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ON THE EULER CHARACTERISTICS OF REAL MILNOR FIBRES

OF PARTIALLY PARALLELIZABLE MAPS OF ðRn; 0Þ TO ðR2; 0Þ

Nicolas Dutertre

Abstract

We consider a real analytic map-germ ð f ; gÞ : ðRn; 0Þ ! ðR2; 0Þ such that the fibres

of f are simultaneously parallelizable. We call such a map a partially parallelizable

map. We establish degree formulas for the following quantities:

wðf f ¼ agV fg ¼ dgVBn
e Þ;

wðf f ¼ agV fgb dgVBn
e Þ � wðf f ¼ agV fga dgVBn

e Þ;

where ða; dÞ is a regular value of ð f ; gÞ and 0 < jða; dÞjf ef 1.

1. Introduction

Let f : ðRn; 0Þ ! ðR; 0Þ be an analytic function-germ with an isolated critical
point at 0. The real Milnor fibres of f are the sets f �1ðdÞVBn

e , where Bn
e is the

closed ball centered at the origin of radius e and d is a regular value of f such
that 0 < jdjf ef 1. We will denote these fibres by W e

f�d. The Khimshiashvili
formula [Kh] states that:

wðW e
f�dÞ ¼ 1� signð�dÞn deg0 ‘f ;

where ‘f is the gradient of f and deg0 ‘f is the topological degree of the

mapping
‘f

j‘f j : qBe ! Sn�1
1 .

In [Fu], Fukui proved a relative version of this formula. He considered the
map-germ H : ðRn; 0Þ ! ðRn; 0Þ, x 7! ð f ðxÞ; fx2ðxÞ; . . . ; fxnðxÞÞ and showed that,
if 0 is isolated in H�1ð0Þ, then:

wðW e
f�d V fx1 b 0gÞ � wðW e

f�d V fx1 a 0gÞ ¼ �signð�dÞn deg0 H;

where as above deg0 H is the topological degree of the map
H

jHj : qBe ! Sn�1
1 .

Here ðx1; . . . ; xnÞ is a coordinate system of Rn and fxi denotes the partial
derivative of f by xi, i ¼ 1; . . . ; n.
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In [Du1], we also gave a relative version of Khimshiashvili’s formula. We
restricted ourselves to the cases n ¼ 2; 4 or 8 and we considered a function-germ
g : ðRn; 0Þ ! ðR; 0Þ. Then we defined a mapping H : ðRn; 0Þ ! ðRn; 0Þ in terms
of f and g and proved that if 0 is isolated in H�1ð0Þ then:

wðW e
f�d V fgb agÞ � wðW e

f�d V fga agÞ ¼ �deg0 H;

where a is a regular value of g such that 0 < jajf jdj. These results were
generalized by Fukui and Khovanskii [FK]. In that paper, the authors consider
an analytic function-germ g : ðRn; 0Þ ! ðR; 0Þ that satisfies the following Condi-
tion (P): there exist Cy-vector fields v2; . . . ; vn which span the tangent space at
x to g�1ðgðxÞÞ, whenever x is a regular point of g, and ‘g, v2; . . . ; vn agree with
the orientation of Rn. They define a mapping H : ðRn; 0Þ ! ðRn; 0Þ by H ¼
ð f ; v2 f ; . . . ; vn f Þ and they prove that if 0 is isolated in H�1ð0Þ, if the set of
critical points of g does not intersect W e

f�d and if ðd; 0Þ is a regular value of ð f ; gÞ
then:

wðW e
f�d V fgb 0gÞ � wðW e

f�d V fga 0gÞ ¼ signð�dÞn deg0 H:

In this paper, we continue this work of computing Euler-Poincaré character-
istics of real Milnor fibres. We are especially interested in partially paralleliz-
able mappings of ðRn; 0Þ to ðR2; 0Þ. A partially parallelizable map is defined as
follows.

Definition 1.1. Let U be an open subset of Rn and let F ¼ ð f1; . . . ; fkÞ :
U ! Rk, 1 < k < n, be a Cy-map. We say that F is partially parallelizable in
U if there exist an integer l with 1a l < k and l integers i1; . . . ; il in f1; . . . ; kg
with i1 < � � � < il such that there are Cy-vector fields Vi1 ; . . . ;Vil defined in U
such that Vi1ðxÞ; . . . ;Vil ðxÞ span the tangent space at x to ~FF�1ð ~FF ðxÞÞ, where ~FF is
the mapping defined in U by ~FF ðxÞ ¼ ð fi1ðxÞ; . . . ; fil ðxÞÞ and x is a regular point
of ~FF .

We remark that this notion depends on the choice of coordinates.
Before describing our results, we need a notation: if F : Rn ! Rk is a

mapping then W e
F denotes the set F�1ð0ÞVBn

e , where Bn
e is the ball of radius e

centered at the origin and qW e
F is F�1ð0ÞVSn�1

e . In Section 2, we start our
study of Euler characteristics of Milnor fibres of partially parallelizable mappings
of ðRn; 0Þ to ðR2; 0Þ. More precisely, we consider an analytic function-germ
f : ðRn; 0Þ ! ðR; 0Þ, with an isolated critical point at 0, that satisfies Condition
(P) described above. Let g : ðRn; 0Þ ! ðR; 0Þ be another function-germ. The
mapping ð f ; gÞ is clearly partially parallelizable in a neighborhood of the
origin. We define a mapping kð f ; gÞ : ðRn; 0Þ ! ðRn; 0Þ in terms of f and g
and we assume that it has an isolated zero at the origin. We prove (Theorem
2.1) that:

if n is even: wðW e
ð f ;g�dÞÞ ¼ 1� deg0 ‘f þ signðdÞ deg0 kð f ; gÞ;

if n is odd: wðW e
ð f ;g�dÞÞ ¼ 1� deg0 kð f ; gÞ:
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We also show that if n is even:

wðW e
f�a V fgb dgÞ � wðW e

f�a V fga dgÞ ¼ deg0 kð f ; gÞ;

where ða; dÞ is an appropriate regular value of ð f ; gÞ. Then we assume that g has
an isolated critical point at the origin as well and we define another mapping
lð f ; gÞ. If it has an isolated zero at the origin, then we have (Theorem 2.9):

if n is even: wðW e
ð f�d;gÞÞ ¼ 1� deg0 ‘g� signðdÞ deg0 lð f ; gÞ;

if n is odd: wðW e
f�d V fgb 0gÞ � wðW e

f�d V fga 0gÞ

¼ deg0 ‘gþ signðdÞ deg0 lð f ; gÞ;

where 0 < jdjf ef 1.
In Section 3, we study partially parallelizable maps from ðRn; 0Þ to ðR3; 0Þ

of the type ðF ;G; x0Þ. More precisely, we work in R1þn equipped with the
coordinate system ðx0; x1; . . . ; xnÞ and we consider a function-germ F : ðR1þn; 0Þ
! ðR; 0Þ with an isolated critical point at 0. We assume that F satisfies the
following Condition (Px0 ): there exist Cy-vector fields V2; . . . ;Vn on R1þn such
that V2ðpÞ; . . . ;VnðpÞ span the tangent space at p to F�1ðF ðpÞÞV x�1

0 ðx0ðpÞÞ
whenever p is a regular point of ðF ; x0Þ and such that ðe0;‘FðpÞ;V2ðpÞ; . . . ;
VnðpÞÞ agrees with the orientation of R1þn. Here e0 is the vector ð1; 0; . . . ; 0Þ.
Let G : ðR1þn; 0Þ ! ðR; 0Þ be another function-germ. The map ðF ;G; x0Þ is
partially parallelizable in a neighborhood of the origin. We define two mappings
HðF ;GÞ and JðF ;GÞ : ðR1þn; 0Þ ! ðR1þn; 0Þ in terms of F and G. We prove
that if 0 is isolated in HðF ;GÞ�1ð0Þ and ð0; d; 0Þ is a regular value of ðF ;G; x0Þ
then (Theorem 3.1):

deg0 HðF ;GÞ ¼ signð�dÞn½wðW e
ðF ;G�dÞ V fx0 b 0gÞ � wðW e

ðF ;G�dÞ V fx0 a 0gÞ�;

where 0 < jdjf ef 1. We also prove that if 0 is isolated in JðF ;GÞ�1ð0Þ and
ð0; d; 0Þ is a regular value of ðF ;G; x0Þ then (Theorem 3.8):

deg0 JðF ;GÞ ¼ signð�dÞn½wðW e
ðF ;G�dÞÞ � wðW e

ðG�d;x0ÞÞ�:

In Section 4, we apply these formulas to the case where F and G are one-
parameter deformations of two function-germs f and g : ðRn; 0Þ ! ðR; 0Þ.
Denoting by ft and gt the deformations given by ftðxÞ ¼ Fðt; xÞ and gtðxÞ ¼
Gðt; xÞ, we prove degree formulas for wðW e

ð ft;gtÞÞ and

wðW e
ft
V fgt b 0gÞ � wðW e

ft
V fgt a 0gÞ;

where 0 < jtjf ef 1 (Theorem 4.3). Then we finish our study of partially
parallelizable mappings of ðRn; 0Þ to ðR2; 0Þ. Namely, we consider a partially

parallelizable map ð f ; gÞ from ðRn; 0Þ to ðR2; 0Þ as in Section 2 and we construct
the following deformations:

Fðt; xÞ ¼ f ðxÞ � g1ðtÞ and Gðt; xÞ ¼ gðxÞ � g2ðtÞ;
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where g ¼ ðg1; g2Þ : ðR; 0Þ ! ðR2; 0Þ is an analytic arc such that gðtÞ0 0 if t0 0,
g 01ðtÞ0 0 if t0 0, and the image of g consists of regular values of ð f ; gÞ (except
the origin). Applying Theorem 4.3, we get formulas for wðW e

ð f�g1ðtÞ;g�g2ðtÞÞÞ and

wðW e
f�g1ðtÞ V fgb g2ðtÞgÞ � wðW e

f�g1ðtÞ V fga g2ðtÞgÞ;

where 0 < jtjf ef 1 (Theorem 4.3).
In Section 5, we present di¤erent cases where we can apply the results of the

previous sections. There are two cases: when n ¼ 2; 4 or 8 and when
qf

qx1
b 0

and
qF

qx1
b 0. We end the paper with an example in Section 6.

We will use the following notations: if F ¼ ðF1; . . . ;FkÞ : Rn ! Rk, 0 < ka

n, is a smooth mapping then DF is its Jacobian matrix and
qðF1; . . . ;FkÞ
qðxi1 ; . . . ; xik Þ

is the
determinant of the following k � k minor of DF :

F1xi1
� � � F1xik

..

. . .
. ..

.

Fkxi1
� � � Fkxik

0
BB@

1
CCA:

2. First results on partially parallelizable mappings from ðRn; 0Þ to
ðR2; 0Þ

Let ðx1; . . . ; xnÞ be a coordinate system in Rn and let f : ðRn; 0Þ ! ðR; 0Þ be
an analytic function-germ with an isolated critical point at the origin. We
assume that f satisfies Condition ðPÞ introduced in [FK]: there exist Cy-vector
fields v2; . . . ; vn on Rn such that v2ðxÞ; . . . ; vnðxÞ span the tangent space at x to
f �1ð f ðxÞÞ, whenever x is a regular point of f , and such that the orientation
of ð‘f ðxÞ; v2ðxÞ; . . . ; vnðxÞÞ agrees with the orientation of Rn. Let g : ðRn; 0Þ !
ðR; 0Þ be another analytic function-germ.

2.1. Restriction of g to the regular levels of f
We define a mapping kð f ; gÞ : ðRn; 0Þ ! ðRn; 0Þ in the following way:

kð f ; gÞ ¼ ð f ; v2g; . . . ; vngÞ:

We will prove the following theorem:

Theorem 2.1. If 0 is an isolated critical point of f and is isolated in
kð f ; gÞ�1ð0Þ, then we have:

if n is even: wðW e
ð f ;g�dÞÞ ¼ 1� deg0 ‘f þ signðdÞ deg0 kð f ; gÞ;

if n is odd: wðW e
ð f ;g�dÞÞ ¼ 1� deg0 kð f ; gÞ;
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where 0 < jdjf ef 1. Furthermore, if n is even, we also have:

wðW e
f�a V fgb dgÞ � wðW e

f�a V fga dgÞ ¼ deg0 kð f ; gÞ;

where 0a jdjf jajf ef 1 and ða; dÞ is a regular value of ð f ; gÞ.

To prove this theorem, we study the critical points of gjW e
f�a
, where a is a

regular value of f such that 0 < jajf e. More precisely, after a small pertur-
bation of g, we can assume that they are all non-degenerate. To each of these
critical points, we assign a sign: þ1 if its Morse index is even and �1 if it is
odd. Then we consider the algebraic sum of these points. This sum has two
interpretations. On the one hand, by Morse theory, it is possible to relate it to
Euler characteristics. On the other hand, since the critical points of gjW e

f�a
are

the points of f �1ðaÞ where ‘f and ‘g are colinear, Condition (P) implies that
these critical points are exactly the zeros of f � a, v2g; . . . ; vng. This enables us
to prove that this sum is equal to deg0 kð f ; gÞ.

From now on, we will assume that the hypothesis of Theorem 2.1 are

fullfilled. For all ði; jÞ A f1; . . . ; ng2, we will set mij ¼
qðg; f Þ
qðxi; xjÞ

.

Lemma 2.2. For d0 0 su‰ciently small, ð0; dÞ is a regular value of ð f ; gÞ.

Proof. Since f has an isolated critical point, f �1ð0Þnf0g is smooth (or
empty). By the Curve Selection Lemma, the critical points of gj f �1ð0Þnf0g lie in
g�1ð0Þ. r

Lemma 2.3. Let p be a regular point of f . The function gj f �1ð f ðpÞÞ has a
critical point at p if and only if vigðpÞ ¼ 0 for all i A f2; . . . ; ng.

Proof. If p is a regular point of f then v2ðpÞ; . . . ; vnðpÞ span the tangent
space at f �1ð f ðpÞÞ. Therefore gj f �1ð f ðpÞÞ has a critical point at p if and only if
hviðpÞ;‘gðpÞi ¼ 0 for all i A f2; . . . ; ng. r

Lemma 2.4. The origin is an isolated singularity of f �1ð0ÞV g�1ð0Þ if and
only if 0 is isolated in kð f ; gÞ�1ð0Þ.

Proof. A point p, distinct from the origin, is in kð f ; gÞ�1ð0Þ if and only if
gj f �1ð0Þnf0g has a critical point at p. But, as noticed above, such a point lies in
g�1ð0Þ. r

Lemma 2.5. Let a0 0 be a regular value of f . Let p be a point in
f �1ðaÞ. The function gj f �1ðaÞ has a non-degenerate critical point at p if and only
if kð f ; gÞðpÞ ¼ ða; 0; . . . ; 0Þ and det Dkð f ; gÞðpÞ0 0. Furthermore if lðpÞ is the
Morse index of gj f �1ðaÞ at p then we have:

ð�1Þlð pÞ ¼ sign½det Dkð f ; gÞðpÞ�:
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Proof. Since a is a regular value of f , there exists j such that fxj ðpÞ0 0.
Assume that j ¼ 1. From [Sz, p349–350], p is a non-degenerate critical point of
gj f �1ðaÞ if and only if:

det
‘f ðpÞ
‘m1iðpÞ

� �
2aian

0 0:

Furthermore, we have:

ð�1ÞlðpÞ ¼ ð�1Þn�1 signð fx1ðpÞÞ
n det

‘f ðpÞ
‘m1iðpÞ

� �
:

We have to relate det
‘f ðpÞ
‘m1iðpÞ

� �
to det

‘f ðpÞ
‘vigðpÞ

� �
. For i A f2; . . . ; ng, let uiðpÞ

be the vector ð fxiðpÞ; 0; . . . ; 0;�fx1ðpÞ; 0; . . . ; 0Þ, where �fx1ðpÞ is the i-th coor-
dinate. Then ðu2ðpÞ; . . . ; unðpÞÞ is a basis of Tp f

�1ðaÞ and it is not di‰cult to
see that:

detð‘f ðpÞ; u2ðpÞ; . . . ; unðpÞÞ ¼ ð�1Þn�1
fx1ðpÞ

n�2
Xn
i¼1

f 2
xi
ðpÞ

 !
:

Hence there exists an ðn� 1Þ � ðn� 1Þ matrix BðpÞ such that:

‘f ðpÞ
uiðpÞ

� �
¼ 1 0

0 BðpÞ

� �
‘f ðpÞ
viðpÞ

� �
;

with sign½det BðpÞ� ¼ ð�1Þn�1 sign½ fx1ðpÞ
n�2�. Hence, for i A f2; . . . ; ng:

uiðpÞ ¼
Xn
j¼2

BijðpÞvjðpÞ;

and:

m1iðpÞ ¼ uigðpÞ ¼
Xn
j¼2

BijðpÞvjgðpÞ:

Since vjgðpÞ ¼ 0, we have:

‘m1iðpÞ ¼
Xn
j¼2

BijðpÞ‘vjgðpÞ;

and:

‘f ðpÞ
‘m1iðpÞ

� �
¼ 1 0

0 BðpÞ

� �
f ðpÞ

‘vigðpÞ

� �
:

With this equality, it is easy to conclude. r
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To prove Theorem 2.1, we will use Morse theory for manifolds with
corners. The reader may refer to [Du3, Section 2] for a brief description of
this theory. The following lemma deals with the critical points of gjqW e

f�a
.

Lemma 2.6. For all a and e such that 0 < jajf ef 1, we have:
� at all correct critical points of gjqW e

f�a
with g > 0, ‘gj f �1ðaÞ points outwards,

� at all correct critical points of gjqW e
f�a

with g < 0, ‘gj f �1ðaÞ points inwards,
� there are no correct critical points of gjqW e

f�a
in g�1ð0Þ.

Proof. The proof is the same as in [Du1], Lemma 4.1. r

Lemma 2.7. We can choose a small enough and we can perturb g into ~gg in
such a way that ~ggjW e

f�a
has only Morse critical points.

Proof. Let ðx; tÞ ¼ ðx1; . . . ; xn; t1; . . . ; tnÞ be a coordinate system of R2n and
let gðx; tÞ ¼ gðxÞ þ t1x1 þ � � � tnxn. For ði; jÞ A f1; . . . ; ng2, we define mijðx; tÞ by

mijðx; tÞ ¼
qð f ; gÞ
qðxi; xjÞ

ðx; tÞ. Notice that:

mijðx; tÞ ¼ mijðx; tÞ þ fxiðxÞtj � ti fxj ðxÞ:
Let G be defined by:

G ¼ fðx; tÞ A R2n jmijðx; tÞ ¼ 0 for ði; jÞ A f1; . . . ; ng2g:
At a point p, if f does not vanish then there exists i A f1; . . . ; ng such that
fxiðpÞ0 0. This implies that Gnf f ¼ 0g is a smooth manifold (or empty) of
dimension nþ 1. Actually if p belongs to Gnf f ¼ 0g, then one can assume that
fx1ðpÞ0 0. In this case, around p, G is defined by the vanishing of m12; . . . ;m1n

and the gradient vector fields of these functions are linearly independent. Let p
be the following mapping:

p : Gnf f ¼ 0g ! R1þn

ðx; tÞ 7! ð f ðxÞ; tÞ:
By the Bertini-Sard theorem, we can choose ða; sÞ close to 0 in R1þn such that p
is regular at each point in p�1ða; sÞ close to the origin. If we denote by ~gg the
function defined by ~ggðxÞ ¼ gðx; sÞ, this means that ~ggj f �1ðaÞ admits only Morse
critical points in a neighborhood of the origin. r

Proof of Theorem 2.1. Let o : Rn ! R be the distance function to the
origin. Let e > 0 be su‰ciently small so that gj f �1ð0Þnf0g has no critical point in
f �1ð0Þnf0gV fo < eg. Let d be such that 0 < jdjf ef 1. We want to express
wðW e

ð f ;g�dÞÞ in terms of deg0 kð f ; gÞ. Let a be a regular value of f such that

0 < jajf jdj and the following properties are satisfied:
(1) W e

ð f�a;g�dÞ is di¤eomorphic to W e
ð f ;g�dÞ,

(2) the critical points of gj f �1ðaÞVfo<eg lie in fjgj < dgV o <
e

2

� �
.
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Hence the critical points of gjqW e
f�a

are correct. Furthermore by the previous
lemmas, we can assume that gj f �1ðaÞVfo<eg has only Morse critical points, that at
the correct critical points of gjW e

f�a
lying in fg > 0g (resp. fg < 0g), ‘gjW e

f�a
points

outwards (resp. inwards) and that there are no correct critical points of gjW e
f�a

in
g�1ð0Þ.

We assume that d > 0 and we apply Morse theory for manifolds with
boundary to obtain:

wðW e
f�a V fgb�dg;W e

ð f�a;gþdÞÞ ¼
X
i

ð�1ÞlðpiÞ;

where fpig is the set of critical points of gj f �1ðaÞVfo<eg, and:

wðW e
f�a V fga�dg;W e

ð f�a;gþdÞÞ ¼ 0:

Summing these equalities and using the Mayer-Vietoris sequence, we obtain:

wðW e
f�aÞ � wðW e

ð f�a;gþdÞÞ ¼
X
i

ð�1ÞlðpiÞ:

By Lemma 2.5,
P

ið�1ÞlðpiÞ is equal to deg0 kð f ; gÞ. By Khimshiashvili’s
formula, wðW e

f�aÞ ¼ 1� signð�aÞn deg0 ‘f . Now by Proposition 1.1 in [FK],
we know that deg0 ‘f ¼ 0 if n is odd. This gives the result for the fibre W e

ð f ;g�dÞ
with d < 0. The formula for the fibre W e

ð f ;g�dÞ with d > 0 is obtained replacing g

with �g. It remains to prove the third formula. Let d be such that ða; dÞ is a
regular value of ð f ; gÞ and 0a jdjf jajf e. Since n is even, we have:

wðW e
f�a V fgb dgÞ � wðW e

ð f�a;g�dÞÞ ¼
X

ijgðpiÞ>d

ð�1ÞlðpiÞ;

wðW e
f�a V fga dgÞ � wðW e

ð f�a;g�dÞÞ ¼ �
X

ijgðpiÞ<d

ð�1ÞlðpiÞ:

Making the di¤erence and using Lemma 2.5, we obtain the result. r

Corollary 2.8. If 0 is an isolated critical point of f and is isolated in
kð f ; gÞ�1ð0Þ, then one has:

if n is odd: wðqW e
ð f ;gÞÞ ¼ 2� 2 deg0 kð f ; gÞ;

if n is even: wðqW e
f V fgb 0gÞ � wðqW e

f V fga 0gÞ ¼ 2 deg0 kð f ; gÞ:

Proof. The first point is easy. For the second assertion, see [Du1],
Theorem 5.2. r

2.2. Restriction of f to the regular levels of g
Now we suppose that g also has an isolated critical point at the origin and

we consider the mapping lð f ; gÞ : ðRn; 0Þ ! ðRn; 0Þ defined by:
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lð f ; gÞ ¼ ðg; v2g; . . . ; vngÞ:
In [FK], Theorem 4.1, Fukui and Khovanskii prove that if 0 is isolated in

lð f ; gÞ�1ð0Þ and if the set of critical points of f does not intersect W e
g�d then:

deg0 lð f ; gÞ ¼ �signð�dÞnfwðW e
g�d V f f b 0gÞ � wðW e

g�d V f f a 0gÞg:
In our situation the second condition is fullfilled because f has an isolated critical
point. In the following theorem, we give another interpretation of this degree.

Theorem 2.9. If f and g have an isolated critical point at the origin and 0 is
isolated in lð f ; gÞ�1ð0Þ then:

if n is even: wðW e
ð f�d;gÞÞ ¼ 1� deg0 ‘g� signðdÞ deg0 lð f ; gÞ;

if n is odd: wðW e
f�d V fgb 0gÞ � wðW e

f�d V fga 0gÞ

¼ deg0 ‘gþ signðdÞ deg0 lð f ; gÞ;
where 0 < jdjf ef 1.

As in the previous theorem, Theorem 2.9 is proved giving two di¤erent
interpretations of the algebraic sum of the critical points of a Morse perturbation
of fjW e

g�a
, where 0 < jajf e. We need some lemmas.

Lemma 2.10. For d0 0 su‰ciently small, ðd; 0Þ is a regular value of ð f ; gÞ.

Lemma 2.11. Let p be a regular point of g. The function fjg�1ðgðpÞÞ has a
critical point at p if and only if vigðpÞ ¼ 0 for all i A f2; . . . ; ng.

Proof. The function fjg�1ðgðpÞÞ has a critical point at p if and only if
‘f ðpÞ and ‘gðpÞ are colinear. Since these two vectors are non zero, this is
equivalent to the fact that gj f �1ð f ðpÞÞ has a critical point at p. It is enough to use
Lemma 2.3. r

Lemma 2.12. The origin is an isolated singularity of f �1ð0ÞV g�1ð0Þ if and
only if 0 is isolated in lð f ; gÞ�1ð0Þ.

Lemma 2.13. Let a0 0 be a regular value of g. Let p be a point in
g�1ðaÞ. The function fjg�1ðaÞ has a non-degenerate critical point at p if and only
if lð f ; gÞðpÞ ¼ ða; 0; . . . ; 0Þ and det Dlð f ; gÞðpÞ0 0. Furthermore if lðpÞ is the
Morse index of fjg�1ðaÞ at p and if mðpÞ is the real number such that ‘f ðpÞ ¼
mðpÞ‘gðpÞ then we have:

ð�1ÞlðpÞ ¼ ð�1Þn�1 sign mðpÞn det Dlð f ; gÞðpÞ½ �:

Proof. Since a is a regular value of g, there exists j such that gxj ðpÞ0 0.
Assume that j ¼ 1. From [Sz, p349–350], p is a non-degenerate critical point of
fjg�1ðaÞ if and only if:
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det
‘gðpÞ

�‘m1iðpÞ

� �
2aian

0 0:

Furthermore, we have:

ð�1ÞlðpÞ ¼ ð�1Þn�1 sign gx1ðpÞ
n det

‘gðpÞ
�‘m1iðpÞ

� �� �
:

Since gx1ðpÞ0 0, fx1ðpÞ does not vanish for otherwise mðpÞ and ‘f ðpÞ would
vanish as well. Then the computations done in Lemma 2.5 show that:

sign det
‘gðpÞ

�‘vigðpÞ

� �� �
¼ sign fx1ðpÞ

n�2 det
‘gðpÞ

�‘m1iðpÞ

� �� �
;

and it is easy to finish the proof. r

The following lemma deals with the critical points of fjqW e
g�a
.

Lemma 2.14. For all a and e such that 0 < jajf ef 1, we have:
� at all correct critical points of fjqW e

g�a
with f > 0, ‘fjg�1ðaÞ points outwards,

� at all correct critical points of fjqW e
g�a

with f < 0, ‘fjg�1ðaÞ points inwards,
� there are no correct critical points of fjqW e

g�a
in f �1ð0Þ.

Similarly, we have:

Lemma 2.15. For e su‰ciently small, we have:
� at all correct critical points of fjS n�1

e
with f > 0, ‘f points outwards,

� at all correct critical points of fjS n�1
e

with f < 0, ‘f points inwards,
� there are no correct critical points of fjS n�1

e
in f �1ð0Þ.

Lemma 2.16. We can choose a small enough and we can perturb g into ~gg in
such a way that fjW e

~gg�a
has only Morse critical points.

Proof. With the method of Lemma 2.7, we can prove that there exists a
small perturbation ~gg of g such that fjW e

~gg�a
has only Morse critical points outside

f f ¼ 0g. But Lemma 2.2 states that ð0; aÞ is a regular value of ð f ; ~ggÞ for a small
enough. r

Proof of Theorem 2.9. When n is even, the theorem is proved as in
Theorem 2.1. So let us assume that n is odd. Let o : Rn ! R be the distance
function to the origin. Let e > 0 be su‰ciently small so that fjg�1ð0Þnf0g has no
critical point in g�1ð0Þnf0gV fo < eg. Let ðd; aÞ be a regular value of ð f ; gÞ
such that:

(1) 0 < jajf jdjf e,
(2) the critical points of fjg�1ðaÞ lie in fj f j < dgV o <

e

2

� �
,

(3) fg?0gVW e
f�d is di¤eomorphic to fg?agVW e

f�d, where ? A fa;¼;bg.
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Thanks to the three previous lemmas, we can assume as in Theorem 2.1 that we
are in a good situation to apply Morse theory for manifolds with corners. Let
us assume that d > 0. By Morse Theory, we obtain:

wðfgb agV f f b dgVBn
e Þ � wðfgb agVW e

f�dÞ ¼ 0;ð1Þ
wðfgb agV f f a dgVBn

e Þ � wðfgb agVW e
f�dÞ ¼

X
ijmðpiÞ<0

ð�1ÞlðpiÞ;ð2Þ

wðfga agV f f b dgVBn
e Þ � wðfga agVW e

f�dÞ ¼ 0;ð3Þ

wðfga agV f f a dgVBn
e Þ � wðfga agVW e

f�dÞð4Þ

¼ �deg0 ‘f þ
X

ijmðpiÞ>0

ð�1ÞlðpiÞ:

In the equality (4), the terms �deg0 ‘f appears because we can perturb f in
such a way that its critical points lie in fjgja agV fj f ja dg. The combination
ð1Þ þ ð2Þ � ð3Þ � ð4Þ together with the Mayer-Vietoris sequence gives:

wðfgb agVBn
e Þ � wðfga agVBn

e Þ � wðfgb agVW e
f�dÞ þ wðfga agVW e

f�dÞ

¼ �
X
i

sign mðpiÞð�1ÞlðpiÞ þ deg0 ‘f :

We have already seen that deg0 ‘f ¼ 0. Moreover, by the remark after The-
orem 3.2 in [Du3], we have:

wðfgb agVBn
e Þ � wðfga agVBn

e Þ ¼ deg0 ‘g:

Using Lemma 2.13, we find that:

wðfgb 0gVW e
f�dÞ � wðfga 0gVW e

f�dÞ ¼ deg0 ‘gþ deg0 lð f ; gÞ:

The proof for d negative is obtained replacing f with �f . r

3. On partially parallelizable maps of ðRnþ1Þ to ðR3; 0Þ of the type
ðF ;G; x0Þ

Let ðx0; x1; . . . ; xnÞ be a coordinate system in R1þn and F : ðR1þn; 0Þ ! ðR; 0Þ
be an analytic function-germ with an isolated critical point at the origin. We
assume that F satisfies the following Condition (Px0 ): there exist Cy-vector fields
V2; . . . ;Vn on R1þn such that V2ðpÞ; . . . ;VnðpÞ span the tangent space at p to
F�1ðF ðpÞÞV x�1

0 ðx0ðpÞÞ whenever p is a regular point of ðF ; x0Þ and such that
ðe0;‘F ðpÞ;V2ðpÞ; . . . ;VnðpÞÞ agrees with the orientation of R1þn. Here e0 is
the vector ð1; 0; . . . ; 0Þ. Let G : ðR1þn; 0Þ ! ðR; 0Þ be another analytic function-
germ. In our study, we will investigate the critical points of the restriction of x0
to regular levels of ðF ;GÞ and the critical points of the restriction of F to regular
levels of ðG; x0Þ. These critical points are the points where ‘F , ‘G and e0 are
linearly dependent. This last condition is realized when the vectors ðFx1 ; . . . ;FxnÞ
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and ðGx1 ; . . . ;GxnÞ are colinear. Since F satisfies Condition (Px0 ), its restriction
to the levels of x0 satisfies Condition ðPÞ, with the vectors V2; . . . ;Vn. Hence the
critical points that we will study will be points where V2G; . . . ;VnG vanish.

3.1. Restriction of x0 to the levels of ðF ;GÞ
We define a mapping HðF ;GÞ : ðR1þn; 0Þ ! ðR1þn; 0Þ by: HðF ;GÞ ¼ ðF ;G;

V2G; . . . ;VnGÞ. Our aim is to prove the following theorem:

Theorem 3.1. If F has an isolated critical point at the origin, 0 is isolated in
HðF ;GÞ�1ð0Þ and ð0; d; 0Þ is a regular value of ðF ;G; x0Þ, then we have:

deg0 HðF ;GÞ ¼ signð�dÞn½wðW e
ðF ;G�dÞ V fx0 b 0gÞ � wðW e

ðF ;G�dÞ V fx0 a 0gÞ�;
where 0 < jdjf ef 1.

To establish this theorem, we use the same strategy as in Theorem 2.1 and
2.9: we count in two di¤erent ways the critical points of a perturbation of
x0jW e

ðF ;G�dÞ
. Note that thanks to Condition (Px0 ) these critical points are exactly

the roots of F ;G � d;V2G; . . . ;VnG.
From now on, we will assume that the three assumptions of Theorem 3.1 are

fullfilled. For all ði; jÞ A f1; . . . ; ng2, we will set Mij ¼
qðF ;GÞ
qðxi; xjÞ

.

Lemma 3.2. For d0 0 su‰ciently small, ð0; dÞ is a regular value of ðF ;GÞ.

Lemma 3.3. The origin is an isolated singularity of F�1ð0ÞVG�1ð0Þ.

Lemma 3.4. Let d0 0 be su‰ciently small so that F�1ð0ÞVG�1ðdÞ is a
smooth submanifold (or empty) of codimension 2 near the origin. Let p be a point
in F�1ð0ÞVG�1ðdÞ. The function x0jF�1ð0ÞVG�1ðdÞ has a critical point at p if and
only if HðF ;GÞðpÞ ¼ ð0; d; 0; . . . ; 0Þ.

Proof. The function x0jF�1ð0ÞVG�1ðdÞ has a critical point at p if and only if
FðpÞ ¼ 0, GðpÞ ¼ d and

rank

1 0 � � � 0

Fx0ðpÞ Fx1ðpÞ � � � FxnðpÞ
Gx0ðpÞ Gx1ðpÞ � � � GxnðpÞ

2
4

3
5< 3:

First let us suppose that p is a critical point of x0jF�1ð0ÞVG�1ðdÞ and remark that
necessarly x0ðpÞ0 0 because ð0; d; 0Þ is a regular value of ðF ;G; x0Þ. This im-
plies that p is a regular point of ðF ; x0Þ for the critical points of x0jF�1ð0Þnf0g lie

in fx0 ¼ 0g by the Curve Selection Lemma and, so, ðV2ðpÞ; . . . ;VnðpÞÞ is a basis
of Tp½F�1ð0ÞV x�1

0 ðx0ðpÞÞ�. Since ‘GðpÞ belongs to the normal space at p to
F�1ð0ÞV x�1

0 ðx0ðpÞÞ, we find that for each i A f2; . . . ; ng, hViðpÞ;‘GðpÞi ¼ 0.
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Let us show the inverse implication. Let p be such that HðF ;GÞðpÞ ¼
ð0; d; 0; . . . ; 0Þ. If ðF ; x0Þ is not regular at p then x0ðpÞ ¼ 0 and ð0; d; 0Þ is not a
regular value of ðF ;G; x0Þ, which is impossible. Hence ðV2ðpÞ; . . . ;VnðpÞÞ is a
basis of Tp½F�1ð0ÞV x�1

0 ðx0ðpÞÞ� and ‘GðpÞ is normal to this last tangent space.
r

Lemma 3.5. Under the assumptions of Lemma 3.4, x0jF�1ð0ÞVG�1ðdÞ has a non-
degenerate critical point at p if and only if HðF ;GÞðpÞ ¼ ð0; d; 0; . . . ; 0Þ and
det DHðF ;GÞðpÞ0 0. Furthermore if lðpÞ is the Morse index of this function at
p then:

ð�1ÞlðpÞ ¼ ð�1Þn sign GðpÞ
x0ðpÞ

� �n
det DHðF ;GÞðpÞ

� �
:

Proof. First observe that, since ð0; dÞ is a regular value of ðF ;GÞ and
the Mij ’s, i; j A f1; . . . ; ng, vanish at p, there exists k A f1; . . . ; ng such that
qðF ;GÞ
qðx0; xkÞ

ðpÞ0 0. Assume that k ¼ 1. This implies that Fx1ðpÞ0 0 for other-

wise Gx1ðpÞ0 0 and Fxj ðpÞ ¼ 0 for j A f2; . . . ; ng, which means that p is not a
regular point of ðF ; x0Þ and x0ðpÞ ¼ 0.

From [Sz, p349–350], p is a Morse critical point of x0jF�1ð0ÞVG�1ðdÞ if and only
if

det

‘FðpÞ
‘GðpÞ
‘NiðpÞ

2
64

3
75
2aian

0 0;

where Ni ¼
qðx0;F ;GÞ
qðx0; x1; xiÞ

¼ M1i. Moreover, we have:

ð�1ÞlðpÞ ¼ sign det

‘FðpÞ
‘GðpÞ
‘M1iðpÞ

2
64

3
75 qðF ;GÞ
qðx0; x1Þ

ðpÞn

0
B@

1
CA:

Let us relate detð‘FðpÞ;‘GðpÞ;‘M1iðpÞÞ to detð‘FðpÞ;‘GðpÞ;‘ViGðpÞÞ. For
i A f2; . . . ; ng, let UiðpÞ be the vector:

ð0;FxiðpÞ; 0; . . . ; 0;�Fx1ðpÞ; 0; . . . ; 0Þ;

where �Fx1ðpÞ is the ði þ 1Þ-th coordinate. Then ðU2ðpÞ; . . . ;UnðpÞÞ is a basis
Tp½F�1ð0ÞV x�1

0 ðx0ðpÞÞ� and

detðe0;‘FðpÞ;U2ðpÞ; . . . ;UnðpÞÞ ¼ ð�1Þn�1
Fx1ðpÞ

n�2 �
Xn
i¼1

FxiðpÞ
2

 !
:
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Hence there exists an ðn� 1Þ � ðn� 1Þ-matrix BðpÞ such that:

e0

‘FðpÞ
UiðpÞ

0
@

1
A ¼

1 0 0

0 1 0

0 0 BðpÞ

0
B@

1
CA e0

‘FðpÞ
ViðpÞ

0
@

1
A;

with sign½det BðpÞ� ¼ ð�1Þn�1 sign½Fx1ðpÞ
n�2�: As we proceeded in Lemma 2.5,

we have:

sign½detðe0;‘FðpÞ;‘UiGðpÞÞ� ¼ ð�1Þn�1 sign½Fx1ðpÞ
n�2 detðe0;‘FðpÞ;‘ViGðpÞÞ�:

Since e0 is a linear combination of ‘FðpÞ and ‘GðpÞ, it is easy to see that:

sign det ‘FðpÞ;‘GðpÞ;‘UiGðpÞð Þ½ �

¼ ð�1Þn�1 sign½Fx1ðpÞ
n�2 detð‘FðpÞ;‘GðpÞ;‘ViGðpÞÞ�:

Using the fact that UiGðpÞ ¼ �M1iðpÞ, we find that:

ð�1ÞlðpÞ ¼ sign det

‘F ðpÞ
‘GðpÞ
‘ViGðpÞ

2
64

3
75 qðF ;GÞ
qðx0; x1Þ

ðpÞnFx1ðpÞ
n�2

0
B@

1
CA:

It remains to study the sign of
qðF ;GÞ
qðx0; x1Þ

ðpÞ. By the Curve Selection Lemma, we

can assume that p is on the image of an analytic arc g : �0; n½ ! F�1ð0Þ such that
MijðgðtÞÞ ¼ 0 for t A �0; n½ and ði; jÞ A f1; . . . ; ng2. We have

Pn
i¼1 FxiðgÞg 0i ¼ 0

since F � g ¼ 0 and ðG � gÞ0 ¼
Pn

i¼1 GxiðgÞg 0i . Multiplying the first equality by
Gx1 , the second by Fx1 and making the di¤erence, we obtain:

Fx0Gx1 � Gx0Fx1 ¼ �ðG � gÞ0

g 00
Fx1 :

Hence if d0 0 is small enough, sign
qðF ;GÞ
qðx0; x1Þ

n

F n�2
x1

� �
¼ �sign

G

x0

� �
at p. r

The following lemma deals with the critical points of x0jqW e
ðF ;G�dÞ

.

Lemma 3.6. Assume that ð0; d; 0Þ is a regular value of ðF ;G; x0Þ for d
su‰ciently small. Then, for e and d such that 0 < jdjf ef 1:

� the vector ‘x0jF�1ð0ÞVG�1ðdÞ points outwards at all correct critical points of
x0jqW e

ðF ;G�dÞ
with x0 > 0,

� the vector ‘x0jF�1ð0ÞVG�1ðdÞ points inwards at all correct critical points of
x0jqW e

ðF ;G�dÞ
with x0 < 0,

� there are no correct critical points of x0jqW e
ðF ;G�dÞ

in fx0 ¼ 0g.

Proof. The proof is the same as in [Du1], Lemma 4.1. r
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Lemma 3.7. If for d small enough, ð0; d; 0Þ is a regular value of ðF ;G; x0Þ,
then we can perturb G into ~GG in such a way that x0jW e

ðF ; ~GG�dÞ
has only Morse critical

points in W e
ðF ; ~GG�dÞnfx0 ¼ 0g.

Proof. The proof is similar to the proofs of Lemma 2.7 and Lemma 4.2 in
[Du1]. Let us describe it briefly. Let ðx0; . . . ; xn; t1; . . . ; tnÞ ¼ ðx; tÞ be a coor-
dinate system of R2nþ1 and let

Gðx; tÞ ¼ GðxÞ þ t1x1 þ � � � þ tnxn:

For ði; jÞ A f1; . . . ; ng2, we define Mijðx; tÞ by Mijðx; tÞ ¼
qðF ;GÞ
qðxi; xjÞ

. Note that
Mijðx; tÞ ¼ MijðxÞ þ Fxi tj � Fxj ti. Let G be defined by:

G ¼ fðx; tÞ A R2nþ1 jFðxÞ ¼ 0 and Mijðx; tÞ ¼ 0 for ði; jÞ A f1; . . . ; ng2g:
In the same way as in Lemma 2.7 and Lemma 4.2, we can prove that Gnfx0 ¼ 0g
is a smooth manifold (or empty) of dimension nþ 1. Then we conclude with the
following mapping:

p : Gnfx0 ¼ 0g ! R1þn

ðx; tÞ 7! ðGðx; tÞ; tÞ: r

Proof of Theorem 3.1. Let o : R1þn ! R be the distance function to
the origin. Because 0 is isolated in HðF ;GÞ�1ð0Þ, x0jF�1ð0ÞVG�1ð0Þnf0g has no
critical point and then, choosing d su‰ciently small, we can assume that
x0jF�1ð0ÞVG�1ðdÞVfo<eg admits its critical points in W

e=4
ðF ;G�dÞ. Thus the critical

points of x0jqW e
ðF ;G�dÞ

are correct. By Lemmas 3.6 and 3.7, we can suppose
that x0jW e

ðF ;G�dÞ
is a correct Morse function, that its critical points lie in Be=2, that

at the correct critical points of x0jW e
ðF ;G�dÞ

lying in fx0 > 0g (resp. in fx0 < 0g),
‘x0jF�1ð0ÞVG�1ðdÞ points outwards (resp. inwards) and that there are no correct
critical points of x0jFd

in fx0 ¼ 0g. Applying Morse Theory for manifolds with
boundary, we find:

wðW e
ðF ;G�dÞ V fx0 b 0g;W e

ðF ;G�d;x0ÞÞ ¼
X

ijx0ðpiÞ>0

ð�1ÞlðpiÞ;

where fpig is the set of Morse critical points of x0jW e
ðF ;G�dÞ

. Similarly, we have:

wðW e
ðF ;G�dÞ V fx0 a 0g;W e

ðF ;G�d;x0ÞÞ ¼ ð�1Þn�1
X

ijx0ðpiÞ<0

ð�1ÞlðpiÞ:

By Lemma 3.4, p is a critical point of x0jW e
ðF ;G�dÞ

if and only if

HðF ;GÞðpÞ ¼ ð0; d; 0; . . . ; 0Þ:
Hence HðF ;GÞ�1ð0; d; 0; . . . ; 0Þ is the set of critical points of x0jW e

ðF ;G�dÞ
. Since

x0jW e
ðF ;G�dÞ

is a Morse function, det DHðF ;GÞðpÞ0 0 for each p in
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H�1ð0; d; 0; . . . ; 0Þ by Lemma 3.5. Hence ð0; d; 0; . . . ; 0Þ is a regular value of
HðF ;GÞ and

deg0 H ¼
X

p AH�1ð0; d;0;...;0Þ
sign½det DHðF ;GÞðpÞ�:

Combining this with the above equalities and Lemma 3.5, we obtain the required
equality. r

3.2. Restriction of F to the levels of ðG; x0Þ
We define two maps IðF ;GÞ and JðF ;GÞ : ðR1þn; 0Þ ! ðR1þn; 0Þ by: IðF ;GÞ

¼ ðx0;G;V2G; . . . ;VnGÞ and JðF ;GÞ ¼ ðx0F ;G;V2G; . . . ;VnGÞ. Our aim is to
prove the following theorem:

Theorem 3.8. If F has an isolated critical point at the origin, 0 is isolated in
JðF ;GÞ�1ð0Þ and ð0; d; 0Þ is a regular value then we have:

deg0 JðF ;GÞ ¼ signð�dÞn � ½wðW e
ðF ;G�dÞÞ � wðW e

ðG�d;x0ÞÞ�;

where 0 < jdjf ef 1.

From now on, we will assume that the three assumptions of Theorem 3.8 are

fullfilled. We keep the notations of the previous subsection: Mij ¼
qðF ;GÞ
qðxi; xjÞ

.

Lemma 3.9. The function Gjfx0¼0g has an isolated critical point at the origin.

Proof. Since JðF ;GÞ has an isolated zero at 0, the point ð0; 0; 0Þ is isolated
in IðF ;GÞ�1ð0Þ. This would not be the case if 0 in Rn was not an isolated
critical point of Gjfx0¼0g. r

Lemma 3.10. Let d0 0 be su‰ciently small so that fx0 ¼ 0gVG�1ðdÞ is a
smooth submanifold of codimension 2 (or empty) near the origin. Let s be a point
in fx0 ¼ 0gVG�1ðdÞ. The function Fjfx0¼0gVG�1ðdÞ has a critical point at s if and
only if IðF ;GÞðsÞ ¼ ð0; d; 0; . . . ; 0Þ.

Proof. Since ð0; d; 0Þ is a regular value of ðF ;G; x0Þ, we can apply the proof
of Lemma 2.11. r

Lemma 3.11. Under the assumptions of Lemma 3.10, FjG�1ðdÞVx�1
0
ð0Þ has a

non-degenerate critical point at s if and only if IðF ;GÞðsÞ ¼ ð0; d; 0; . . . ; 0Þ and
det DIðF ;GÞðsÞ0 0. Furthermore if mðsÞ is the Morse index of this function at s
then:

ð�1ÞmðsÞ ¼ ð�1Þn�1 sign
GðsÞ
FðsÞ

� �n
det DIðF ;GÞðsÞ

� �
:
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Proof. The proof is the same as in Lemmas 2.5, 2.13 and 3.5. We leave it
to the reader. r

The following lemma deals with the critical points of FjqW e
ðG�d; x0Þ

.

Lemma 3.12. Assume that ð0; d; 0Þ is a regular value of ðF ;G; x0Þ for d
su‰ciently small. Then, for e such that 0 < jdjf ef 1:

� the vector ‘Fjx�1
0
ð0ÞVG�1ðdÞ points outwards at all correct critical points of

FjW e
ðG�d; x0Þ

with F > 0,
� the vector ‘Fjx�1

0
ð0ÞVG�1ðdÞ points inwards at all correct critical points of

FjW e
ðG�d; x0Þ

with F < 0,
� there are no correct critical points of FjW e

ðG�d; x0Þ
in F�1ð0Þ.

Lemma 3.13. We can perturb G into ~GG in such a way that FjW e

ð ~GG�d; x0Þ
has only

Morse critical point.

Proof. The same method as in Lemma 2.16 can be applied, because we
have assumed that ð0; d; 0Þ is a regular value of ðF ;G; x0Þ. r

Proof of Theorem 3.8. It is easy to see that 0 is isolated in IðF ;GÞ�1ð0Þ.
Let us study the critical points of FjW e

ðG�d; x0Þ
. Thanks to Lemmas 3.12 and 3.13,

we can assume that we are in a good situation to apply Morse theory. We have:

wðW e
ðG�d;x0Þ V fF b 0gÞ � wðW e

ðF ;G�d;x0ÞÞ ¼
X

jjFðsjÞ>0

ð�1ÞmðsjÞ;

where fsjg is the set of Morse critical points of F jW e
ðG�d; x0Þ

. Similarly, we have:

wðW e
ðG�d;x0Þ V fF a 0gÞ � wðW e

ðF ;G�d;x0ÞÞ ¼ ð�1Þn�1
X

jjFðsjÞ>0

ð�1ÞmðsjÞ:

Hence, we get:

wðW e
ðG�d;x0ÞÞ � wðW e

ðF ;G�d;x0ÞÞ ¼
X

jjFðsjÞ>0

ð�1ÞmðsjÞ þ ð�1Þn�1
X

jjF ðsjÞ<0

ð�1ÞmðsjÞ:

An application of Lemma 3.11 gives:

wðW e
ðG�d;x0ÞÞ � wðW e

ðF ;G�d;x0ÞÞ ¼ �signð�dÞn
X
j

sign½F ðsjÞ det DIðF ;GÞðsjÞ�:

Similarly, we have:

wðW e
ðF ;G�dÞÞ � wðW e

ðF ;G�d;x0ÞÞ ¼ signð�dÞn
X
i

sign½x0ðpiÞ det DHðF ;GÞðpiÞ�:
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But the sets fpig and fsjg are exactly the preimages of ð0; d; 0; . . . ; 0Þ by JðF ;GÞ.
Furthermore, each pi is a regular point of JðF ;GÞ and:

sign½det DJðF ;GÞðpiÞ� ¼ sign½x0ðpiÞ det DHðF ;GÞðpiÞ�:
Each sj is a regular value of JðF ;GÞ as well and:

sign det DJðF ;GÞðsjÞ
� �

¼ sign FðsjÞ det DIðF ;GÞðsjÞ
� �

:

With all these informations, it is easy to finish the proof. r

4. Application to 1-parameter families and to partially parallelizable
mappings of ðRn; 0Þ to ðR2; 0Þ

In this section, we apply the formulas of Section 3 when F and G are one-
parameter deformations of two germs f and g. We use the same strategy as
Fukui does in [Fu].

We consider two function-germs F ;G : ðR1þn; 0Þ ! ðR; 0Þ such that F sat-
isfies Condition (Px0 ). We also assume that the conditions of Theorem 3.8 are
satisfied. Note that the fact that JðF ;GÞ has an isolated zero at the origin
implies that HðF ;GÞ has an isolated zero at the origin as well. Let us define the
function-germ F0 : ðRn; 0Þ ! ðR; 0Þ by F0ðx1; . . . ; xnÞ ¼ Fð0; x1; . . . ; xnÞ.

Lemma 4.1. Assume that the function-germ F0 has an isolated critical point at
the origin. Then for d su‰ciently small, ð0; d; 0Þ is a regular of ðF ;G; x0Þ. Let us
suppose that d > 0, then for 0 < df ef 1, we have:

W e
ðF ;G�dÞ V fx0 b 0gF qW e

F V fGb 0gV fx0 b 0gFW e
ðF ;x0�dÞ V fGb 0g;

W e
ðF ;G�dÞ V fx0 a 0gF qW e

F V fGb 0gV fx0 a 0gFW e
ðF ;x0þdÞ V fGb 0g;

W e
ðF ;GþdÞ V fx0 b 0gF qW e

F V fGa 0gV fx0 b 0gFW e
ðF ;x0�dÞ V fGa 0g;

W e
ðF ;GþdÞ V fx0 a 0gF qW e

F V fGa 0gV fx0 a 0gFW e
ðF ;x0þdÞ V fGa 0g;

where F means di¤eomorphic to.

Proof. Let us prove the first line. It is an adaptation to our case of the
deformation argument given by Milnor [Mi, Lemma 11.3]. We can construct a
vector field v1 on W e

FnfG ¼ 0g such that hv1ðxÞ;‘GðxÞi and hv1ðxÞ; xi are both
positive. Similarly there exists a vector field v2 on W e

ðF ;x0ÞnfG ¼ 0g such that
hv2ðxÞ;‘GðxÞi and hv2ðxÞ; xi are both positive. Using a collar, we can extend
v2 to a vector field ~vv2 defined in a neighborhood of W e

ðF ;x0ÞnfG ¼ 0g in W e
F V

fx0 b 0gnfG ¼ 0g such that h~vv2ðxÞ;‘GðxÞi and h~vv2ðxÞ; xi are positive. Gluing
v1 and ~vv2, we construct a new vector field w on W e

F V fx0 b 0gnfG ¼ 0g. The
di¤eomorphism between W e

ðF ;G�dÞ V fx0 b 0g and qW e
F V fGb 0gV fx0 b 0g is

obtained integrating the trajectories of w. Similarly W e
ðF ;x0�dÞ V fGb 0g is

di¤eomorphic to qW e
F V fGb 0gV fx0 b 0g because, by Lemma 3.3, F�1ð0ÞV

G�1ð0Þ is smooth outside the origin. r
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We want to compute wðW e
ðF ;G;x0�dÞÞ. By the Mayer-Vietoris sequence, we

know that:

wðW e
ðF ;x0�dÞÞ ¼ wðW e

ðF ;x0�dÞ V fGb 0gÞ þ wðW e
ðF ;x0�dÞ V fGa 0gÞ � wðW e

ðF ;G;x0�dÞÞ:

Hence, by Lemma 4.1, we find that if d > 0, then:

wðW e
ðF ;G;x0�dÞÞ ¼ wðW e

ðF ;G�dÞ V fx0 b 0gÞ þ wðW e
ðF ;GþdÞ V fx0 b 0gÞ � wðW e

ðF ;x0�dÞÞ;
wðW e

ðF ;G;x0þdÞÞ ¼ wðW e
ðF ;G�dÞ V fx0 a 0gÞ þ wðW e

ðF ;GþdÞ V fx0 a 0gÞ � wðW e
ðF ;x0þdÞÞ:

The Euler-Poincaré characteristic of W e
ðF ;x0GdÞ can be computed thanks to

formulas established in [Fu], as explained in [Du2, Theorem 3.2]. More pre-
cisely, let LðFÞ : ðR1þn; 0Þ ! ðR1þn; 0Þ be the mapping defined by LðFÞ ¼
ðF ;Fx1 ; . . . ;FxnÞ. If LðFÞ and ‘F0 have an isolated zero at the origin, then
‘F has an isolated zero at the origin and the following theorem explains how to
compute wðW e

ðF ;x0GdÞÞ.

Theorem 4.2. Let d and e be such that 0 < jdjf ef 1. If n is even then:

wðW e
ðF ;x0�dÞÞ ¼ 1� deg0 ‘F0:

If n is odd then:

wðW e
ðF ;x0�dÞÞ ¼ 1� deg0 ‘F � signðdÞ deg0 LðF Þ:

Proof. See [Fu] and [Du2]. r

At this point, we have assumed that:
(1) F has an isolated critical point at the origin,
(2) JðF ;GÞ has an isolated zero at the origin,
(3) ð0; d; 0Þ is a regular value of ðF ;G; x0Þ,
(4) F0 has an isolated critical point at the origin.

By the Curve Selection Lemma, Assumption (4) implies Assumption (3). More-
over, it means that 0 is isolated in fF ¼ Fx1 ¼ � � � ¼ Fxn ¼ x0 ¼ 0g. Since this
last set is equal to fF ¼ Fx1 ¼ � � � ¼ Fxn ¼ 0g near the origin thanks to the Curve
Selection Lemma and the fact that F�1ð0Þ has an isolated singularity, we have
that (4) implies that 0 is isolated in LðFÞ�1ð0Þ. So, under Assumption (4), we
can apply the above theorem.

It remains to compute wðW e
ðF ;GGdÞ V fx0?0gÞ, ? A fa;bg. By the Mayer-

Vietoris sequence, we have:

wðW e
ðF ;G�dÞÞ ¼ wðW e

ðF ;G�dÞ V fx0 b 0gÞ þ wðW e
ðF ;G�dÞ V fx0 a 0gÞ � wðW e

ðF ;G�d;x0ÞÞ:

But Theorem 2.1 enables us to compute wðW e
ðF ;G�dÞÞ and wðW e

ðF ;G�d;x0ÞÞ. Let
G0 : ðRnþ1; 0Þ ! ðR; 0Þ be defined by G0ðx1; . . . ; xnÞ ¼ Gð0; x1; . . . ; xnÞ and let us
assume that it has an isolated critical point at the origin. Then using Theorem
3.8 and Khimshiashvili’s formula, we find that:

wðW e
ðF ;G�dÞÞ ¼ 1þ signð�dÞn½deg0 JðF ;GÞ � deg0 ‘G0�:
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Now observe that, since F satisfies Condition (Px0 ), F0 satisfies Condition (P) of
Section 2 with the vector fields V 0

2 ; . . . ;V
0
n given by:

V 0
i ðx1; . . . ; xnÞ ¼ Við0; x1; . . . ; xnÞ:

Let kðF0;G0Þ : ðRn; 0Þ ! ðRn; 0Þ be defined by:

kðF0;G0Þ ¼ ðF0;V
0
2 G0; . . . ;V

0
n G0Þ:

By Theorem 2.1, we have:

if n is even: wðW e
ðF ;G�d;x0ÞÞ ¼ 1� deg0 ‘F0 þ signðdÞ deg0 kðF0;G0Þ;

if n is odd: wðW e
ðF ;G�d;x0ÞÞ ¼ 1� deg0 kðF0;G0Þ:

Let us focus first on the case n even. By Theorem 3.1, we have:

wðW e
ðF ;G�dÞ V fx0 b 0gÞ � wðW e

ðF ;G�dÞ V fx0 a 0gÞ ¼ deg0 HðF ;GÞ:
As explained above, we also have:

wðW e
ðF ;G�dÞ V fx0 b 0gÞ þ wðW e

ðF ;G�dÞ V fx0 a 0gÞ

¼ 2þ deg0 JðF ;GÞ � deg0 ‘G0 � deg0 ‘F0 þ signðdÞ deg0 kðF0;G0Þ:

This gives:

wðW e
ðF ;G�dÞ V fx0 b 0gÞ ¼ 1þ 1

2
½deg0 JðF ;GÞ � deg0 ‘G0 � deg0 ‘F0

þ signðdÞ deg0 kðF0;G0Þ þ deg0 HðF ;GÞ�;

wðW e
ðF ;G�dÞ V fx0 a 0gÞ ¼ 1þ 1

2
½deg0 JðF ;GÞ � deg0 ‘G0 � deg0 ‘F0

þ signðdÞ deg0 kðF0;G0Þ � deg0 HðF ;GÞ�:

Collecting all these informations, we obtain:

wðW e
ðF ;G;x0�dÞÞ ¼ 1þ deg0 JðF ;GÞ � deg0 ‘G0 þ signðdÞ deg0 HðF ;GÞ;

wðW e
ðF ;x0�dÞ V fGb 0gÞ � wðW e

ðF ;x0�dÞ V fGa 0gÞ ¼ deg0 kðF0;G0Þ:
If n is odd, we have:

wðW e
ðF ;G�dÞ V fx0 b 0gÞ � wðW e

ðF ;G�dÞ V fx0 a 0gÞ ¼ �signðdÞ deg0 HðF ;GÞ;

wðW e
ðF ;G�dÞ V fx0 b 0gÞ þ wðW e

ðF ;G�dÞ V fx0 a 0gÞ

¼ 2� signðdÞ½deg0 JðF ;GÞ � deg0 ‘G0� � deg0 kðF0;G0Þ:

This gives:

wðW e
ðF ;G�dÞ V fx0 b 0gÞ ¼ 1� 1

2
½signðdÞðdeg0 JðF ;GÞ � deg0 ‘G0

þ deg0 HðF ;GÞÞ þ deg0 kðF0;G0Þ�;
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wðW e
ðF ;G�dÞ V fx0 a 0gÞ ¼ 1� 1

2
½signðdÞðdeg0 JðF ;GÞ � deg0 ‘G0

� deg0 HðF ;GÞÞ þ deg0 kðF0;G0Þ�:

Finally we find:

wðW e
ðF ;G;x0�dÞÞ ¼ 1� deg0 kðF0;G0Þ � deg0 ‘F � signðdÞ deg0 LðF Þ;

wðW e
ðF ;x0�dÞ V fGb 0gÞ � wðW e

ðF ;x0�dÞ V fGa 0gÞ

¼ �deg0 JðF ;GÞ þ deg0 ‘G0 � signðdÞ deg0 HðF ;GÞ:

Here, we have to remark that:

wðW e
ðF ;G;x0�dÞÞ ¼

1

2
wðqW e

ðF ;G;x0�dÞÞ ¼
1

2
wðqW e

ðF ;G;x0ÞÞ ¼ 1� deg0 kðF0;G0Þ;

by Corollary 2.8. Hence, we get that deg0 ‘F ¼ deg0 LðFÞ ¼ 0.
Let us reformulate these results in terms of one-parameter deformations of

function-germs. Let ðx1; . . . ; xnÞ be a coordinate system of Rn. Let f : ðRn; 0Þ
! ðR; 0Þ be a function-germ with an isolated critical point at the origin. Let
g : ðRn; 0Þ ! ðR; 0Þ be a function-germ with an isolated critical point at the origin
such that the mapping kð f ; gÞ : ðRn; 0Þ ! ðRn; 0Þ has an isolated zero where
kð f ; gÞ is defined as in Section 2. Let ðl; x1; . . . ; xnÞ be a coordinate system
in R1þn and let F : ðR1þn; 0Þ ! ðR; 0Þ (resp. G : ðR1þn; 0Þ ! ðR; 0Þ) be a one-
parameter deformation of f (resp g), i.e. Fð0; xÞ ¼ f ðxÞ (resp. Gð0; xÞ ¼ gðxÞ).
We will use the notations ftðxÞ ¼ F ðt; xÞ and gtðxÞ ¼ Gðt; xÞ. We assume that:

(1) F has an isolated critical point at the origin,
(2) the mapping JðF ;GÞ has an isolated zero at the origin,
(3) F satisfies Condition (Pl) (which implies that f satisfies Condition (P)).

We note that F0 and G0 have an isolated critical point because F0 ¼ f and
G0 ¼ g. So we are in situation to apply the above process.

Theorem 4.3. For t and e with 0 < jtjf ef 1, we have:
– if n is odd:

wðW e
ð ft;gtÞÞ ¼ 1� deg0 kð f ; gÞ;

wðW e
ft
V fgt b 0gÞ � wðW e

ft
V fgt a 0gÞ

¼ �deg0 JðF ;GÞ þ deg0 ‘g� signðtÞ deg0 HðF ;GÞ;

– if n is even:

wðW e
ð ft;gtÞÞ ¼ 1þ deg0 JðF ;GÞ � deg0 ‘gþ signðtÞ deg0 HðF ;GÞ;
wðW e

ft
V fgt b 0gÞ � wðW e

ft
V fgt a 0gÞ ¼ deg0 kð f ; gÞ:
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Let us apply Theorem 4.3 when ð f ; gÞ is a partially parallelizable map.
More precisely, let us assume that f satisfies Condition (P) and let us consider
the following deformations of f and g:

F ðl; xÞ ¼ f ðxÞ � g1ðlÞ and Gðl; xÞ ¼ gðxÞ � g2ðlÞ;

where g ¼ ðg1; g2Þ : ðR; 0Þ ! ðR2; 0Þ is an analytic arc such that gðtÞ0 0 if t0 0
and g 01ðtÞ0 0 if t0 0. With this last condition, the function F has an iso-
lated critical point at the origin. Furthermore F satisfies Condition (Pl) with
Viðl; xÞ ¼ viðxÞ for i ¼ 2; . . . ; n. Let us denote by Discð f ; gÞ the discriminant of
the mapping ð f ; gÞ. The following lemma tells us when the points in the image
of g are regular value of ð f ; gÞ near the origin.

Lemma 4.4. The origin ð0; 0Þ is isolated in HðF ;GÞ�1ð0Þ if and only if 0 is
isolated in Discð f ; gÞV gðIÞ, where I is a small open interval in R containing 0.

Proof. The point ð0; 0Þ is isolated in HðF ;GÞ�1ð0Þ if and only if for all
ðt; xÞ0 ð0; 0Þ such that Fðt; xÞ ¼ Gðt; xÞ ¼ 0, there exists i A f2; . . . ; ng such that
viGðt; xÞ0 0. Let us remark that if x0 0 is such that F ð0; xÞ ¼ Gð0; xÞ ¼ 0 then
viGð0; xÞ0 0 for some i in f2; . . . ; ng because f �1ð0ÞV g�1ð0Þ has an isolated

singularity. Therefore the point ð0; 0Þ is isolated in HðF ;GÞ�1ð0Þ if and only if
for all ðt; xÞ with t0 0 such that F ðt; xÞ ¼ Gðt; xÞ ¼ 0 there exists i A f2; . . . ; ng
such that viGðt; xÞ0 0. This is equivalent to the fact that for all t0 0 and for
all x such that f ðxÞ ¼ g1ðtÞ and gðxÞ ¼ g2ðtÞ, ‘f ðxÞ and ‘gðxÞ are not colinear.

r

Theorem 4.3 can be restated in this situation.

Theorem 4.5. Assume that f and g have an isolated singularity and that
g 01ðtÞ0 0 if t0 0. Assume that JðF ;GÞ and kð f ; gÞ have an isolated zero at the
origin then for t and e with 0 < jtjf ef 1, we have:

– if n is odd:

wðW e
ð f�g1ðtÞ;g�g2ðtÞÞÞ ¼ 1� deg0 kð f ; gÞ;

wðW e
f�g1ðtÞ V fgb g2ðtÞgÞ � wðW e

f�g1ðtÞ V fga g2ðtÞgÞ

¼ �deg0 JðF ;GÞ þ deg0 ‘g� signðtÞ deg0 HðF ;GÞ;

– if n is even:

wðW e
ð f�g1ðtÞ;g�g2ðtÞÞÞ ¼ 1þ deg0 JðF ;GÞ � deg0 ‘gþ signðtÞ deg0 HðF ;GÞ;

wðW e
f�g1ðtÞ V fgb g2ðtÞgÞ � wðW e

f�g1ðtÞ V fga g2ðtÞgÞ ¼ deg0 kð f ; gÞ:

Let us examine the situation when l1ðtÞ ¼ t and l2ðtÞ ¼ 0. In this case, we
can check that deg0 JðF ;GÞ ¼ 0 and that deg0 H ¼ �deg0 lð f ; gÞ, where lð f ; gÞ is
defined in Section 2. Hence, we recover the results of Theorem 2.9.
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5. Explicit formulas

In this section, we present some situations where Conditions (P) and (Px0 )
are satisfied.

5.1. Case n ¼ 2, 4 or 8
As explained in [FK], when n ¼ 2, 4 or 8, Condition ðPÞ is satisfied for

any function-germ f : ðRn; 0Þ ! ðR; 0Þ. If qxi denotes the vector ei ¼ ð0; . . . ; 0; 1;
0 . . . ; 0Þ where 1 is the i-th coordinate, then the vectors v2; . . . ; vn are given by, if
n ¼ 2:

v2 ¼ �fx2qx1 þ fx1qx2 ;
if n ¼ 4:

v2 ¼ �fx2qx1 þ fx1qx2 � fx4qx3 þ fx3qx4 ;

v3 ¼ �fx3qx1 þ fx4qx2 þ fx1qx3 � fx2qx4 ;

v4 ¼ �fx4qx1 � fx3qx2 þ fx2qx3 þ fx1qx4 ;

if n ¼ 8:

v2 ¼ �fx2qx1 þ fx1qx2 � fx4qx3 þ fx3qx4 � fx6qx5 þ fx5qx6 þ fx8qx7 � fx7qx8 ;

v3 ¼ �fx3qx1 þ fx4qx2 þ fx1qx3 � fx2qx4 � fx7qx5 � fx8qx6 þ fx5qx7 þ fx6qx8 ;

v4 ¼ �fx4qx1 � fx3qx2 þ fx2qx3 þ fx1qx4 � fx8qx5 þ fx7qx6 � fx6qx7 � fx5qx8 ;

v5 ¼ �fx5qx1 þ fx6qx2 þ fx7qx3 þ fx8qx4 þ fx1qx5 � fx2qx6 � fx3qx7 � fx4qx8 ;

v6 ¼ �fx6qx1 � fx5qx2 þ fx8qx3 � fx7qx4 þ fx2qx5 þ fx1qx6 þ fx4qx7 � fx3qx8 ;

v7 ¼ �fx7qx1 � fx8qx2 � fx5qx3 þ fx6qx4 þ fx3qx5 � fx4qx6 þ fx1qx7 þ fx2qx8 ;

v8 ¼ �fx8qx1 þ fx7qx2 � fx6qx3 � fx5qx4 þ fx4qx5 þ fx3qx6 � fx2qx7 þ fx1qx8 :

Condition (Px0 ) is also fullfilled, the vectors Vi being given by, if n ¼ 2:

V2 ¼ �Fx2qx1 þ Fx1qx2 ;

if n ¼ 4:

V2 ¼ �Fx2qx1 þ Fx1qx2 � Fx4qx3 þ Fx3qx4 ;

V3 ¼ �Fx3qx1 þ Fx4qx2 þ Fx1qx3 � Fx2qx4 ;

V4 ¼ �Fx4qx1 � Fx3qx2 þ Fx2qx3 þ Fx1qx4 ;

if n ¼ 8:

V2 ¼ �Fx2qx1 þ Fx1qx2 � Fx4qx3 þ Fx3qx4 � Fx6qx5 þ Fx5qx6 þ Fx8qx7 � Fx7qx8 ;

V3 ¼ �Fx3qx1 þ Fx4qx2 þ Fx1qx3 � Fx2qx4 � Fx7qx5 � Fx8qx6 þ Fx5qx7 þ Fx6qx8 ;

V4 ¼ �Fx4qx1 � Fx3qx2 þ Fx2qx3 þ Fx1qx4 � Fx8qx5 þ Fx7qx6 � Fx6qx7 � Fx5qx8 ;

V5 ¼ �Fx5qx1 þ Fx6qx2 þ Fx7qx3 þ Fx8qx4 þ Fx1qx5 � Fx2qx6 � Fx3qx7 � Fx4qx8 ;
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V6 ¼ �Fx6qx1 � Fx5qx2 þ Fx8qx3 � Fx7qx4 þ Fx2qx5 þ Fx1qx6 þ Fx4qx7 � Fx3qx8 ;

V7 ¼ �Fx7qx1 � Fx8qx2 � Fx5qx3 þ Fx6qx4 þ Fx3qx5 � Fx4qx6 þ Fx1qx7 þ Fx2qx8 ;

V8 ¼ �Fx8qx1 þ Fx7qx2 � Fx6qx3 � Fx5qx4 þ Fx4qx5 þ Fx3qx6 � Fx2qx7 þ Fx1qx8 :

So all the results of Section 2, Section 3 and Section 4 can be applied. Note also
that the vector fields vi and Vi are analytic.

5.2. Case fx1 b 0 and Fx1 b 0
Condition (P) is satisfied for a function-germ f : ðRn; 0Þ ! ðR; 0Þ such that

fx1 b 0 (see [FK, p151]). The vectors v2; . . . ; vn are defined by:

vi ¼ �fxiqx1 �
Xn
j¼2

ð fxi fxj � di; jTÞqxj ;

where T ¼ fx1 þ
Pn

j¼2 f
2
xj

and di; j is the Kronecker symbol. Here we notice that
there is a mistake in the computation of the determinant of the matrix M defined
p. 151 in [FK]. This determinant is ð�1ÞnT n�1

Pn
i¼0 g

2
xi
. That is why our vi’s

are the opposite of the vi’s defined by Fukui and Khovanskii.
If Fx1 b 0, Condition (Px0 ) is satisfied with the vectors Vi’s defined by:

Vi ¼ �Fx1qx1 �
Xn
j¼2

ðFxiFxj � di; jT
0Þqxj ;

where T 0 ¼ Fx1 þ
Pn

j¼2 F
2
xj
. Let us remark that in this situation the computation

of wðW e
ðF ;G�dÞÞ can be simplified thanks to Theorem 2.1. Actually, the function

F satisfies Condition (P) with the following vectors:

Z0 ¼ Fx0qx1 þ
Xn

j¼0 j j01

ðFxiFxj � di; jSÞqxj ;

Zi ¼ �Fxiqx1 �
Xn

j¼0 j j01

ðFxiFxj � di; jSÞqxj ; i ¼ 2; . . . ; n;

where S ¼ Fx1 þ F 2
x0
þ
Pn

j¼2 F
2
xj
. Let KðF ;GÞ : ðRnþ1; 0Þ ! ðRnþ1; 0Þ be defined

by:

KðF ;GÞ ¼ ðF ;Z0G;Z2G; . . . ;ZnGÞ:
Since F�1ð0ÞVG�1ð0Þ has an isolated singularity at the origin (Lemma 3.3) then
KðF ;GÞ has an isolated zero at the origin (Lemma 2.4). Hence, by Theorem 2.1
and since deg0 ‘F ¼ 0 for Fx1 b 0, we have:

if n is odd: wðW e
ðF ;G�dÞÞ ¼ 1þ signðdÞ deg0 KðF ;GÞ;

if n is even: wðW e
ðF ;G�dÞÞ ¼ 1� deg0 KðF ;GÞ:
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So Theorem 4.3 can be rewritten without the assumption that g has an
isolated critical point at the origin. Namely, with the obvious assumptions, we
obtain:

Theorem 5.1. For t and e with 0 < jtjf ef 1, we have:
– if n is odd:

wðW e
ð ft;gtÞÞ ¼ 1� deg0 kð f ; gÞ;

wðW e
ft
V fgt b 0gÞ � wðW e

ft
V fgt a 0gÞ ¼ þdeg0 KðF ;GÞ � signðtÞ deg0 HðF ;GÞ;

– if n is even:

wðW e
ð ft;gtÞÞ ¼ 1� deg0 KðF ;GÞ þ signðtÞ deg0 HðF ;GÞ;

wðW e
ft
V fgt b 0gÞ � wðW e

ft
V fgt a 0gÞ ¼ deg0 kð f ; gÞ:

If the deformation ðF ;GÞ of ð f ; gÞ is of the form Fðl; xÞ ¼ f ðxÞ � g1ðlÞ,
Gðl; xÞ ¼ f ðxÞ � g2ðlÞ, then we just need to suppose that fx1 b 0. Therefore
Theorem 4.5 becomes:

Theorem 5.2. Assume that f has an isolated singularity and that g 01ðtÞ0 0 if
t0 0. Assume that JðF ;GÞ and kð f ; gÞ have an isolated zero at the origin then
for t and e with 0 < jtjf ef 1, we have:

– if n is odd:

wðW e
ð f�g1ðtÞ;g�g2ðtÞÞÞ ¼ 1� deg0 kð f ; gÞ;

wðW e
f�g1ðtÞ V fgb g2ðtÞgÞ � wðW e

f�g1ðtÞ V fga g2ðtÞgÞ

¼ þdeg0 KðF ;GÞ � signðtÞ deg0 HðF ;GÞ;

– if n is even:

wðW e
ð f�g1ðtÞ;g�g2ðtÞÞÞ ¼ 1� deg0 KðF ;GÞ þ signðtÞ deg0 HðF ;GÞ;

wðW e
f�g1ðtÞ V fgb g2ðtÞgÞ � wðW e

f�g1ðtÞ V fga g2ðtÞgÞ ¼ deg0 kð f ; gÞ:

6. An example

Let f ðx1; x2; x3; x4Þ ¼ x2
1 þ x2

2 þ x2
3 � x2

4 and gðx1; x2; x3; x4Þ ¼ x1x2 þ x3x4.
These functions have an isolated critical point at the origin and deg0 ‘f ¼ �1
and deg0 ‘g ¼ 1. The mappings kð f ; gÞ and lð f ; gÞ of Section 2 are:

kð f ; gÞðxÞ ¼ ðx2
1 þ x2

2 þ x2
3 � x2

4 ; 2x
2
1 � 2x2

2 þ 2x2
3 þ 2x2

4 ;�4x2x3; 4x2x4Þ;
lð f ; gÞðxÞ ¼ ðx1x2 þ x3x4; 2x

2
1 � 2x2

2 þ 2x2
3 þ 2x2

4 ;�4x2x3; 4x2x4Þ:

It is not di‰cult to see that 0 is an isolated root of kð f ; gÞ and lð f ; gÞ. Fur-
thermore, deg0 kð f ; gÞ ¼ 0 because kð f ; gÞ�1ð0; b; 0; 0Þ ¼ j if b < 0. If b < 0
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then lð f ; gÞ�1ð0; b; 0; 0Þ consists of the points p1 ¼ 0;

ffiffiffiffiffiffiffiffi
� b

2

r
; 0; 0

 !
and p2 ¼

0;�
ffiffiffiffiffiffiffiffi
� b

2

r
; 0; 0

 !
. Since det½Dlð f ; gÞðpiÞ� > 0, deg0 lð f ; gÞ is equal to 2. By

Theorem 2.1 and Theorem 2.9, we get that wðW e
ð f ;g�dÞÞ ¼ 2, wðW e

ð f�d;gÞÞ ¼ �2 if

d > 0 and wðW e
ð f�d;gÞÞ ¼ 2 if d < 0. By Theorem 4.5, we have:

wðW e
f�g1ðtÞ V fgt b g2ðtÞgÞ � wðW e

f�g1ðtÞ V fga g2ðtÞgÞ ¼ 0;

for an appropriate analytic arc ðg1; g2Þ.
Let us compute wðW e

ð f�t;g�tÞÞ using Theorem 4.5. The mappings H and J
of Section 3 are given by:

Hðt; xÞ ¼ ðx2
1 þ x2

2 þ x2
3 � x2

4 � t; x1x2 þ x3x4 � t;

2x2
1 � 2x2

2 þ 2x2
3 þ 2x2

4 ;�4x2x3; 4x2x4Þ;

Jðt; xÞ ¼ ðt � ðx2
1 þ x2

2 þ x2
3 � x2

4 � tÞ; x1x2 þ x3x4 � t;

2x2
1 � 2x2

2 þ 2x2
3 þ 2x2

4 ;�4x2x3; 4x2x4Þ:

Let us search the points ðt; xÞ such that Hðt; xÞ ¼ 0. If x2 ¼ 0 then clearly
x1 ¼ x3 ¼ x4 ¼ t ¼ 0. If x2 0 0 then x3 ¼ x4 ¼ 0 and:

x2
1 þ x2

2 � t ¼ 0

x1x2 � t ¼ 0

2x2
1 � 2x2

2 ¼ 0

8><
>:

This implies that t2 ¼ 4x4
2 ¼ x4

2 , which is a contradiction. Hence H admits an
isolated zero at the origin. Furthermore deg0 H ¼ 0. To see this, let ðt; xÞ be
such that Hðt; xÞ ¼ ð0; 0; b; 0; 0Þ where b < 0. Necessarly x2 0 0 and x3 ¼ x4
¼ 0. Hence x1, x2 and t satisfy the system:

x2
1 þ x2

2 � t ¼ 0

x1x2 � t ¼ 0

2x2
1 � 2x2

2 ¼ b

8><
>:

Putting g ¼ b

2
, we find that x2

1 ¼ tþ g

2
, x2

2 ¼ t� g

2
and t2 ¼ t2 � g2

4
. This last

equality is equivalent to 3t2 ¼ �g2, which is impossible.
Let us search the points ðt; xÞ such that Jðt; xÞ ¼ 0. As above, if x2 ¼ 0

then x1 ¼ x3 ¼ x4 ¼ t ¼ 0. If x2 0 0 then x3 ¼ x4 ¼ 0 and

tðx2
1 þ x2

2 � tÞ ¼ 0

x1x2 � t ¼ 0

2x2
1 � 2x2

2 ¼ 0

8><
>:

If t ¼ 0 then x1 ¼ x2 ¼ 0, which is a contradiction. The case x2
1 þ x2

2 � t ¼ 0 is
also impossible as we have already explained. Hence J admits an isolated zero
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at the origin. Let b < 0 and let us search the points ðt; xÞ such that Jðt; xÞ ¼
b2

8
; 0; b; 0; 0

 !
. Necessarly x2 0 0 and x3 ¼ x4 ¼ 0. Hence x1, x2 and t satisfy

the system:

tðx2
1 þ x2

2 � tÞ ¼ b2

8
x1x2 � t ¼ 0

2x2
1 � 2x2

2 ¼ b

8>>><
>>>:

Furthermore, t > 0 because tðx2
1 þ x2

2Þ ¼ t2 þ b2

8
and x1 and x2 have the same

sign. Putting g ¼ b

2
and l ¼ tþ b2

8t
, we find that x2

1 ¼ lþ g

2
, x2

2 ¼ l� g

2
and

t2 ¼ l2 � g2

4
. Hence, we get that 3t4 ¼ b4

64
. Thus

b2

8
; 0; b; 0; 0

 !
has two

preimages q1 ¼ ðt0; a1; b1; 0; 0Þ and q2 ¼ ðt0; a2; b2; 0; 0Þ, where t0 > 0, a1; b1 > 0
and a2; b2 < 0. An easy computation shows that DJðqiÞ ¼ �128b2i t0ðai � biÞ2.
Finally we find that deg0 J ¼ �2. Theorem 4.5 gives that wðW e

ð f�t;g�tÞÞ ¼ �2.

Let us now compute wðW e
ð f�t;g�ð1=4ÞtÞÞ. The mappings H and J are:

Hðt; xÞ ¼
�
x2
1 þ x2

2 þ x2
3 � x2

4 � t; x1x2 þ x3x4 �
1

4
t;

2x2
1 � 2x2

2 þ 2x2
3 þ 2x2

4 ;�4x2x3; 4x2x4

�
;

Jðt; xÞ ¼
�
t � ðx2

1 þ x2
2 þ x2

3 � x2
4 � tÞ; x1x2 þ x3x4 �

1

4
t;

2x2
1 � 2x2

2 þ 2x2
3 þ 2x2

4 ;�4x2x3; 4x2x4

�
:

We use the same technics as in the previous example. We find that H and J
have an isolated root at the origin. If b < 0 then ð0; 0; b; 0; 0Þ has two preimages
by H : p1 ¼ ðt0; a1; b1; 0; 0Þ and p2 ¼ ðt0; a2; b2; 0; 0Þ where t0 > 0, a1; b1 > 0 and
a2; b2 < 0. A computation gives that DHðpiÞ ¼ �48b2i t0, which implies that

deg0 H ¼ �2. Let us search the preimages of
b2

8
; 0; b; 0; 0

 !
, b < 0, by J. If

ðt; xÞ is such a preimage then necessarly x2 0 0, x3 ¼ x4 ¼ 0 and t > 0. More-
over x1, x2 and t satisfy the system:

tðx2
1 þ x2

2 � tÞ ¼ b2

8

x1x2 �
1

4
t ¼ 0

2x2
1 � 2x2

2 ¼ b

8>>>><
>>>>:
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This gives that � 3

4
t2 ¼ b4

64t2
, a contradiction. We have proved that deg0 J ¼ 0.

Applying Theorem 4.5, we obtain that wðW e
ð f�t;g�ð1=4ÞtÞÞ ¼ �2 if t > 0 and

wðW e
ð f�t;g�ð1=4ÞtÞÞ ¼ 2 if t < 0.
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(2002), 846–863.

[Du3] N. Dutertre, On topological invariants associated with a polynomial with isolated critical

points, Glasg. Math. J. 46 (2004), 323–334.

[Fu] T. Fukui, An algebraic formula for a topological invariant of bifurcation of 1-parameter

family of function-germs, in Stratifications, singularities, and di¤erential equations, II,

(Marseille, 1990, Honolulu, HI, 1990), Travaux en cours 55, Hermann, Paris, 1997, 45–54.

[FK] T. Fukui and A. Khovanskii, Mapping degree and Euler characteristic, Kodai Math. J. 29

(2006), 144–162.

[Kh] G. M. Khimshiashvili, On the local degree of a smooth map, Soobshch. Akad. Nauk Gruz.

SSR 85 (1977), 309–311.

[Mi] J. Milnor, Singular points of complex hypersurfaces, Ann. math. stud. 61, Princeton

University Press, 1968.

[Sz] Z. Szafraniec, A formula for the Euler characteristic of a real algebraic manifold, Manu-

scripta Mathematica 85 (1994), 345–360.

Nicolas Dutertre

Université de Provence
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