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MINIMAL SUBMANIFOLDS WITH FLAT NORMAL BUNDLE
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Abstract

Let M" (n<7) be an n-dimensional complete immersed super stable minimal
submanifold in an (n+ p)-dimensional Euclidean space R”*? with flat normal bundle.
We prove that if the second fundamental form A of M satisfies [, |4]* < oo, then M is
an affine n-dimensional plane.

1. Introduction

Let M" be an n-minimal submanifold in R"”. Denote by |4| the norm of
the second fundamental form of M.
When p=1, M is said to be stable if
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Let us recall that the well-known Bernstein’s theorem asserts that an entire
minimal graph M” < R"*! must be linear if n <7. Moreover, the dimension
restriction is necessary as indicated by the examples of Bombieri, De Giorgi
and Giusti. Because of the stability of minimal entire graphs, one is naturally
led to the generalization of the classical Bernstein theorem to the question of
asking whether all stable minimal hypersurfaces in R"*! are hyperplanes when
n<T.

It is known that a complete stable minimal surface in R® must be a plane,
which was proved by do Carmo and Peng, and Fischer-Cobrie and Schoen
independently [2, 4]. Do Carmo and Peng [3] showed that if M is a stable
complete minimal hypersurface in R"*! and
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then M is a hyperplane. Shen and Zhu [7] showed that if M" is a complete
stable minimal hypersurface in R”*! with finite total curvature, that is,

[ 1< e
M

then M is a hyperplane.
When p > 1, Spruck [9] proved that for a variation vector field £ = fv, the
second variation of Vol(M,) satisfies

d> Vol(M,)
= | v -1anr),

where v is the unit normal vector field and f e C°(M). Motivated by this,
Wang introduced the concept of super stability for minimal submanifolds [10].
M is said to be super stable if

(12) 0< JM(IVf|2 — AP, ¥ e CR(M).

When p =1, the definition of super stability is exactly the same as that of
stability and the normal bundle is trivially flat. Wang [10] proved that a
complete super stable minimal submainfold in R"*” with finite total curvature
is an affine plane. Because the normal bundle becomes complicated in higher
codimension, we consider the simplest case when the normal bundle is flat.
Recently Smoczyk, Wang, and Xin [8] proved a Bernstein type theorem for
minimal submanifolds in R"™” with flat normal bundle under a certain growth
condition. Seo [6] showed that if M is a complete super stable minimal sub-
mainfold in R"*” with flat normal bundle and |, |A]* < 40, then M is an affine
plane.

Now we study super stable minimal submanifolds in R”™” with flat normal
bundle. Our main results in this paper are stated as follows.

THEOREM 1.1. Let M" (n <7) be a super stable complete immersed minimal
submaifold in R"? with flat normal bundle. If

1 2
lim—J AP =0, q<\/:,
R RV Jpop) sr) . n

then M is an affine n-dimensional plane.

CorROLLARY 1.2. Let M" (n<7) be a super stable complete immersed
minimal submaifold in R™? with flat normal bundle. If

J |4} < +o0,
M

then M is an affine n-dimensional plane.
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Remark 1.3. When n=3 and p =1, Li and Wei proved Theorem 1.1 and
Corollary 1.2 in [5].

2. Proof of the theorems

We follow the notations of Chern-do Carmo-Kobayashi [1].

Let M" be an n-minimal submanifold in R"”. We choose an orthonormal
frame ey, es,. .., e, in R"™ such that, restricted to M, the vectors ey, es, ..., e,
are tangent to M. And we shall denote the second fundamental form by h“
Then we have |A|? = > (h%)* and

ij
2.1) 2/ A|AJA] +2[VIA| ] = A4 =2 (h7)* +2) (h)Ah.
By Chern-do Carmo-Kobayashi ([1], (2.23)), we have

Z(h;)Ah; = —Z( z/ch,lzi hh; )(hz?;h/[/i hg Zh huhﬁhﬂ

Since M has flat normal bundle, we have hlkhﬁ h_/?,‘{hgc = 0. Therefore, we

obtain
> (h)ARE = =" hhiihlh)).

For each «, let H, denote the symmetric matrix (/7), and set S,3 = Zh“hﬂ
Then the (p x p) matrix (S,z) is symmetric and can be assumed to be dlagonal

for a suitable choice of e,;i,...,e,,. Thus we have
2
(2.2) S hpAny=-=3"87 = Z(Z(h;f) .
o i,j
Moreover

(23) A1 = (14P) (ZZ : ) > Z<Z<h;>2>2.

o ij
Hence from (2.1), (2.2) and (2.3) we have
204|AlA| +2|V|A| > > 2> (h3)* — 2|4

Since Z(hgk)2 = |VA|*, we get
(2.4) A[AA] + |VI4]|* = [VA]* — 4]

From (2.4) and curvature estimate by Y. Xin ([11], Lemma 3.1), we obtain

(2.5) AIALA] + 141 = Z|v]4]
n
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Proof of Theorem 1.1. Let ¢ >0 and f e Cy°(M). Multiplying (2.5) by
|41%f? and integrating over M, we obtain

2
;J \V\AIIZIAIZ"fZSJ |A|4+2qf2+J A7 244
M M M

=j |A|“+2qf2—2J AP (V4]
M M

~ Qg+ )| Pl
M
which gives
2
20 (Gr2et) [ vy < [ a2 Lo viap.
n M M M
Using the Cauchy-Schwarz inequality, we can rewrite (2.6) as
2 . 1
a1 (Beast=o) [ WAIPAPY < [ a2y el [ ape
n M M &M
for some positive constant e.
On the other hand, replacing f by |A|(l+q)f in the super stability inequality

(1.2), we have

(2.8) (1+g)1 +q+e>j 1V]4] 241272
M
Z J |A|4+2qf2 _ <1 + 1 +q)J |A|2<q+l)|Vf|2.
M e M

2
Subtracting (2.8) x (Z +2¢+1-— £> from (2.7) x (14+¢)(1 +¢g+e¢), it yields
that

29) 2o o |

1 e (2
< M(_+3q+2_8)J |A|2<q+l)|Vf\2.
& n M

. 2 .. 2
Taking g < \/;, it is easy to see that a ¢*> >0, and then we can choose ¢ > 0
2
sufficiently small so that ;—qz —(24¢)e>0. It follows from (2.9) that for

2
q < P the following inequality holds:
(2.10) [l < e P
M M

where C) is a constant that depends on n, ¢ and gq.
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Before going on our estimates, let us recall the Young’s inequality:

‘a’ 11
RS VR}
st

2.11
( ) ab < e ;

where f# > 0 is arbitrary and 1 <s< oo, I <t<oo. Letr, 0<r<2+2q, bea
number yet to be determined. By using (2.11), we obtain

.2 2
(2.12) AP = (IAF”" ﬂ) =/ <|A|2”‘”|A|’ % )

12 12
t

s ‘ » —rb; |Vf|2
< 2 ﬁ_ A s(2+2q—r) ﬁ A r )

_f<s| R L=

We now choose r to satisfy the following equations:
I 1
s2429—r)=4+2q, rt=3, E+;=1.

This is indeed possible, and the solution is

P s=14-2 i=tig Lo <\/§
Tlt2g YT -1 T2 sy
By use of these values and the fact that § may be made small, from (2.10) and
(2.12) we obtain
S\
f2q—1 ’

where C, is a constant that depends on n, ¢ f and ¢. Now we use the
arbitrariness of f to replace f by f!/>*7 in (2.13) and obtain

(2.13) J |A|4+2‘1f25C2J 1Al
M M

(2.14) J |A|4”‘ff‘+2qscaj VIR
M M

Let f be a smooth function on [0, c0) such that f >0, f =1 on [0,R] and f =0
2
in 2R, 00) with |f/| < z Then considering f o r, where r is the function in the

definition of B(R), we have from (2.14)

4G
2.15 AP <
@15 [RCEE

[T—E
BQR)\B(R)

. . 1
Let R — 400, by assumption that limg_,, ij(2R>\B(R) |4 = 0, from (2.15)

we conclude |4| =0, i.e., M is an affine plane. O
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