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MINIMAL SUBMANIFOLDS WITH FLAT NORMAL BUNDLE

Hai-Ping Fu

Abstract

Let Mn ðna 7Þ be an n-dimensional complete immersed super stable minimal

submanifold in an ðnþ pÞ-dimensional Euclidean space Rnþp with flat normal bundle.

We prove that if the second fundamental form A of M satisfies
Ð
M
jAj3 < y, then M is

an a‰ne n-dimensional plane.

1. Introduction

Let Mn be an n-minimal submanifold in Rnþp. Denote by jAj the norm of
the second fundamental form of M.

When p ¼ 1, M is said to be stable if

0a

ð
M

ðj‘f j2 � jAj2f 2Þ; Ef A Cy
0 ðMÞ:ð1:1Þ

Let us recall that the well-known Bernstein’s theorem asserts that an entire
minimal graph Mn HRnþ1 must be linear if na 7: Moreover, the dimension
restriction is necessary as indicated by the examples of Bombieri, De Giorgi
and Giusti. Because of the stability of minimal entire graphs, one is naturally
led to the generalization of the classical Bernstein theorem to the question of
asking whether all stable minimal hypersurfaces in Rnþ1 are hyperplanes when
na 7.

It is known that a complete stable minimal surface in R3 must be a plane,
which was proved by do Carmo and Peng, and Fischer-Cobrie and Schoen
independently [2, 4]. Do Carmo and Peng [3] showed that if M is a stable
complete minimal hypersurface in Rnþ1 and

lim
R!y

1

R2þ2q

ð
Bð2RÞnBðRÞ

jAj2 ¼ 0; q <

ffiffiffi
2

n

r
;
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then M is a hyperplane. Shen and Zhu [7] showed that if Mn is a complete
stable minimal hypersurface in Rnþ1 with finite total curvature, that is,ð

M

jAjn < þy;

then M is a hyperplane.
When pb 1, Spruck [9] proved that for a variation vector field E ¼ f u, the

second variation of VolðMtÞ satisfies

d 2 VolðMtÞ
dt2

b

ð
M

ðj‘f j2 � jAj2f 2Þ;

where u is the unit normal vector field and f A Cy
0 ðMÞ. Motivated by this,

Wang introduced the concept of super stability for minimal submanifolds [10].
M is said to be super stable if

0a

ð
M

ðj‘f j2 � jAj2f 2Þ; Ef A Cy
0 ðMÞ:ð1:2Þ

When p ¼ 1, the definition of super stability is exactly the same as that of
stability and the normal bundle is trivially flat. Wang [10] proved that a
complete super stable minimal submainfold in Rnþp with finite total curvature
is an a‰ne plane. Because the normal bundle becomes complicated in higher
codimension, we consider the simplest case when the normal bundle is flat.
Recently Smoczyk, Wang, and Xin [8] proved a Bernstein type theorem for
minimal submanifolds in Rnþp with flat normal bundle under a certain growth
condition. Seo [6] showed that if M is a complete super stable minimal sub-
mainfold in Rnþp with flat normal bundle and

Ð
M
jAj2 < þy, then M is an a‰ne

plane.
Now we study super stable minimal submanifolds in Rnþp with flat normal

bundle. Our main results in this paper are stated as follows.

Theorem 1.1. Let Mn ðna 7Þ be a super stable complete immersed minimal
submaifold in Rnþp with flat normal bundle. If

lim
R!y

1

R1þ2q

ð
Bð2RÞnBðRÞ

jAj3 ¼ 0; q <

ffiffiffi
2

n

r
;

then M is an a‰ne n-dimensional plane.

Corollary 1.2. Let Mn ðna 7Þ be a super stable complete immersed
minimal submaifold in Rnþp with flat normal bundle. Ifð

M

jAj3 < þy;

then M is an a‰ne n-dimensional plane.
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Remark 1.3. When n ¼ 3 and p ¼ 1, Li and Wei proved Theorem 1.1 and
Corollary 1.2 in [5].

2. Proof of the theorems

We follow the notations of Chern-do Carmo-Kobayashi [1].
Let Mn be an n-minimal submanifold in Rnþp. We choose an orthonormal

frame e1; e2; . . . ; enþp in Rnþp such that, restricted to M, the vectors e1; e2; . . . ; en
are tangent to M. And we shall denote the second fundamental form by ha

ij .
Then we have jAj2 ¼

P
ðha

ijÞ
2 and

2jAjDjAj þ 2j‘jAj j2 ¼ DjAj2 ¼ 2
X

ðha
ijkÞ

2 þ 2
X

ðha
ijÞDha

ij :ð2:1Þ

By Chern-do Carmo-Kobayashi ([1], (2.23)), we haveX
ðha

ijÞDha
ij ¼ �

X
ðha

ikh
b
jk � ha

jkh
b
ikÞðh

a
ilh

b
jl � ha

jlh
b
il Þ �

X
ha
ijh

a
klh

b
ij h

b
kl :

Since M has flat normal bundle, we have ha
ikh

b
jk � ha

jkh
b
ik ¼ 0. Therefore, we

obtain X
ðha

ijÞDha
ij ¼ �

X
ha
ijh

a
klh

b
ij h

b
kl :

For each a, let Ha denote the symmetric matrix ðha
ijÞ, and set Sab ¼

P
ha
ijh

b
ij .

Then the ðp� pÞ matrix ðSabÞ is symmetric and can be assumed to be diagonal
for a suitable choice of enþ1; . . . ; enþp. Thus we haveX

ðha
ijÞDha

ij ¼ �
X

S2
aa ¼ �

X
a

X
i; j

ðha
ijÞ

2

 !2
:ð2:2Þ

Moreover

jAj4 ¼ ðjAj2Þ2 ¼
X
a

X
i; j

ðha
ijÞ

2

 !2

b
X
a

X
i; j

ðha
ijÞ

2

 !2
:ð2:3Þ

Hence from (2.1), (2.2) and (2.3) we have

2jAjDjAj þ 2j‘jAj j2 b 2
X

ðha
ijkÞ

2 � 2jAj4

Since
P

ðha
ijkÞ

2 ¼ j‘Aj2, we get

jAjDjAj þ j‘jAj j2 b j‘Aj2 � jAj4:ð2:4Þ

From (2.4) and curvature estimate by Y. Xin ([11], Lemma 3.1), we obtain

jAjDjAj þ jAj4 b 2

n
j‘jAj j2:ð2:5Þ
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Proof of Theorem 1.1. Let qb 0 and f A Cy
0 ðMÞ. Multiplying (2.5) by

jAj2qf 2 and integrating over M, we obtain

2

n

ð
M

j‘jAj j2jAj2qf 2 a
ð
M

jAj4þ2q
f 2 þ

ð
M

jAj2qþ1
f 2DjAj

¼
ð
M

jAj4þ2q
f 2 � 2

ð
M

jAj2qþ1
f h‘f ;‘jAji

� ð2qþ 1Þ
ð
M

jAj2qf 2j‘jAj j2;

which gives

2

n
þ 2qþ 1

� �ð
M

j‘jAj j2jAj2qf 2 a
ð
M

jAj4þ2q
f 2 � 2

ð
M

jAj2qþ1
f h‘f ;‘jAji:ð2:6Þ

Using the Cauchy-Schwarz inequality, we can rewrite (2.6) as

2

n
þ 2qþ 1� e

� �ð
M

j‘jAj j2jAj2qf 2 a
ð
M

jAj4þ2q
f 2 þ 1

e

ð
M

jAj2ðqþ1Þj‘f j2;ð2:7Þ

for some positive constant e.
On the other hand, replacing f by jAjð1þqÞ

f in the super stability inequality
(1.2), we have

ð1þ qÞð1þ qþ eÞ
ð
M

j‘jAj j2jAj2qf 2ð2:8Þ

b

ð
M

jAj4þ2q
f 2 � 1þ 1þ q

e

� �ð
M

jAj2ðqþ1Þj‘f j2:

Subtracting ð2:8Þ � 2

n
þ 2qþ 1� e

� �
from ð2:7Þ � ð1þ qÞð1þ qþ eÞ, it yields

that

2

n
� q2 � ð2þ qÞe

� � ð
M

jAj4þ2q
f 2ð2:9Þ

a
1þ qþ e

e

2

n
þ 3qþ 2� e

� �ð
M

jAj2ðqþ1Þj‘f j2:

Taking q <

ffiffiffi
2

n

r
, it is easy to see that

2

n
� q2 > 0; and then we can choose e > 0

su‰ciently small so that
2

n
� q2 � ð2þ qÞe > 0. It follows from (2.9) that for

q <

ffiffiffi
2

n

r
the following inequality holds:ð

M

jAj4þ2q
f 2 aC1

ð
M

jAj2ðqþ1Þj‘f j2:ð2:10Þ

where C1 is a constant that depends on n, e and q.
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Before going on our estimates, let us recall the Young’s inequality:

aba
b sas

s
þ b�tbt

t
;

1

s
þ 1

t
¼ 1;ð2:11Þ

where b > 0 is arbitrary and 1 < s < y, 1 < t < y. Let r, 0 < r < 2þ 2q, be a
number yet to be determined. By using (2.11), we obtain

jAj2þ2qj‘f j2 ¼ f 2 jAj2þ2q j‘f j2

f 2

 !
¼ f 2 jAj2þ2q�rjAjr j‘f j

2

f 2

 !
ð2:12Þ

a f 2
b s

s
jAjsð2þ2q�rÞ þ b�tbt

t
jAjr j‘f j

2

f 2

 !t !
:

We now choose r to satisfy the following equations:

sð2þ 2q� rÞ ¼ 4þ 2q; rt ¼ 3;
1

s
þ 1

t
¼ 1:

This is indeed possible, and the solution is

r ¼ 6

1þ 2q
; s ¼ 1þ 2

2q� 1
; t ¼ 1

2
þ q;

1

2
< q <

ffiffiffi
2

n

r
:

By use of these values and the fact that b may be made small, from (2.10) and
(2.12) we obtain ð

M

jAj4þ2q
f 2

aC2

ð
M

jAj3 j‘f j
1þ2q

f 2q�1
;ð2:13Þ

where C2 is a constant that depends on n, e, b and q. Now we use the
arbitrariness of f to replace f by f 1=2þq in (2.13) and obtainð

M

jAj4þ2q
f 1þ2q

aC3

ð
M

jAj3j‘f j1þ2q:ð2:14Þ

Let f be a smooth function on ½0;yÞ such that f b 0, f ¼ 1 on ½0;R� and f ¼ 0

in ½2R;yÞ with j f 0ja 2

R
. Then considering f � r, where r is the function in the

definition of BðRÞ, we have from (2.14)ð
BðRÞ

jAj4þ2q
a

4C3

R1þ2q

ð
Bð2RÞnBðRÞ

jAj3:ð2:15Þ

Let R ! þy, by assumption that limR!y
1

R1þ2q

Ð
Bð2RÞnBðRÞ jAj

3 ¼ 0, from (2.15)

we conclude jAj ¼ 0, i.e., M is an a‰ne plane. r
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