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ON THE CANONICAL HERMITIAN CONNECTION

IN NEARLY KÄHLER MANIFOLDS

Luigi Vezzoni

Abstract

In the present paper we prove that the Hermitian curvature tensor ~RR associated to a

nearly Kähler metric g always satisfies the second Bianchi identity Sð~‘‘X
~RRÞðY ;Z; �; �Þ ¼

0 and that it satisfies the first Bianchi identity S ~RRðX ;Y ;Z; �Þ ¼ 0 if and only if g is a

Kähler metric. Furthermore we characterize condition for ~RR to be parallel with respect

to the canonical Hermitian connection ~‘‘ in terms of the Riemann curvature tensor and

in the last part of the paper we study the curvature of some generalizations of the nearly

Kähler structure.

1. Introduction

An almost Hermitian manifold ðM; g; JÞ is called nearly Kähler if the
covariant derivative of J with respect to the Levi-Civita connection of g defines
a skew-symmetric tensor on M (these manifolds were originally also named K-
spaces or almost Tachibana spaces). Nearly Kähler manifolds were intensively
studied by Gray in seventies. The first motivations of Gray for taking this kind
of manifolds into account were the following:

� the curvature identities of Kähler manifolds naturally generalize to nearly
Kähler manifolds; consequently some topological theorems can be proved
(see [6, 8, 9]);

� any 3-symmetric space admits a nearly Kähler structure (see [8]);
� nearly Kähler structures are related to the weak holonomy groups theory,
since nearly Kähler structures correspond to metrics having the unitary
group UðnÞ as weak holonomy (see [7]).

Moreover, nearly Kähler structures natural arise as one of the sixteen classes of
the Gray-Harvella classification of almost Hermitian structures stated in [10].
Typical examples of nearly Kähler manifolds are 3-symmetric spaces, some
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homogeneous spaces and twistor spaces over quaternionic Kähler manifolds with
positive scalar curvature. Today such manifolds are considered interesting for
string theory since they are naturally endowed with a Hermitian connection ~‘‘
with totally skew-symmetric torsion (see [4]).

In this paper we study the curvature of ~‘‘. We will prove the following

Theorem 1.1. Let ðM; g; JÞ be a nearly Kähler manifold and let ~RR be the
curvature tensor associated to ~‘‘. Then ~RR satisfies the second Bianchi identity

Sð~‘‘X
~RRÞðY ;Z; � ; �Þ ¼ 0;ð1Þ

where the symbol S denotes the cyclic sum. Furthermore ~RR satisfies the first
Bianchi identity

S ~RRðX ;Y ;Z; �Þ ¼ 0;ð2Þ

if and only if ðM; g; JÞ is a Kähler manifold.

Theorem 1.1 will be proved in section 3 where we also characterize condition
~‘‘ ~RR ¼ 0 in terms of the curvature tensor of a nearly Kähler metric:

Theorem 1.2. Let ðM; g; JÞ be a nearly Kähler manifold. The following
facts are equivalent

1. ~‘‘ ~RR ¼ 0;
2. ‘R has no component in ð31;1 p31;1 l32;0 p31;1Þn31,

where ‘ and R denote the Levi-Civita connection and the curvature of g,
respectively.

Condition ~‘‘ ~RR ¼ 0 is very important for nearly Kähler manifolds since, in the
complete simply connected case, forces the ambient space to be homogeneous (see
[13, 12]) and homogenous simply connected nearly Kähler manifolds are classified
by Nagy in [13]. Indeed, since in nearly Kähler manifolds ~‘‘ has always parallel
torsion, condition ~‘‘ ~RR ¼ 0 forces ~‘‘ to be an Ambrose-Singer connection and
complete simply connected manifolds admitting an Ambrose-Singer connection
are necessary homogeneous spaces (see [15]).

As a direct consequence of Theorem 1.2 we have the following

Corollary 1.3. Assume that the curvature tensor of a complete and simply

connected nearly Kähler manifold has no component in ð31;1 p31;1 l32;0 p
31;1Þn31, then M is a homogeneous space.

In the last section we take into account almost Hermitian manifolds
admitting a connection with totally skew-symmetric torsion.

Note. In this paper we adopt the convention that in the indicial expressions
the symbol of sum over repeated indices is omitted.
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2. Preliminaries

Let ðM; g; JÞ be an almost Hermitian manifold. Then the almost complex
structure J induces a splitting of the complexified tangent bundle in TMnC ¼
T 1;0MlT 0;1M. Consequently the vector bundle3p of complex p-forms on M
splits in 3p ¼ 0

rþs¼p
3r; s and the de Rham operator d decomposes in d ¼ Aþ

qþ qþ A. The pair ðg; JÞ induces the almost symplectic form oð�; �Þ ¼ gðJ�; �Þ.
The triple ðg; J;oÞ is called a quasi-Kähler structure if qo ¼ ðdoÞ1;2 ¼ 0. Quasi-
Kähler structures are important since they include both almost Kähler and nearly
Kähler structures.

2.1. The canonical Hermitian connection. Let ðM; g; JÞ be an almost
Hermitian manifold, then there exists a unique connection ~‘‘ on M, called
the canonical Hermitian connection, satisfying the following properties

~‘‘g ¼ 0; ~‘‘J ¼ 0; Torð~‘‘Þ1;1 ¼ 0;

where Torð~‘‘Þ1;1 denotes the ð1; 1Þ-part of the torsion of ~‘‘ (see for instance [5]
where ~‘‘ is called the Chern connection). If ðM; g; J;oÞ is a quasi-Kähler
manifold, then ~‘‘ can be described by the following suitable formula

~‘‘ ¼ ‘� 1

2
J‘J;

where ‘ is the Levi-Civita connection of g. In this case the torsion of ~‘‘ is a
multiple of the Nijenhuis tensor

NðX ;Y Þ ¼ ½JX ; JY � � J½X ; JY � � J½JX ;Y � � ½X ;Y �:

The connection ~‘‘ induces the Hermitian curvature tensor

~RRðX ;Y ;Z;WÞ ¼ gð½~‘‘X ; ~‘‘Y �Z � ~‘‘½X ;Y �Z;WÞ:

Since ~‘‘ preserves g, one has that

~RRðX ;Y ;Z;WÞ ¼ � ~RRðY ;X ;Z;WÞ ¼ � ~RRðX ;Y ;W ;ZÞ:

2.1.1. The canonical Hermitian connection in nearly Kähler manifolds. As-
sume now that ðM; g; JÞ is a nearly Kähler manifold. Then the Nijenhuis tensor
of J is ~‘‘-parallel (see [11, 1]) and the tensor

BðX ;Y ;ZÞ ¼ gðNðX ;YÞ;ZÞ

is a skew-symmetric 3-form of complex type ð3; 0Þ þ ð0; 3Þ. Hence in the nearly
Kähler case the torsion of ~‘‘ is totally skew-symmetric and parallel.

2.2. The curvature of a Nearly Kähler metric. Let ðM; g; JÞ be a nearly
Kähler manifold and let RðX ;Y ;Z;WÞ ¼ gð½‘X ;‘Y �Z � ‘½X ;Y �Z;WÞ be the
curvature tensor of g. It is known that R satisfies the second Gray identity
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RðX ;Y ;Z;WÞ � RðJX ; JY ;Z;WÞ � RðJX ;Y ; JZ;WÞð3Þ
� RðJX ;Y ;Z; JW Þ ¼ 0

and that, consequently, R is a J-invariant tensor, i.e.

RðJX ; JY ; JZ; JW Þ ¼ RðX ;Y ;Z;WÞ:

Condition (3) can be written in complex coordinates as

Rijkr ¼ Rijkr ¼ 0:

Note that condition Rijkr ¼ 0 simply says that R is J-invariant. Moreover Gray
in [6] proved the following identity

RðX ;Y ; JZ; JW Þ � RðX ;Y ;Z;WÞ ¼ gðð‘XJÞY ; ð‘ZJÞWÞ:

Hence in particular one has that

RðX ;Y ; JX ; JYÞ � RðX ;Y ;X ;YÞ ¼ kð‘XJÞYk2:

Let ~RR be the Hermitian curvature tensor associated to ðg; JÞ. ~RR is related to the
standard curvature tensor R by the following formula

4 ~RRðX ;Y ;Z;WÞ ¼ 3RðX ;Y ;Z;WÞ þ 2RðX ;Y ; JZ; JWÞð4Þ
þ RðX ;Z; JW ; JY Þ þ RðX ;W ; JY ; JZÞ

(see [6], Corollary 9.2 and [9], formula (3.1)). Formula (4) can be expressed in
terms of complex frames with the following three equations

~RRkjrs ¼ Rkjrs;ð5Þ
~RRijkl ¼ ~RRijkl ¼ ~RRijkl ¼ 0;ð6Þ
~RRkjrs ¼ Rkjrs � 1=2Rksjr:ð7Þ

Formulae (5) and (6) hold also in the quasi-Kähler case (see for instance [3]),
while equation (7) is characteristic of nearly Kähler structures.

2.3. Special frames on nearly Kähler manifolds. Let ðM; g; J;oÞ be a 2n-
dimensional quasi-Kähler manifold. We recall the following

Lemma 2.1 ([16], Lemma 1). It is possible to find around any point o of M a
local complex ð1; 0Þ-frame fZ1; . . . ;Zng satisfying the following properties:

a. ‘iZjðoÞ ¼ 0;

b. ‘iZjðoÞ is of type ð0; 1Þ;
c. gijðoÞ ¼ dij, dgijðoÞ ¼ 0;

d. ‘i‘jZkðoÞ ¼ 0;
for every i; j; k ¼ 1; . . . ; n. Such a frame is called a generalized normal holo-
morphic frame around o (shortly a g.n.h.f.).
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Remark 2.2. Although Lemma 2.1 as stated in [16] refers to symplectic
structures, its proof make use only of the fact that o is a quasi-Kähler form.
Hence the existence of generalized normal holomorphic frames is equivalent to
require that the form o is quasi-Kähler.

Furthermore all the results of [16] stated for symplectic structures hold in the
quasi-Kähler case.

It is easy to prove that the curvature tensor in terms of a g.n.h.f.
fZ1; . . . ;Zng writes as

R
ijkl

ðoÞ ¼ �gð‘j‘iZk;Zl
ÞðoÞ;

RijklðoÞ ¼ gð‘i‘jZk;ZlÞðoÞ;

RijklðoÞ ¼ �gð‘½Z
i
;Z

j
�Zk;ZlÞðoÞ;

RijklðoÞ ¼ gð‘i‘jZk;ZlÞðoÞ � gð‘j‘iZk;ZlÞðoÞ

and that the canonical Hermitian connection satisfies

~‘‘iZjðoÞ ¼ ~‘‘iZjðoÞ ¼ 0:ð8Þ

We consider now the case of a nearly Kähler manifold ðM; g; JÞ. First of
all we notice that if fW1; . . . ;Wng is an arbitrary unitary frame, then one has

gðð‘iJÞWj;WkÞ ¼ gði‘iWj � J‘iWj;WkÞ ¼ 2igð‘iWj;WkÞ

and consequently the nearly Kähler defining equation

ð‘XJÞY ¼ �ð‘YJÞXð9Þ

implies

gð‘iWj;WkÞ ¼ �gð‘jWi;WkÞ:ð10Þ

Equation (10) says that

gð½Wi;Wj �;WkÞ ¼ 2gð‘iWj;WkÞ;

i.e. ½Wi;Wj� � 2‘iWj ¼ �‘iWj � ‘jWi is a vector field of type ð1; 0Þ. Since
nearly Kähler manifolds are in particular quasi-Kähler, any point o of M admits
a nearby g.n.h.f. fZ1; . . . ;Zng. The nearly Kähler equation (9) in terms of
fZ1; . . . ;Zng can be written as

‘iZjðoÞ ¼ �‘jZiðoÞ; i; j ¼ 1; . . . ; n:ð11Þ

In particular in the nearly Kähler case one has

½Zi;Zj �ðoÞ ¼ 2‘iZjðoÞ ¼ 2Gk
ijðoÞZk

; NijðoÞ ¼ �8‘iZjðoÞ ¼ �8Gk
ijðoÞZk

;ð12Þ

where Gk
ijðoÞ ¼ gð‘iZj;ZkÞðoÞ. Note that the Christo¤el symbols Gk

ijðoÞ have the
following symmetries
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Gk
ijðoÞ ¼ �Gk

jiðoÞ ¼ �G
j
ikðoÞ:ð13Þ

Moreover, since the curvature is J-invariant, the frame fZ1; . . . ;Zng satisfies
e. ‘i‘jZkðoÞ A T 1;0

o M.
Also the identity ~‘‘N ¼ 0 can be described in terms of g.n.h.f.’s. Indeed, ~‘‘N
vanishes at o if and only if the following equations

gðð~‘‘iNÞjk;ZrÞðoÞ ¼ 0; gðð~‘‘iNÞjk;ZrÞðoÞ ¼ 0

hold for i; j; k; r ¼ 1; . . . ; n. A straightforward computation yields that equation
gðð~‘‘iNÞjk;ZrÞðoÞ ¼ 0 is implied by the fact that the curvature of g is J-invariant,
while, taking into account (8), the second equation gives

0 ¼ gðð~‘‘iNÞjk;ZrÞðoÞ ¼ gð~‘‘iNjk;ZrÞðoÞ ¼ ZigðNjk;ZrÞðoÞ

¼ gð‘i½Zj ;Zk�;ZrÞðoÞ ¼ 2gð‘i‘jZk;ZrÞðoÞ;

i.e.
f. ‘i‘jZkðoÞ A T 1;0

o M.
Summarizing we have the following

Proposition 2.3. Let ðM; g; JÞ be a nearly Kähler manifold. Then any
point o of M admits a local complex frame fZ1; . . . ;Zng of type ð1; 0Þ satisfying

a. ‘iZjðoÞ ¼ 0;

b. ‘iZjðoÞ A T 0;1
o M;

c. gijðoÞ ¼ dij, dgijðoÞ ¼ 0;

d. ‘i‘jZkðoÞ ¼ 0;

e. ‘i‘jZkðoÞ A T 1;0
o M;

f. ‘i‘jZkðoÞ A T 1;0
o M;

h. ½Zi;Zj� � 2‘iZj is a local vector field of type ð1; 0Þ;
for i; j; k ¼ 1; . . . ; n.

3. Proof of the results

In this section we will prove the results stated in the introduction. We will
proceed in this order: first of all we will give the proof of Theorem 1.2, then we
will show that the Hermitian curvature tensor in the nearly Kähler case always
satisfies the second Bianchi identity (1) and finally we will prove that the
Hermitian curvature tensor associated to a nearly Kähler metric g satisfies
the first Bianchi identity (2) if and only if g is a Kähler metric. The last
part will be obtained as a corollary of a theorem of [3], while Theorem 1.2 and
formula (1) will be proved using the existence of a generalized normal holo-
morphic frame.

In order to prove Theorem 1.2 and formula (1), we need two preliminary
lemmas:
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Lemma 3.1. Let ðM; g; J;oÞ be a 2n-dimensional quasi-Kähler manifold.
Fix a point o in M and consider a g.n.h.f fZ1; . . . ;Zng around o. Then the
following equations

ð~‘‘r
~RRÞ

ijkl
ðoÞ ¼ Zrð ~RRijkl

ÞðoÞ;ð14Þ

ð~‘‘r
~RRÞ

ijkl
ðoÞ ¼ ZrðRijkl

ÞðoÞ;ð15Þ

ð~‘‘r
~RRÞ

ijkl
ðoÞ ¼ ZrðRijkl

ÞðoÞð16Þ

hold for r; i; j; k; l ¼ 1; . . . ; n.

Proof. First of all we observe that if fZ1; . . . ;Zng is a g.n.h.f. around a
point o, then in view of (8) one has

ð~‘‘a
~RRÞbgdsðoÞ ¼ Zað ~RRbgdsÞðoÞ

for every a; b; g; d; s ¼ 1; . . . n; 1; . . . ; n (note that with the Greek letters we also
include the bar indexes). Hence identity (14) follows immediately. For iden-
tities (15) and (16) it is enough to keep in mind that locally one has

~RR
ijkl

¼ R
ijkl

; i; j; k; l ¼ 1; . . . ; n: r

Using equation (5) and (6), one can deduce that if M is a quasi-Kähler manifold,
then the equation ~‘‘ ~RR ¼ 0 in terms of complex frames writes as

ð~‘‘r
~RRÞ

ijkl
¼ ð~‘‘r

~RRÞ
ijkl

¼ ð~‘‘r
~RRÞ

ijkl
¼ 0:

Using the previous lemma, we can rewrite these equations at a point o in terms of
a g.n.h.f. as

Zrð ~RRijkl
ÞðoÞ ¼ ZrðRijkl

ÞðoÞ ¼ ZrðRijkl
ÞðoÞ ¼ 0:

Note that if R is J-invariant, then condition ~‘‘ ~RR ¼ 0 reduces to

Zrð ~RRijkl
ÞðoÞ ¼ 0:

Now we have

Lemma 3.2. Let ðM; g; J;oÞ be a quasi-Kähler manifold such that the
curvature tensor R satisfies the second Gray identity (3). Fix a point o in M
and let fZ1; . . . ;Zng be a g.n.h.f. around o. Then

ð‘rRÞijklðoÞ ¼ 0;ð17Þ

ZrðRijklÞðoÞ ¼ 0;ð18Þ

for every r; i; j; k; l ¼ 1; . . . ; n.
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Proof. We have

ð‘rRÞijklðoÞ ¼ ZrðRijklÞðoÞ � Rð‘rZi;Zj;Zk;ZlÞðoÞ � RðZi;‘rZj ;Zk;ZlÞðoÞ

� RðZi;Zj;‘rZk;ZlÞðoÞ � RðZi;Zj ;Zk;‘rZlÞðoÞ

Since the mixed terms ‘iZjðoÞ vanish, we obtain

ð‘rRÞijklðoÞ ¼ ZrðRijklÞðoÞ � RðZi;‘rZj;Zk;ZlÞðoÞ:

Since ‘rZjðoÞ A T 0;1
o M and R satisfies the second Gray identity (3), we get

ð‘rRÞijklðoÞ ¼ 0:

A similar computation gives

ZrðRijklÞðoÞ ¼ ð‘rRÞijklðoÞ:

Hence, taking into account formula (17), we get

ZrðRijklÞðoÞ ¼ ð‘rRÞijklðoÞ ¼ �ð‘jRÞriklðoÞ � ð‘iRÞjrklðoÞ ¼ 0

which proves formula (18). r

Now we can prove Theorem 1.2:

Proof of Theorem 1.2. Let o A M and let fZ1; . . . ;Zng be a g.n.h.f. around
o. Since R satisfies the second Gray identity, then condition ~‘‘ ~RR ¼ 0 reduces at
o to Zrð ~RRijkl

ÞðoÞ ¼ 0 for r; j; k; l ¼ 1; . . . ; n. Taking into account formula (7),

Lemma 3.2 and that R satisfies the second Gray identity (3), we get

Zrð ~RRijkl
ÞðoÞ ¼ Zr R

ijkl
þ 1

2
R

ikj l

� �
ðoÞ ¼ ZrðRijkl

ÞðoÞ ¼ ð‘rRÞijklðoÞð19Þ

which implies the statement. r

We remark again that condition ~‘‘ ~RR ¼ 0 forces a simply connected complete
nearly Kähler manifold to be a homogeneous space, since in such a case ~‘‘ is an
Ambrose-Singer connection. Hence Corollary 1.3 follows immediately.

Now we are ready to prove the Hermitian curvature tensor associated to a
nearly metric satisfies the second Bianchi identity (1):

Proof of formula (1). Since the curvature tensor of a nearly Kähler metric is
J-invariant, the second Bianchi identity (1) in terms of g.n.h.f.’s reads at o as

S
r; i; j

Zrð ~RRijkl
ÞðoÞ ¼ 0; r; i; j; k; l ¼ 1; . . . ; n:
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Using formulae (18) and (19) we obtain

S
r; i; j

Zrð ~RRijkl
ÞðoÞ ¼ Zrð ~RRijkl

ÞðoÞ þ Zjð ~RRrikl
ÞðoÞ þ Zið ~RRjrkl

ÞðoÞ

¼ Zrð ~RRijkl
ÞðoÞ þ Zið ~RRjrkl

ÞðoÞ

¼ ð‘rRÞijklðoÞ þ ð‘iRÞjrklðoÞ

¼ S
r; i; j

ð‘rRÞijklðoÞ � ð‘jRÞriklðoÞ

¼ �ð‘jRÞriklðoÞ ¼ 0;

which implies the statement. r

In this last part of this section we prove that the Hermitian curvature tensor
associated to a nearly Kähler metric satisfies the first Bianchi identity if and only
if the metric is Kähler. We recall the following

Theorem 3.3 ([3], Theorem 1.1). Let ðM; g; J;oÞ be a quasi-Kähler man-
ifold. The Hermitian curvature tensor ~RR satisfies the first Bianchi identity

S ~RRðX ;Y ;Z; �Þ ¼ 0; for every X ;Y ;Z A GðTMÞ

if and only if the following conditions hold:
1. the curvature tensor R is J-invariant;
2. 4R

ijkl
¼ gðð‘

k
NÞij ;Zl

Þ, where ‘ is the Levi-Civita connection of g and N
denotes the Nijenhuis tensor associated to J.

Since nearly Kähler manifolds are quasi-Kähler, Theorem 3.3 can be applied
in the nearly Kähler case:

Proof of Theorem 1.1. Let ðM; g; JÞ be a nearly Kähler manifold and let R
be the curvature tensor associated to g. Fix a point o A M and let fZ1; . . . ;Zng
be a generalized normal holomorphic frame around o. Then, applying formulae
(12) and (13), we have

4R
ijkl

ðoÞ ¼ �4gð‘½Zi ;Zj �Zk
;Z

l
ÞðoÞ ¼ �8Gr

ijðoÞgð‘rZk
;Z

l
ÞðoÞ

¼ �8Gr
ijðoÞgð‘k

Z
l
;ZrÞðoÞ ¼ �4gð½Zi;Zj�;‘k

Z
l
ÞðoÞ

¼ �gðð‘
k
NÞij;Zl

ÞðoÞ;

i.e.

4R
ijkl

ðoÞ ¼ �gðð‘
k
NÞij;Zl

ÞðoÞ;
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where the last equality comes from [3], Lemma 2.7. Since R is a J-invariant

tensor, then in view of Theorem 3.3, ~RR satisfies the first Bianchi identity if and
only if

gðð‘
k
NÞij ;Zl

ÞðoÞ ¼ 0:

Furthermore a direct computation gives

0 ¼ gðð‘iNÞij;ZjÞðoÞ ¼ 8j‘iZjj2ðoÞ;
which implies the statement. r

4. Generalizations

In this section we take into account almost Hermitian manifolds admitting a
Hermitian connection with totally skew-symmetric torsion and almost Hermitian
manifolds whose almost complex structures satisfies ~‘‘ð‘JÞ ¼ 0. The first ones
arise a class of the Gray-Hervella classification of almost complex structures and
are usually called G1-manifolds. Such manifolds were recently studied by Nagy
in [14].

We start by recalling the following

Theorem 4.1 ([4], Theorem 10.1). Let ðM; g; JÞ be an almost Hermitian
manifold. M admits a Hermitian connection with totally skew-symmetric torsion if
and only if the Nijenhuis tensor NðX ;Y ;ZÞ ¼ gðNðX ;Y Þ;ZÞ is a 3-form. In this
case the connection is unique and it is determined by the formula

TðX ;Y ;ZÞ ¼ �doðJX ; JY ; JZÞ þ gðNðX ;YÞ;ZÞ:

Let ðM; g; JÞ be an almost Hermitian manifold admitting a Hermitian
connection with totally skew-symmetric torsion. Then the Nijenhuis of J
satisfies

gðNðX ;YÞ;ZÞ þ gðNðX ;ZÞ;Y Þ ¼ 0:

This condition reads in terms of complex fields as

gðNij ;ZkÞ þ gðNik;ZjÞ ¼ 0;

or equivalently

gð½Zi;Zj�;ZkÞ þ gð½Zi;Zk�;ZjÞ ¼ 0:

Hence we have

0 ¼ gð½Zi;Zj�;ZkÞ þ gð½Zi;Zk�;ZjÞ
¼ gð‘iZj;ZkÞ � gð‘jZi;ZkÞ þ gð‘iZk;ZjÞ � gð‘kZi;ZjÞ
¼ gð‘iZj;ZkÞ þ gð‘jZk;ZiÞ � gð‘iZj;ZkÞ þ gð‘kZj;ZiÞ
¼ gð‘jZk;ZiÞ þ gð‘kZj;ZiÞ
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i.e.

gð‘jZk;ZiÞ þ gð‘kZj;ZiÞ ¼ 0ð20Þ

which is equivalent to require that ‘jZk þ ‘kZj is a vector field of type ð1; 0Þ.
This can be used to prove the following

Proposition 4.2. Let ðM; g; JÞ be an almost Hermitian manifold. Then the
following are equivalent

1. M is nearly Kähler;
2. M is quasi-Kähler and admits a connection with totally skew-symmetric

torsion.

Proof. Clearly 1 implies 2. In order to show the other implication we fix
an arbitrary o A M and a g.n.h.f. fZ1; . . . ;Zng around o. Since ‘iZjðoÞ A T 0;1

o M,
then in this case equation (20) implies ‘iZjðoÞ þ ‘jZiðoÞ ¼ 0 which is equivalent
to ð‘iJÞZjðoÞ þ ð‘jJÞZiðoÞ ¼ 0. Since ðg; JÞ is by hypothesis a quasi-Kähler
structures, then ð‘jJÞZi ¼ 0. Hence ‘JðoÞ is a skew-symmetric tensor and the
claim follows. r

Now we consider the case ~‘‘ð‘JÞ ¼ 0. We have the following Proposition which
can be proved by a direct computation.

Proposition 4.3. Let ðM; g; J;oÞ be a 2n-dimensional quasi-Kähler man-
ifold. Then condition ~‘‘ð‘JÞ ¼ 0 reads in terms of g.n.h.f ’s as

gð‘r‘iZk;ZsÞðoÞ ¼ gð‘r‘iZk;ZsÞðoÞ ¼ 0; r; i; k; s ¼ 1; . . . ; n:

Proposition 4.3 has the following direct consequence

Corollary 4.4. Let ðM; g; J;oÞ be a quasi-Kähler manifold satisfying
~‘‘ð‘JÞ ¼ 0. Then the curvature tensor of g satisfies the second Gray identity (3).

Remark 4.5. In [3], it is described an explicit example of a quasi-Kähler
non-nearly Kähler structure ðg0; J0;o0Þ on the Iwasawa manifolds having the
curvature ~RR equal to zero. It can be noted that ðg0; J0;o0Þ satisfies condition
~‘‘ð‘JÞ ¼ 0.
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