM 3.1. Assume that 6 > 0 and that M is compact. Assume that u :
[to,to + 0] — M C H is continuous and right differentiable. Assume that the right
derivative d*tu/dt is continuous in [tg, o + 0] and that

{8% (u(t) + Py (u(t +7) — u(t))) i t, t+ 7T € [to, to+ 9], T € R}

is bounded in H. If u satisfies

dr

d—t“(t) € =P (@p(u(t)) for tE€ [to,to+5), (3.1)
then

dtu 0

W(t) = —"Py)(0p(u(t)) for telto,to+0). (3.2)

In particular, the minimal section of —P, (9@ (u(t))) always exists for t € [to,to+0).
Proof. 1t suffices to prove (3.2) for t = t;. We may assume that to = 0. We set
h(s) = u(s) —u(0), Ps;= Py, for s€]0,0)
to simplify the notation. By (3.1)

dtu dtu
(g (8)s ls)) = (=== (5), —Psh(s)) < p(u(s) — Psh(s)) —p(u(s)).  (3:3)

By definition for & € Py(d¢(u(0)) we have

(=& h(s)) = (=€ Poh(s)) = (u(0)) — @(u(0) + Foh(s)). (34)
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Combining (3.3) and (3.4), we obtain

dtu
(=5 (5), Als)) < (=€, h(s)) + D(s) + ¥(s)

with

A
S
»
N
I

p(u(s) — Psh(s)) — ¢(u(0)),
U(s) = ¢(u(0) + Poh(s)) — ¢(u(s)).

We divide both hand sides by s > 0. Sending s to zero yields

dtu, o dtu dtu
o) < -6 T2 <kl 152 o)) (35)
if we admit
%‘I’(S)/S =0 and %\If(s)/s =0, (3.6)

where || - || denotes the norm in H. By (3.5) we observe that d*u(0)/dt is the minimal
section of Py(d¢p(u(0)).

It remains to prove (3.6). We shall present the proof for ® since the proof for ¥
is similar. By definition of subdifferentials

p(u(s) = Psh(s)) = o(u(0)) < (I = Ps)h(s), °p(u(s) — Psh(s)))
By our boundedness assumption on 8% it suffices to prove that

lin (1 = P.)(s)l| /s = 0. (3.7)

By definition of the tangent space there exists a constant C' and §p > 0 that satisfies
(I = mu)¢| < ClmoCl? (3.8)

for all ¢ € RN, v € M satisfying ¢ +v € M and [¢| < . (Note that §y can be taken

independent of v since M is compact.) Indeed, for small § > 0 there is a ball Bs(v) of

radius 0 centered at v such that M is expressed as the graph of function zx = f(z’) in

Bs(v) with f(v") = vy, V'f(v") = 0 by a rotation, where z = (2/,zn), v = (v/,vn)

and V' = V. Since M is smooth, we observe that f(v' + (') — f(v') = O(|¢'|?) as

|| — 0. This implies that |(x] < C|¢’|? for small ¢ = (¢’, (x) which yields (3.8).
For 6 € (0,09) we set

Qs = {z € Q|h(z,s)| > 6}

and denote its complement in 2 by Q¢s. By (3.8) we have

1 |h(s)]?
/25 ST = Poh(s) P < 052/9 B (3.9)
and

| Bla=Pome)ar< [ Sibts)ias
Qss

Qs5
5 1/2
< / dz + /
Q Qss

h(s)  d*u(0)

s dt

dtu
W(O)

5 1/27 2
d;v) . (3.10)
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Since h(s)/s — dtu(0)/dt as s | 0 in H, (3.9) and (3.10) yield

2

d+
Y dr.

2
d + 11.111 — 0

7 - PonGe)2/s < o8 [ |t )
S,LO s - [9) dt SLO Qsé

Since h(s) — 0 in H, the Lebegue measure of Qs tends to zero by taking a subse-
quence. Thus

— dtu, |?
T ||( — Po)h(s)|[2/s? < 052/ ‘—(0) da.
s|0 Q dt

Sending § to zero yields (3.7). We now obtain (3.6). O

4. One dimensional piecewise constant evolution. We now consider the
total variation flow with constraint (Example 2) when the domain € is an interval
(20,21). We consider the initial value problem

du

E(t) € —Pyu)(0p(u(t))), uli=o = uo (4.1)

with ¢ defined by (2.4) with Q = (zp,21). We consider a piecewise constant initial
data

up(z) =hY € RN on (z4,241), i=0,1,...,6—1,0>2, (4.2)

where zp = 29 < 71 < T3 < -+ < xy = z1. The boundary values hg,h871 are
taken so that h) = g(z0) and hy_, = g(z1). We also assume that h # R, for
i=0,1,...,0-2.

We shall seek a solution w(t) = u(z,t) of (4.1)-(4.2) when u(z,t) is piecewise

constant and its jump discontinuities are included in {z; f;ll

4.1. Subdifferentials. We first calculate the subdifferential d¢ of ¢ defined by
(2.4) at a piecewise linear function ug defined by (4.2). We set

mg = (h) —hy_1)/|h) —h)_y|, i=1,...,0— 1. (4.3)
LeEMMA 4.1 Let f € L2(;RY) be of the form
f(@) = =(§(@))e, [€(@)| <1, € Q= (20,21) (4.4)
for some continuous £ in ) that satisfies
Elw)=m?, i=1,2,....0—1. (4.5)

Then f € dp(ug). Conversely, if f € dp(ug), then f is of the form (4.4) with (4.5).
Here (), denotes derivative in the sense of distributions.

Proof. The proof is similar to that of [GGK, §3.2, Lemma 1]. We shall check
(v —uo, f) < ¢(v) = ¢(uo)

for all v € D(p) = {v; p(v) < co}. By definition

(v — oy f) = - /Q (v~ oy &) (4.6)



ON CONSTRAINED EQUATIONS WITH SINGULAR DIFFUSIVITY 261

Since [£| < 1, integrating by parts we see

- / (v, £2)de = / (0, ) — (o, )] < 9(v) — (i, )21, (4.7)
Q Q

where v, is regarded as a Radon measure; ¢(v) equals the total variation of (9),. For
example

-1
p(ug) = > [h) = hi,].
i=1
Since £(x;) = m;, we see that
-1
= z 0_po 0
[)(u07€$)dx - (UOag) 20 ;(hl hz—l)mz (48)
= (uo, &)L — @(uo).

The formula (4.6)-(4.8) now yields

(v =0, f) < p(v) = (u0,&)IZ + (w0, &)|Z — ¢(uo)
= ¢(v) = p(uo),

which implies f € dp(ug).
Conversely, assume that f € 9p(ug). Let ¢ be a primitive of —f. Since f €

L2(;RY), ¢ must be absolutely continuous on Q. The condition f € dp(ug) is
equivalent to

0= 0, G < pl0) = olu). (49)
Q

We test various v in this inequality to derive properties of (.

We plug

v(x):uo(x)f/\mi/ S(t —zy)dr, NER, |A < ) —h?_ |

20

in (4.9) and integrate by parts to get
—A(mg, ((xi)) < =\

for i = 1,...,£ — 1. Here § denotes the Dirac delta function. Since this inequality
holds for both positive and negative A, we conclude that

(mi,C(x)) =1, i=1,...,0 1.

For & € (20,21) \ {zi}/Z] we set

v(x) = uo(x) + /\/ mé(t — &)dr, \e R, me SN71L.
20
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We plug this v in (4.9) and integrate by parts to get
A(m, ((2)) < |A|
Since this inequality holds for both positive and negative A\, we observe that
[(m, ¢(2))] <1
Since m € SNV~ is arbitrary, this implies [((#))| < 1. Be continuity of ¢ we see that
[C(z)] <1 forall zeQ.

Since (m;,((x;)) = 1, the inequality |((z)| < 1 implies that ((z;) = m;. We have
thus proved that f € 9p(up) must have the form (4.4)-(4.5). 0
4.2. Minimal section. We shall calculate °P,,dp(ug) for a piecewise constant

function ug in (3.7). In general it is not clear that °P,d¢(v) = P,0%°p(v) but for our
ug this property holds.

LEMMA 4.2. Let L; be the length of the interval (x;,x;11), i.e., L; = i1 — ;.
Then

Litmpo(mfyy —mf)  for  x € (5, @011),
—"Puy ((99)(uo)) (2) = i=1,...,0-2,
0 for x € (zg, 1) U (Te—1, ).

Moreover, °P,, ((0p)ug) = Py, (0°0)(uo)).

Proof. By Lemma 4.1 we already know the explicit form of dp(ug). If ¢ =
9P, (0¢)(up), it must be

q= _Puo (7790)

with 7 minimizing

=1
a2 =3 / mo1e 2
i=0 Y Ti

with constraints n(z;) = m? (i =1,2,...,£—1) and |n(z)| < 1 for z € Q. It suffices

K3
to minimize
Tit1
/ | mon. [*da
T

with above constraint. The answer is easy. The minimum is attained when 7 is linear
(@) = {(z — zi)miyy + (@i —e)m{}L7T for x € (5, 2541)
fori=1,2...,/—1 and
0
| mi for =z € (mo,x1),
n(w) = { my_, for x € (zo_1,Te).
Since ¢ = — Py, (1), we have an expression of ° P, (9p)(uo) in Lemma 4.2. O

Since 0%p(ug) is also computable and

aOQD(uO) = Ll_l(m?+1 - m?) fOI' T e (gjiv xi—i—l), 1= 1, 27 e ,g — 27
0 for z € (w0, 1) U (z0-1,70),

we obtain °P,, (99)(uo) = Pu, (0°p(up)).
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4.3. Dynamics. We consider (4.1)-(4.2) assuming that
u(z,t) = hi(t) ERN on  (x4,xi41), i=0,1,...,4 =1, t >0 (4.10)

with ho(t) = g(z0) and hy—1(t) = g(z1). The values h;(t) and h;1(t) may agree for
some ¢t > 0. It turns out that the problem (4.1)-(4.2) is reduced to an ODE system
for h;’s. Moreover, there exists a unique global solution.

THEOREM 4.3. Assume that M is compact. There exists a unique

h(t) = (hi(t),..., he—a(t))

such that h;(1 < i < ¢ —2) is Lipschitz continuous from [0, 00) to M which is smooth
except finitely many points such that (4.10) solves (4.1)-(4.2). Moreover, h; solves

dhdit(t) = L%.Wm(t)(miﬂ(t) —m;(t)) for r € (T, Tig1), (4.11)
i=1,...,0—2 '
for sufficiently small t > 0, where
m;(t) = (hi(t) — hi—1(t))/|hi(t) — him1 (O)],i=1,...,0 — 1. (4.12)

Proof. 1If h;’s are Lipschitz on [0,00) and smooth except finitely many points, u
given by (4.10) fulfills the regularity assumptions of Theorem 3.1. Then by Theorem
3.1 and Lemma 4.2 h; must solve (4.11) until the first merging time when h; = h; 1
for some i.

Of course, (4.11) is uniquely solvable until the first merging time. If h;’s merges
at some time tg, we removes some z;’s and renumber jumps x;’s such that h;(tg) #
hiy1(to) for i = 0,1,...,4y — 2 with ¢y < ¢, Again we are able to solves (4.11).
Repeating this procedure finitely many times, one is able to solve (4.1)-(4.2) uniquely
and globally-in-time. (Since h;’s are bounded, the solution of (4.11) can be extended
unless some h;’s merge.) Since the right hand side of (4.11) is bounded (independent
of t), the solution h;’s must be globally Lipschitz continuous in time. 0

4.4. Constrained gradient system of ordinary differential equations. If
u = u(z,t) is of the form (4.10), then

o(u(t)) =v(ha(t),. .. ha(t), d=L0—2 (> 3)
d+1

G(h1,.. . ha) =Y |hj = hj_1l, ho = g(z0), her = g(z1).
=1

(If £ =2, @(u(t)) = |h1 — ho| and is independent of ¢.) Using this ¢ : RV? — R, we
are able to rewrite (4.11) as

dh

o = = grad. (k) h(t) = (ha(t),.... halt)), (4.13)

where grad, is the gradient of ¢ in RV with respect to the inner product

d

(h, )« = ZLi(hhgi)

i=1
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for g = (91,--.,94) and 7, = (7p,, ..., 7h,). Indeed, by definition,

d
grad, ¢ (h) = (Lil g;i)

i=1

Since gTw(t) = —(mip1(t) —m;(t)), (4.11) is the same as (4.13). This weight is very
natural since our subdifferential of ¢ is taken with respect to L?(Q)-inner product.

Let us summarize what we obtained here.

PROPOSITION 4.4. Assume that M is compact. Let h(t) be a function defined
in Theorem 4.3. Then h solves (4.13) for t before the first merging time.

We expect that in finite time our solution u stops moving. We shall prove such
a phenomena when M = S!. For this purpose we study the large time behavior of
(4.13) assuming that there is no merging of h;’s.

PROPOSITION 4.5 Assume that M is compact. Let h be a global solution of
(4.13) for t € [ty,00) such that no h;’s merge for t € [t.,00). Then

dip(h(t))

pm <0 for t>t,.

/oo(ht,ht)* dt <(h(t,)) and

to

Moreover, there is a subsequence of {u(x,t + t. + k)}32, converges in L? (Q x
(0,1); M) to a piecewise constant stationary solution u, of (4.1) in the sense that
9P, (0p(us)) = 0. Here u(x,t) is defined by (4.12).

Proof. 'We observe that h is smooth for (t.,00). We take inner product of (4.13)
and h; and observe that

(e he)s = =22 n(e)

which yields dy(h(t))/dt < 0 for all ¢t € (t.,00). We integrate over (t.,s) and send s
to infinity to get

[ﬂmwmﬁswwm»

s

since 1 > 0. In particular, (hy):(t) = hi(t + tx + k) converges in L2(0,1) to zero.
Since {hk(t)} C M is bounded for t € (0,1] {hx(t)} has a convergent subsequence.
Since (hg)¢ — 0 in L?(0,1), the limit of {uy} (defined by (4.10) with h; replaced by
hi;) converges to us (by taking a subsequence) which is a stationary solution. (In
this argument there might be a chance that (h; —h;—1)(t) — 0 as t — oo so we rather
use u instead of h). O

4.5. S'-valued problem. We shall study a more detailed dynamics when the set
of constraint M equals the unit circle S! in R2. We first characterize all stationary
piecewise constant solutions. For two vectors in p,q € M we define arg(p,q) =
argp — arg q. The value is taken so that arg(p, q) € (—m, 7).

LEMMA 4.6. Let ug be of the form (4.2) with hY # h, | fori=0,1,...0—2,( > 2
and hy = g(20) and h_; = g(z1). Then uq is a stationary solution of (4.1) (in the
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sense that 9P, (0p(ug)) = 0) if and only if arg(h?,hY_ ) is independent of i =
1,2,...,0—1.

Proof. We may assume ¢ > 3. By elementary geometry we observe that
Tho (m?+1 - m?) =0
is equivalent to say that arg(h?, Y |) = arg(hgﬂ, hY) fori=1,...,0—2. O

0 '%—1

We next study the stability of stationary solutions. For ug in (4.2) we observe that

-1 -1
. 1
pluo) = Y 1 = hi_y| = _2lsin&l, & = 5 arg(h.hf,).
i=1 i=1

Since h) and hY , are fixed by the Dirichlet data, the sum Zf;ll & =: M is con-
stant independent of (&1 ...,&—1) (at least small perturbation of (&1,...,&4)). We
set E(&1,...,8q) = E?:_ll [sing&;| + |sin(A — Z?:1 &), d = £ — 2. By definition
E(&,...,&1) = ¢(ug)/2. If ug is a stationary solution of (4.1), then by Lemma 4.6
we see that & =& = - =& = X — 2?21 &;. The next lemma shows that such
a stationary solution is local maximum of E so in particular it is unstable in all di-
rection. Note that when we discuss the stability it suffices to check Hesse matrix for
grad (= V) instead of grad..

LEMMA 4.7. Assume that d = ¢ —2 > 1. Assume that A # 0 and \/({ — 1) €

(—7/2,7/2]. Then the Hesse matrix V2E at & = (A/({—1),...,\/({—1)) is negative
definite.

Proof. We may assume that A > 0. We differentiate E and observe that

d
VE = (cos&; — cos(A — Zgj));i:l near & and

j=1

~V2E(&) = (0ija+ a)i<ij<a, a=sin(\/(£ — 1)),
where d;; is Kronecker’s delta. Since
(0i;6 + a) = a(d;; + 00;5) with o= (01,...,04) = (1,...,1),
its determinant is easy to calculate. Indeed,
det(d;ja + a) = a® det(8;; + 0305) = a(1 + |o|*) = a®(1 + d).
Thus we conclude that
det((d;5a + a)i<ij<r) >0
for all r = 1,2, ...,d, which implies that —V2E(&y) is positive definite. |

By Lemma 4.7 all piecewise constant stationary solution (except one jump or no
jump solution) are local maximum in a class of piecewise constant functions having
the same location of jump discontinuities. Of course all one jump and no jump
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solutions are isolated global minimizers since each stationary solution has a different
value of energy . Combining Proposition 4.5 and Lemmas 4.6, 4.7, we obtain a full
convergence result.

PROPOSITION 4.8. Assume that M = S' and N = 2. Let u be of the form
(4.10) and h = (hy,...,hge_3) solves (4.13) for t € [t.,00) such that no h;’s merges
for t € [ti,00). Assume that u(z,t.) is not a stationary solution of (4.1). Then
u(x,t) converges to a (piecewise constant) stationary solution with jump discontinu-
ities strictly contained in {x; f;ll. In particular, h; — h;_1 — 0 as t — oo for some
i=1,....,0—1,ast — oo.

4.6. Stopping in finite time.  We continue to study the case when M = S*
with N = 2. We shall prove that our piecewise constant solution u = wu(t) actually
stops moving after finite time and it becomes a stationary solution. For this purpose
we shall rewrite (4.11) by using argument 6;(t) of h;(t). Since

mi+1= (COS 9i+1 — Lsin 9i+1)/Ai+17
m; = (1 — COS 01‘_1, — sin&i_l)/Ai_l

with A; = ((cos€; — 1) + sin? 91-)% if h; = (1,0), we see that
Th; (’I’I’Li+1 - mi) = T(Sin 9i+1/14i+1 + Sin@ifl/Ai,;L)
with 7 = (0,1). Since A? = 4sin?(f;/2), we see that

( ) sin 01‘_._1 sin 92'_1
Th, \ TN —m;) =T N ; .
ha T 2[sin(0;41/2)]  2|sin(6;_1/2)|

For a general h; = (cos8;,sin ;) our calculation shows that

sin(9i+1 — 91) sin(@i_l — 91) }

Th\Mi+1 —My4) =T 0. 0.
e =) {2|sin<—ﬁl+; 51 25 )

Ot — 0 O — 0
=7 {sgn <sin %) cos %

+sgn | sin 0ia — 0 cos 0i1 —0:
& 2 2

with 7 = (—sin6;, cosé;). Since

dh;  do;
at ' dt’
(4.11) becomes
@ = Li_1 sgn | sin i1 = 0: coS i = i
dt (4.14)
( .0 — 9i> i1 — 91} '
+sgn | sin 5 Cos 5

for i = 1,...,£ — 2. If we consider the evolution of u, (4.14) holds until the first
merging times of h;’s. At the merging time we renumber jumps so that renumbered
0;’s solves (4.14) until the next merging time. We set & = (6; — 6;_1)/2 as before.
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THEOREM 4.9 (STOPPING IN FINITE TIME). Assume that N =2 and M = S1.
Let u be the solution of (4.1)-(4.2) of the form (4.10). Then there exists t, > 0 such
that u(x,t) = U(x) for t > t,. with some (piecewise constant) stationary solution of
(4.1).

Proof. We may assume that the initial data is not a stationary solution. Then
there are finitely many times tg < t; < --- < ts, to > 0 such that the set of jump
discontinuities decreases at t;, j = 0,...,s while in [0,%9), [tj,tj+1), (j =0,...,s—1)
and [ts, 00) the set of jump discontinuities is independent of time. (At each t; some h;
merges.) We claim that u(x,ts) = U(x)— some stationary solution so that u(z,t) =
U(z) for ¢ > ts. If u(x,ts) is not a stationary solution, then we have a situation
of Proposition 4.8 with ¢, = t;. By Proposition 4.8 there exists an nonempty set
I'cA={1,...,0—1} that satisfies

tllglo(ol(t) — 02_1(t)) =0 for i€l
()If I # A, then there is ig € I such that either ig + 1 or ig — 1 does not belong to
I. Ifip+ 1 ¢ I, then |df;,/dt| is bounded away from zero for sufficiently large ¢ by
(4.14) since 0;, — 6;,—1 — 0 while ;, 1 — 0;, is bounded away from zero. Similarly, if
iop — 1 ¢ I then |dbf;,—_1/dt| is bounded away from zero for sufficiently large ¢. In both
cases these properties contradict the convergence of h;, or h;, , as t — oco. So this
case does not occur.

(i)If T = A, then g(z9) = g(21). Then there is some iy € A such that sgnsing;, > 0
and either sgnsin&; 1 > 0 or sgnsing;,—1 > 0. Note that sgnsin&; +1(t) is indepen-
dent of t > t.. By (4.14) either |df;,/dt| or |d6;,—1/dt| is bounded away from zero for
large ¢. This property contradicts the convergence of h;, or h;,—; as ¢ — oo. So this
case does not occur neither.

We thus conclude that u(zx,ts) = U(x). u]

REMARK 4.10. The stationary solution U(x) we obtain at ¢, is not necessarily
one jump or no jump solution. Here is a simple example. We set

h$ = (0,—1), h3 = (0,1), hY = (cosBy,sinby), hY = (cos by, — sin )

with ¢ =4 and 6y € (0,7/2). Assume that the initial data ug is given by (4.2) with
these h{’s and that Lo = L; = Ly = L3. Then the solution u(z,t) becomes

hg, T € (.Io,ﬂfl),
U(z) = (1,0), € (z1,z3),
h3, x € (x3,24)

at the first merging time which is a stationary solution.

Although all piecewise constant stationary solution (except one or no jump solu-
tion) are local maximum in a class of piecewise constant functions having the same
location of jump discontinuities, it may be attained at the merging time of evolution
as this example shows.
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5. Numerics and simulations.

5.1. Numerical scheme. In this section we concentrate on the special situation
wheren = 1, N = 2 and M = S' as was argued in the last part of the previous section.
We assume Q = (0, 1) for simplicity, and consider the angle variable § = 6(x) whose
values are restricted to the interval (—m,7]. Using this variable we formally rewrite
the energy functional (1.1) as follows,

Elf) = /01[|VC089|2 -V sin 023 da (5.1)

Although (5.1) seems to be deformed to the simpler form
E[f] = /01 |VO|dx (5.2)
by the formal calculation Vcosf = —sinf - VO and Vsinf = cosf - VO, we do not

adopt (5.2) because this cannot count the energy correctly when the discontinuity
exists. The energy (5.1) measures the variation by the natural metric in R2-space
where S! is embedded, while (5.2) sums up the variation along the arc of S'. The
energy (1.1) does require the former type (5.1) of measurement. Note that (5.1) and
(5.2) are the same as long as 6(z) is continuous.

In order to construct our numerical scheme, we first discretize the energy func-
tional (5.1) in the space variable. Let us approximate an arbitrary function by the
piecewise constant function expressed in the form

O(x)=06; for x € (x;—y,z;) (F=1,2,...,1)

where x; = idx (i = 0,1,...,I) and éx = 1/I. For such functions, we define an
energy functional

=

I
E[0] = Z [(cos@; — cos ;1) + (sin; —sin6;_1)*] *,
=2

by evaluating the variations across the jump points. Note that it is equivalent to

I 2 . . 273
cos; — cosb;_q sinf; — sinf;_1
E|9] = Ittt S Ve T Yl )
[0] = oz g l( 5 ) —|—< 52 ) ]

i=2
which is a formal approximation of the energy form (5.1). The partial derivative with
respect to 6; is easily obtained as follows,

OF o sin (01 — 01'_1) sin (9@.;,.1 — 91)

00; R; R ’

1
where R; = [(cos 0; — cos;_1)% + (sinf; — sin Oi_l)Q] 2. Using this formula, we ob-
tain a formal expression of the gradient system
do; OF

(S.TE = 8_01-’

thus
d&l 1 sin (9i+1 — 91) _ sin (91 — 91',1)

dt oz Rty R;
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Note that 6; and 6; are fixed to some values since we adopt the Dirichlet boundary
conditions in this paper, and the modification to Neumann boundary condition is
straightforward.

Although the formula (5.3) is quite similar to (4.14), there is an essential difference
between them. The equation system (4.14) is not an usual ordinary equation system,
but a reducing ODE system which means that the dimension of phase space (the
number of 6;’s) reduces when the height of the adjacent plateaus coincide as time
passes. In this process the plateaus join and increase their sizes, thus (4.14) includes
the sizes L;’s in its expression. On the other hand, in the equation system (5.3) the
number of small intervals I (i.e. the number of variables) does not change and their
size is always dx even after the merging of plateaus. The equation system (5.3) is
designed to solve the equation (1.5) numerically as a PDE system whose initial data
might be other type of functions than piecewise constant ones as will be shown in
Fig.5 and Fig.6.

Now let us give a numerical scheme using the equations (5.3) by discretizing
the time variable ¢ with the uniform mesh size §t. Numerical solution is denoted
by 67 which expresses a value of # in the interval (x;_1,z;) and at the time t" =
ndt. Singular diffusivity (i.e. infinitely large diffusivity) is replaced by the very
large diffusivity using the method proposed in [KG]. In addition the sine function
is rewritten as shown below in order to design an implicit scheme yielding the linear
equation system. We propose a numerical scheme as follows.

ezn _9?71 _ 1 Rnfl enfl 97171 2 n—1 n o 2 n—1
st E[Xv( i+1 )f( i+1 — Y T a0 ) i+1 — Y — 7T0i+1)

X (BP0 = 075 = 2m07 7 )(0F — 07y — 2m07 )] (5.4)

i

where x is a cut-off inverse function defined by

_J o 0<E< 1/,

with a large positive number v, and f(§) = sin&/€. The integer 0’,?_1 =0, %1 is taken
so that the relation |07 ~! — 677! — 2707 ~!| < 7 holds. The notation R} ' indicates
R; at the time step t" 1.

We obtain the linear equation system to be numerically solved as follows,

— A6 |+ B67 — Ci07,, = D;

where

1

A= —x (BP0 = 05 — 21077,
ox
1 n— n— n— n—

Ci= EX’Y(RiJrll)f(eiJrll —0; T 27T0i+11)7
1

B == +Ai+C,
5 + +
1

D, = gﬁ?_l + 2#0;1_1141- — 27raf+_11Ci.

Do not forget to make newly obtained 01’s lie in the interval (—m, ] by adding ap-
propriate corrections 27 x (integer) on every time step.
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5.2. Simulations. Several simulations are performed using the numerical
scheme (5.4), and we mostly handle the situation which was analyzed in the section
4 whose initial data is a piecewise constant functions (thus the solution is piecewise
constant all through the evolution process). In the last part, two examples with the
smooth initial data will be presented. Before going to demonstrate our numerical
results, we give explanations of the panels (a)-(d) in Fig.1 - Fig.4. The panel (a)
shows a profile of the initial data which is a piecewise constant function. Positive
integers are given as indices of the plateaus in the initial data. The panel (b) is a
plot of the initial data in the u-plane. Large white makers express the plateaus which
are movable along the unit circle, while small black ones correspond to the plateaus
which are fixed to the points determined by the Dirichlet conditions. The final data
is presented in the panel (c) in the same way with the panel (b). The panel (d)
is a graph of the orbits of the plateaus’ evolution, where each number on the orbit
represents the corresponding initial plateau. The notation, for example, 2 + 3 means
that the initial plateaus with the indices 2 and 3 merged at some time and act as a
one plateau at that moment. The computational parameters are taken as follows in
all the simulations; I = 400 (6x = 0.0025), v = 1.0 x 10° and §t = 5.0 x 10~%.

Fig.1 shows a simple example in which only one plateau is movable and the exact
solution is explicitly calculated using (4.14). By setting the angle of the central plateau
0(t) we have an ODE

db .0 6
L% = —2sgn (sm 5) cos 5 (5.5)

for the initial angle §°(# 0, 7). It is clear that both of # = 0 and § = 7 are stationary
solutions and the former is stable while the latter is unstable. The exact solution of
(5.5) is obtained in the inverse function form

L 1+sin? 1+Sin£
2 2
1+sin%

The final state § = 0 is attained at the time ¢, = % ‘log . The graph of this

—sin %
exact solution (5.6) with L = 0.6 and §° = 57/6 is drawn in the panel (d), and it
agrees with the numerical solution within the graphical resolution. The convergence
property is confirmed by controlling the values of 6t and dx. Fig.2 presents another
example which admits an exact solution. In this case the equation for the central
plateau is

do 0
LE = v/2sgn(cos 0) sin 2
and its exact solution is
y L 1—cosg 1 1—005%
= —|log——= —log ———=|.
V2 g1—|—cosg gl—l—cos%

This solution is also drawn in the panel (d) which agrees with the numerical data
with high accuracy.

In Fig.3 and Fig.4, the destabilization of stationary solutions and the following
evolution are presented. By the lemma 4.6, a stationary solution must have a uniform
gap in @ at each jump point as long as we consider piecewise constant solutions.



ON CONSTRAINED EQUATIONS WITH SINGULAR DIFFUSIVITY 271

The initial data of the simulation shown in Fig.3 is slightly fluctuated from the
step-like stationary solution as is described in the figure and its caption. Then the
solution #(x,t) must start to deviate from the stationary solution as the lemma 4.7
claims. Actually it does, and the plateaus sequentially join to reduce their number to
the final value 2. The whole evolution process is presented in the panel (d). In this
simulation, the only discontinuity in the final state locates at the point between the
third and fourth plateau in the initial data. The position of the final discontinuity
depends sensitively on the fluctuation added to the initial data. We can easily see
the change of the total variation in this evolution process. The total variation of the
initial data is close to 16 sin {5 since all the gaps of 6 at the 8 discontinuous points are
approximately &, while the total variation in the final state equals to 2sin § = V3.
Note that the continuous solution changing linearly from —27/3 to 27 /3 is obtained
in the final state if we solve the constrained diffusion equation from the same initial
data.

In the simulation shown in Fig.4, the initial state is also a slightly fluctuated step-
like function. The gap of € at each jump point of the stationary solution is 47 /5 in this
case. This stationary solution turns around the origin twice exactly, and consequently
the Dirichlet data at the both ends coincide as is indicated by the star shape in the
panel (b). Adjacent plateaus fuse to form a new one plateau until the solution reaches
the final state which is constantly 97/10 as presented in the panel (d). If we solve
the diffusion equation with this initial data, the final state is continuous and turns
around the origin twice. Actually the rotation number around the origin is conserved
in the diffusion equation’s case, while our equation may reduce it.

In Fig.5 we presents an evolution of the solution whose initial data is given by the
linear function with small noises (the 1st panel). It takes long for the initial smooth
data to destabilize, actually the linear profile looks almost unchanged until the time
t = 9.0. However, once discontinuities become observable (the 2nd), the gap at the
jump point grows rapidly (the 3rd) until the solution exhibit a piecewise constant
profile (the 4th). Then the solution reach the final solution which has only one jump
point (the 5th).

The final simulation is given in Fig.6 whose initial data is smooth function with
convex parts and concave parts (the 1st panel). Such convex or concave part is quickly
flattened (the 2nd), and consequently the solution becomes monotone function with
plateaus (the 3rd). Then the process drastically slow down, and the profile is kept
for long time. Finally the discontinuities appear in the non-flat part (the 4th), and
the solution changes to the piecewise constant function. The final state is essentially
the same with the previous simulation except for the position of the jump point (the
5th).
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F1a. 1. Dirichlet data at the both ends are set to 0. In the initial data, the number of plateau
is 3, the value of 0 is 57/6 in the central interval whose length is 0.6.
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FiG. 2. Dirichlet data at the left end is set to —m/2 and the one at the right is set to w/2. In
the initial data, the number of plateau is 3, the value of 6 is w/9 in the central interval whose length

15 0.6.
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Fic. 3. Dirichlet data at the left end is set to —27/3 and the one at the right is set to 27/3.
In the initial data, the number of plateau is 9, the value of 0 is (k — 5)7w/6 + ay, in the k-th interval
whose length is 1/8 fork =2,...,8 and 1/16 for k = 1,9. The sequence {ax} (k=2,...,8) is given
by small random numbers.
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Fic. 4. Dirichlet data at the both end is set to pw/10. In the initial data, the number of plateau
is 6, the value of 0 is (8k+1)mw/10+ay (restricted to the interval (—m,m)) in the k-th interval whose
length is 1/5 for k = 2,...,5 and 1/10 for k = 1,6. The sequence {ar} (k =2,...,5) is given by
small random numbers.
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F1G. 6. Dirichlet data at the left end is set to —2m/3 and the one at the right is set to 27 /3.
The wnitial data is given by 0(z) = 2?" (2z — 1) + 2sin4rz + 0.3sin 7wz + noise.
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