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BLASCHKE PRODUCTS WITH DERIVATIVE IN FUNCTION SPACES

David Protas

Abstract

Let B be a Blaschke product with zeros fang. If B 0 A Ap
a for certain p and a,

it is shown that
P

nð1� janjÞb < y for appropriate values of b. Also, if fang is

uniformly discrete and if B 0 A Hp or B 0 A A1þp for any p A ð0; 1Þ, it is shown thatP
nð1� janjÞ1�p < y.

1. Preliminaries

If f is analytic in the open unit disc U and 0 < p < y, then

Mpðr; f Þ ¼
1

2p

ð2p
0

j f ðreitÞjp dt
� �1=p

is defined for each positive r < 1. The Hardy space Hp is the set of all functions
f analytic in U for which k f kH p ¼ sup0<r<1 Mpðr; f Þ is finite. Let dAðzÞ denote
Lebesgue area measure. If f is analytic in U , 0 < p < y and a > �1, then f is
said to be in the space Ap

a if

k f kAp
a
¼ 1

p

ðð
U

j f ðreitÞjpð1� rÞa dAðzÞ
� �1=p

is finite. Put Ap ¼ A
p
0 .

If fang is a sequence of complex numbers such that 0 < janj < 1 for all n ¼
1; 2; . . . and

Py
n¼1ð1� janjÞ < y, the Blaschke product

BðzÞ ¼
Yy
n¼1

an

janj
an � z

1� anz

is an analytic function in U with zeros fang. A sequence fang of points in U is
said to be separated or uniformly discrete if there is a constant d > 0 such that
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rðam; anÞb d for all m0 n, where r is the pseudohyperbolic metric in U and is
given by

rðz;wÞ ¼ z� w

1� wz

����
����; z;w A U :

The sequence fang is said to be uniformly separated if there is a constant d > 0
such that

inf
n

Y
m0n

rðam; anÞb d:ð1Þ

A Blaschke product whose zeros are uniformly separated is called an interpolat-
ing Blaschke product. It is clear that uniformly separated sequences form a
proper subset of the set of all uniformly discrete sequences.

We will be considering the relationship between the condition
P

nð1� janjÞb
< y and the inclusion of B 0 in various spaces Ap

a and Hp. Since we are
interested only in infinite Blaschke products, we can restrict our attention to
0 < ba 1.

For any hðrÞb 0, we write hðrÞ ¼ oð1=ð1� rÞ lÞ if limr!1� hðrÞð1� rÞ l ¼ 0,
and hðrÞ ¼ Oð1=ð1� rÞ lÞ if hðrÞð1� rÞ l is bounded for r A ð0; 1Þ. Also, we write
K1 0K2 if there exists a constant C > 0 such that K1 bCK2, and we write
K1 � K2 if K1 0K2 and K2 0K1.

2. Blaschke sequences

In [9], H. Kim proved that if a > �1, maxððaþ 2Þ=2; aþ 1Þ < p < aþ 2,
and B is a Blaschke product with zeros fang such that

X
n

ð1� janjÞ2�pþa < y;

then B 0 A Ap
a . In the opposite direction, P. Ahern and D. Clark proved in [4]

that if �1 < a < �1=2, p ¼ 1, and B 0 A Ap
a , then

P
nð1� janjÞb < y for all b >

ð1þ aÞ=ð�aÞ. We generalize this to other values of p.

Theorem 1. Suppose �1 < a < �1=2, 3=2þ a < pa 1, and B 0 A Ap
a . ThenX

n

ð1� janjÞb < yð2Þ

for all b >
2� pþ a

p� a� 1
.

Proof. Note that for pa 1 and �1 < a < �1=2, we have p > 3=2þ a if

and only if
2� pþ a

p� a� 1
< 1. Thus, condition (2) is stronger than fang just being
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a Blaschke sequence. Following Ahern and Clark, we let b0 ¼ inffb :
P

nð1�
janjÞb < yg. Pick any b such that b0 a ba 1 and

P
nð1� janjÞb < y, and let

rn ¼ ð1� janjÞb�1. Then rn b 1 for all n ¼ 1; 2; . . . . Also, e0 1
Q

n janj
rn > 0

since
P

rnð1� janjÞ ¼
P

nð1� janjÞb < y. For each n ¼ 1; 2; . . . , set BnðzÞ ¼Qn�1
j¼1 ðz� ajÞ=ð1� ajzÞ. Note that

r� jaj j
1� jaj jr

b jajjrj , rb
jajj þ jaj jrj

1þ jajjrjþ1
;

0 < r < 1. We put rj ¼ ðjajj þ jajjrj Þ=ð1þ jajjrjþ1Þ. Then for each n ¼ 1; 2; . . . ,

jBnðzÞjb
Yn�1

j¼1

jzj � jajj
1� jajj jzj

b
Yn�1

j¼1

jaj jrj b
Yy
j¼1

jaj jrj ¼ e0

for all z such that jzjb rn�1 since frjg will be an increasing sequence if we
assume, as we can, that fjajjg is increasing. As pointed out by Ahern and Clark
in [4],

1� jBðzÞj2

1� jzj2
¼
X
n

jBnðzÞj2
1� janj2

j1� anzj2

for any Blaschke product B. Also, Ahern proved in [2] that B 0 A Ap
a if and only

if ð1
0

ð2p
0

1� jBðreiyÞj
1� r

� �p

ð1� rÞa dydr < y;ð3Þ

for a > �1 and p > 1þ a. In addition, we will use the relation (see [14, p. 226])ð2p
0

1

j1� reiyjx dy � 1

ð1� rÞhðxÞ
ð0 < r < 1Þ

where hðxÞ ¼ maxð0; x� 1Þ and x A ð0; 1ÞU ð1;yÞ.
Now since 1=2 < pa 1,

ð1
0

ð2p
0

1� jBðreiyÞj
1� r

� �p

ð1� rÞa dydr
� �1=p

0
ð1
0

ð 2p
0

X
n

jBnðreiyÞj2
1� janj2

j1� anreiyj2

 !p

ð1� rÞa dydr
( )1=p

b
X
n

ð1
0

ð2p
0

jBnðreiyÞj2p
ð1� janj2Þp

j1� anreiyj2p
ð1� rÞa dydr

( )1=p

b
X
n

ð1
rn

ð2p
0

jBnðreiyÞj2p
ð1� janjÞp

j1� anreiyj2p
ð1� rÞa dydr

( )1=p
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0
X
n

ð1� janjÞ
ð1
rn

ð1� rÞa
ð2p
0

1

j1� anreiyj2p
dydr

( )1=p

0
X
n

ð1� janjÞ
ð1
rn

ð1� rÞa

ð1� janjrÞ2p�1
dr

( )1=p

0
X
n

ð1� janjÞ
ð1
rn

ð1� rÞa

ðð1� janjÞ þ ð1� rÞÞ2p�1
dr

( )1=p

:

But letting dn ¼ 1� janj, we haveð1
rn

ð1� rÞa

ðdn þ ð1� rÞÞ2p�1
dr ¼ dn

ðð1�rnÞ=dn

0

d a
n t

a

ðdn þ dntÞ2p�1
dt

¼ d 1þa�ð2p�1Þ
n

ðð1�rnÞ=dn

0

ta

ð1þ tÞ2p�1
dt

b d 2þa�2p
n

ðð1�rnÞ=dn

0

ta

2
dt

¼ ð1� rnÞaþ1
d 1�2p
n

2aþ 2

since ð1� rnÞ=dn a 1. As shown in [4], 1� rn b
1
4 d

1þb
n . Thus,ð1

0

ð2p
0

1� jBðreiyÞj
1� r

� �p

ð1� rÞa dydr
� �1=p

0
X
n

ð1� janjÞð2�pþabþaþbÞ=p:

Since B 0 A Ap
a , the last series must converge, and so 2� pþ ab þ aþ bb pb0.

Letting b ! b0, we get 2� pþ ab0 þ aþ b0 b pb0. This implies that b0 a
2� pþ a

p� a� 1
. Thus,

P
nð1� janjÞb < y for all b >

2� pþ a

p� a� 1
. r

Theorem 1 does not directly handle Bergman spaces, Ap. However, if
B 0 A Ap for some p A ð3=2; 2Þ, then B 0 A Hp�1 (see the discussion after the proof
of Theorem 3), and so

P
nð1� janjÞð2�pÞ=ðp�1Þ < y by a result of Ahern and

Clark in [3].

3. Uniformly discrete sequences

In [9], Kim observed that if B is a Blaschke product with zeros fang such
that X

n

ð1� janjÞ2�p < y;ð4Þ
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then B 0 A Ap, 1 < p < 2. In the opposite direction, D. Girela, J. Peláez and D.
Vukotić proved in [8] the following result.

Theorem A. Suppose B is a Blaschke product with zeros fang that are
uniformly separated. If B 0 A Ap, then condition (4) holds, 1 < p < 2.

In [12], it was proven that if B is a Blaschke product with zeros fang such
that X

n

ð1� janjÞ1�p < y;ð5Þ

then B 0 A Hp, 1=2 < p < 1. On the other hand, W. Cohn proved in [6] the
following result.

Theorem B. Suppose B is a Blaschke product with zeros fang that are
uniformly separated. If B 0 A Hp, then condition (5) holds, 0 < p < 1.

Actually, Cohn states this result only for 1=2 < p < 1, but his proof clearly
holds for the larger range of p.

In [10], M. Kutbi, proved for any Blaschke product B with zeros fang that ifP
nð1� janjÞa < y, thenð2p

0

jB 0ðreitÞjp dt ¼ o
1

ð1� rÞpþa�1

 !
;ð6Þ

0 < a < 1=2 and p > 1� a. This implication was extended in [13] to the case of
1=2 < aa 1 and pb a. Also in [13], the following was proved.

Theorem C. Let B be a Blaschke product with zeros fang that are uniformly
separated, and suppose 0 < a < 1. Suppose there exists a positive number p such
that ð2p

0

jB 0ðreitÞjp dt ¼ O
1

ð1� rÞpþa�1

 !
;ð7Þ

where p > 1� a if 0 < aa 1=2 and pb a if 1=2 < a < 1. Then,
P

nð1� janjÞa
0

< y for all a 0 > a.

It is the purpose of this section to extend Theorem A, Theorem B, and
Theorem C to cover Blaschke products whose zeros are uniformly discrete. This
will be done using the following recent result by A. Aleman and D. Vukotić,
which appears in a more generalized form as Theorem 2(ii) in [5].

Theorem D. Let B be a Blaschke product with zeros fang that are uniformly
discrete. Suppose 1=2 < pa 1 and �1 < a < 2p� 2. If B 0 A Ap

a , thenX
n

ð1� janjÞ2�pþa < y:ð8Þ
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We note that in Theorem 3 of [13], the condition p > ðaþ 2Þ=2 for a < 0 is
mistakenly omitted when stating that (8) implies B 0 A Ap

a .

Theorem 2. Suppose B is a Blaschke product with zeros fang that are
uniformly discrete. If B 0 A Ap, then condition (4) holds, 1 < p < 2.

Proof. In Theorem 5.1 of [1], Ahern proved that B 0 A Ap if and only if
B 0 A A1

1�p, 1 < p < 2. We now are able to apply Theorem D since �1 < 1� p
< 0. Condition (4) holds since 2� 1þ ð1� pÞ ¼ 2� p. r

Theorem 3. Suppose B is a Blaschke product with zeros fang that are
uniformly discrete. If B 0 A Hp, then condition (5) holds, 0 < p < 1.

Proof. In Theorem 6.1 of [1], Ahern proved for 0 < p < 1 thatð1
0

jB 0ðreitÞjð1� rÞ�p
dra

4

pð1� pÞ jB
0ðeitÞjp:

Thus, B 0 A Hp implies that B 0 A A1
�p. As in the last proof, it follows that (5)

holds. r

We should note that Theorem 5.1 and Theorem 6.1 from [1] combine
together to prove that B 0 A Hp implies B 0 A Apþ1 for all 0 < p < 1. On the other
hand, Theorem 5.1 and Theorem 6.2 from [1] prove that B 0 A Apþ1 implies
B 0 A Hp for all 1=2 < p < 1. This last implication does not extend to 0 < p < 1,
as shown for p ¼ 1=2 by Ahern and Clark in [4] and for 0 < pa 1=2 by Peláez
in [11]. Thus, Theorem 2 implies Theorem 3, but Theorem 3 does not imply
Theorem 2 for the full range of values of p.

In [3], Ahern and Clark proved that if B is any Blaschke product with
B 0 A Hp, then every subproduct of B has its derivative in Hp, 0 < p < 1. We
will also need the corresponding result for Ap

a spaces.

Lemma. For any a > �1 and p > 1þ a, if B is a Blaschke product such that
B 0 A Ap

a , then every subproduct of B also has its derivative in Ap
a .

Proof. Suppose B 0 A Ap
a and ~BB is any subproduct of B. Then condition (3)

holds for B, and so also for ~BB. Thus, ~BB 0 A Ap
a . r

It follows easily from the lemma and from Ahern and Clark’s result that
Theorem 2 and Theorem 3 can be extended to Blaschke products whose zeros are
thought of as unions of finitely many uniformly discrete sequences. Whether the
content of each theorem can be extended to any even larger class of sequences
of zeros is an open question. We note that some condition on a sequence fang
beyond it being a Blaschke sequence is necessary; in [3], Ahern and Clark show
that for each p A ð1=2; 1Þ there exists a Blaschke product B such that B 0 A Hp butP

nð1� janjÞb ¼ y for all b < ð1� pÞ=p.
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Theorem 4. Let B be a Blaschke product with zeros fang that are uniformly
discrete, and suppose 0 < a < 1. Suppose there exists a positive number pa 1
such that ð2p

0

jB 0ðreitÞjp dt ¼ O
1

ð1� rÞpþa�1

 !
;ð9Þ

where p > 1� a if 0 < aa 1=2 and p > a if 1=2 < a < 1. Then,
P

nð1� janjÞa
0

< y for all a 0 > a.

Proof. For all a 0 > a,ð2p
0

jB 0ðreitÞjpð1� rÞpþa 0�2
dt ¼ Oðð1� rÞa

0�a�1Þ:

Then, ðð
U

jB 0ðreitÞjpð1� rÞpþa 0�2
dA < y

since a 0 � a > 0. Notice that for any 0 < a < 1, we have p > a. So, without
loss of generality, we can assume that a 0 < p. Then in all cases, 1=2 < pa 1
and �1 < pþ a 0 � 2 < 2p� 2. Thus, Theorem D applies, and we conclude thatP

nð1� janjÞa
0
< y. r
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