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Abstract

We study pseudo-Jacobi operators associated to algebraic curvature maps on
lightlike hypersurfaces M and investigate conditions for an induced Riemann curvature
tensor to be an algebraic curvature map on M. Two examples are provided with
explicit determination of their pseudo-Jacobi operators. Finally, we introduce the
notion of lightlike Osserman hypersurfaces and prove some characterization results.

1. Introduction

One of the most important and central concepts in differential geometry is
the notion of curvature. As it is well known [11], Jacobi and Szabd operators
have been extremely useful in their study. Let (M,g) be a semi-Riemannian
manifold, pe M. Fe®*T » M is said to be an algebraic curvature map (tensor)
on T,M if it satisfies the following symmetries:

0 F(x,y,z,w) = —F(y,x,z,w) = F(z,w,x, ),
F(x7 y7 Z) 1/V) + F(y’ Z7 x? 11;) + F(Z7 x’ y7 ]'/V) = 0'

The Riemann curvature tensor R is an algebraic curvature tensor on the
tangent space 7,M, for every pe M. For an algebraic curvature map F on
T,M, the associated Jacobi operator J is the linear map on 7, M characterized by
the identity

(2) g(J(x)y,Z):F(y,x,x,z).

J(x) is a self-adjoint map and F is spacelike (resp. timelike) Osserman tensor
if Spec{J} is constant on the pseudo-sphere of unit spacelike (resp. unit timelike)
vectors in T,M. These are equivalent notions and such a tensor is called an
Osserman tensor. The basic problem is to what extent general sectional curva-
tures can provide information on the curvature and metric tensors. Osserman
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condition has been under much scrutiny in recent years and we refer to [11] for
an extensive bibliography.

Since any semi-Riemannian manifold has lightlike subspaces, we reasonably
expect a role of Jacobi and Szabo type operators in the study of lightlike
manifolds. But, on the latter, the degenerate metric tensor has a non-trivial
kernel so (2) is not well defined in the usual way. Also, in general, induced
Riemann curvature tensors on lightlike manifolds are not algebraic curvature
tensors, i.e (1) does not hold. Therefore, it is our first objective to find
conditions on a lightlike hypersurface to have an induced algebraic Riemann
curvature tensor (Theorems 3.1 and 3.2) so that (1) holds.

Secondly, we introduce and study a class of lightlike Osserman hyper-
surfaces. We first observe that, as in semi-Riemannian case, being spacelike
or timelike Osserman are equivalent notions (Theorem 4.1) and under some
embedding conditions, being Osserman at a point p € M sometimes reduces to
being Osserman for the semi-Riemannian screen leaf through this point (Theorem
4.2). Also, we show that a totally umbilical lightlike hypersurface is locally
Einstein and pointwise Osserman (Theorem 4.3).

2. Preliminaries

Let (M,g) be a hypersurface of an (n+ 2)-dimensional semi-Riemannian
manifold (M,g) of constant index 0 <v<n+2. In the classical theory of
nondegenerate hypersurfaces, the normal bundle has trivial intersection {0} with
the tangent one and plays an important role in the introduction of main induced
geometric objects of M. In case of lightlike hypersurfaces, the situation is
totally different. The normal bundle TM* is a rank-one distribution over
M: TM+ = TM and then coincides with the radical distribution Rad TM =
TMNTM*. Hence, the induced metric tensor g is degenerate with constant
rank n.

A complementary bundle of Rad TM in TM is a rank n nondegenerate
distribution over M, called a screen distribution of M, denoted by S(TM). Ex-
istence of S(7TM) is secured provided M be paracompact. A lightlike hyper-
surface with a specific screen distribution is denoted by (M,g,S(TM)).

It is well-known [9] that for such a triplet, there exists a unique vector sub
bundle tr(TM) of rank 1 over M, such that for any non-zero section & of TM*
on a coordinate neighborhood # = M, there exists a unique section N of tr(TM)
on % satisfying

3) g(N,&) =1, g(N,N)=g(N,W)=0, VW el (ST(M)|,).
TM and TM are decomposed as follows:

(4) T™ = S(TM) & TM
(5) TH|, = TM ® tr(TM).
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We denote by T'(E) the % (M)-module of smooth sections of a vector bundle
E over M, # (M) being the algebra of smooth functions on M. Also, all
manifolds are supposed to be smooth, paracompact and connected.

The induced connection, say V, on M is defined by

VxY =Q0(VyY), VX,YeI(TM),

where V denotes the Levi-Civita connection on (M,§) and Q the projection
morphism on TM with respect to the decomposition (4). Notice that V depends
on both g and a screen distribution S(7M) of M.

Let P be the projection morphism of I'(TM) on T'(S(TM)) with respect to
the decomposition (5). The local Gauss and Weingarten type formulas are given
by

VxY =VyY + B(X,Y)N,
VxN = —AyX +t(X)N,

VyPY = VyPY + C(X, PY)E,
Vil = —A:X —t(X)¢, VX, Y eT(TM],),

where B and C are the local second fundamental forms on I'(TM) and
I'(S(TM)), respectively, V is a metric connection on I'(S(TM)), A: the local
shape operator on S(TM) and 7 a l-form on TM. Although S(7TM) is not
unique, it is canonically isomorphic to the factor vector bundle 7M /Rad TM.
As per [9, page 83], although the second fundamental form B of M is inde-
pendent of the choice of a screen distribution, but, it depends on the choice of
N. Also, B satisfies for all X,Y e ['(TM),

B(X,&)=0 and B(X,Y)=g(4:X,Y).

It is important to mention that there are a large classes of lightlike
hypersurfaces with canonical screen distribution [1, 3, 8, 9, 10].

DeriNiTION 2.1, A lightlike hypersurface (M, g,S(TM)) of a semi-
Riemannian manifold (M,g) is called null transversally closed if its transversal
lightlike bundle tr(7M) is parallel along the radical direction, that is

VoV et(TM), YUeRadTM and V etr(TM).

DerFNITION 2.2, (M,g,S(TM)) is called screen conformal [3] if on any
coordinate neighborhood # < M and for any normalizing pair *{f, N} there exists

a non-vanishing smooth function ¢ on % such that Ay = pAe..

Denote by R and R the Riemann curvature tensors of V and V, respectively.
Recall the following Gauss-Codazzi equations [9, p. 93]
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(7) <R(X7 Y)Zaé> = (VXB)(sz) - (VYB)(X7 Z)
+1(X)B(Y,Z)—1(Y)B(X,Z),
(8) (R(X,Y)Z,PW)»={R(X,Y)Z,PW)+ B(X,Z)C(Y,PW)

— B(Y,Z)C(X,PW),

9) (R(X, V)&, N> = (R(X, Y)E, N> = C(Y, d:X) — C(X, 4:Y)
—2du(X,Y), VX,Y,Z W eD(TM|,).

Finally, we recall from [2] the following results. Consider on M a normal-
izing pair {& N} satisfying (3) and define the one-form

n(e) =g(N,e).

Forall X eI'(TM), X = PX +5n(X)¢ and #(X) =0 if and only if X € I'(S(TM)).
Now, we define b by

b: [(TM) — T(T* M)

X = X" =g(X,0) +n(X)n(e).

Clearly, such a b is an isomorphism of T'(TM) onto I'(T*M), and generalize the
usual nondegenerate theory. In the latter case, I'(S(7TM)) coincides with I'(TM),
and as a consequence the 1-form # vanishes identically and the projection
morphism P becomes the identity map on I'(TM). We let § denote the inverse
of the isomorphism b given by (10). For X e I'(TM) (resp. w € T*M), X" (resp.
®*) is called the dual 1-form of X (resp. the dual vector field of ) with respect to

the degenerate metric g. It follows from (10) that if @ is a l-form on M, we
have for X e I'(TM),

(10)

o(X) = g(&*, X) + o(En(X).

Define a (0,2)-tensor § by §(X,Y) = X"(Y), VX, Y e(TM). Clearly, §
defines a non-degenerate metric on M which plays an important role in defining
the usual differential operators gradient, divergence, Laplacian with respect to
degenerate metric g on lightlike hypersurfaces (details be seen in [2]). Also,
observe that § coincides with g if the latter is non-degenerate. The (0,2)-tensor
gll, inverse of § is called the pseudo-inverse of g. With respect to the quasi
orthonormal local frame field {dy :=¢&,0,,...,0,, N} adapted to the decompo-
sitions (4) and (5) we have
() g9 =1, g(&X)=n(X),

GX,Y) = g(X,Y) VX,YeT(S(TM)).
Let (M,g) be a lightlike hypersurface and p e M. We denote
Sy (M) ={xeT,M|g(x,x)=—1}
I (M) ={xeT,M|g(x,x) =1}

Fp(M) = {xe T,M ||g(x,x)| = 1} = &, (M)U (M)
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3. Pseudo-Jacobi operators

Let us start by an intrinsic interpretation of relation (2) which in semi-
Riemannian setting characterizes the Jacobi operator J associated to an algebraic
curvature map Re ®* T M, (pe M). Indeed, we have equivalently for x in the
unit bundle, y, w in T,M,

(12) (Jr(x)»)(w) = R(y,x,x,w), that is,
(13) JR(x)y:R(y,x,x7o)u"7

where b, and §, are the usual isomorphisms between 7,M and its dual I;M, for
a non-degenerate g. As stated above, the metric g and its associated metric §
coincide if the former is nondegenerate, and equivalently, relation (13) can be
written in the form

g(JR(x)ya W) = R(y7 X, X, W)a
in which Jg(x)y is well defined. This leads to the following definition.

DEerFINITION 3.1, Let (M,g,S(TM)) be a lightlike hypersurface of a semi-
Riemannian manifold (M,g), pe M, xe %,(M) and Re ®* T;M an algebraic
curvature map. By pseudo-Jacobi operator of R with respect to x, we call the
self-adjoint linear map Jr(x) of x* defined by

JR(x)y = R(ya X, X, .)ﬂy’

where f, denotes the dual isomorphism on the triplet (M,g,S(TM)).

Contrary to non-null hypersurfaces, the induced Riemann curvature tensor of
a lightlike hypersurface (M,g,S(TM)) may not be an algebraic curvature
tensor. For this, we prove the following.

THEOREM 3.1. Let (M,g,S(TM)) be a lightlike hypersurface of a semi-
Riemannian manifold (M, ). If the induced Riemann curvature tensor of M is an
algebraic curvature tensor, then, locally at least one of the following holds

(@) M is totally geodesic.

(b) M is null transversally closed.

Proof. Let V and V be the Levi-Civita connection on M and the induced
connection on M, respectively. Denote by R and R the curvature tensors of V
and V, respectively. Let indices «,f,y,... range from 0 to n; i, j, k,... from 1
to n and 4,B,C,... from 0 to n+ 1, where dim(M) =n+ 2. Consider on M

J 0 J 0
a local frame {é:M’W’N} such that {fzm,w} be a frame on M.
Denote ¢4 for 2 Using the local expressions of R and R (see [9, page 96])

oud’
and (6) leads to the following relations.
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(14) Rijin = Riin + CinBjx — Ci B,

(15) Rijon = Rjjor, — CiBy,.

where by definition Rijkh = g(R(@h,ak)aj,ai) and B,‘j = B(&i,aj), C,j = C(ai,a/),
C; = C(¢, 0;) are the components of second fundamental forms of M and S(TM).
Thus, the 4-tensor R e ®*T*M does not have the usual curvature tensor
symmetries as in the semi-Riemannian setting. Assume that the induced cur-
vature tensor R defines an algebraic curvature map and consider relation (15).
We have

Rijon = Rjjon — CiBjp = — Rjion — Ci By = —(Rjion + CiBj).

Thus,

Rjjon = —Rjion & CiByy = —CiBy,, 1<1i,j,h<n.
Using the symmetry of B and (3) leads to

CiBj, = —CjBy, = —C;Bj; = C;B; (From (3))

= CyBj=—-CB)j=—-CBy, V1<i jh<n.

Hence,
(16) CiBy =0, Y Vi jh,

that is, C;=0 Vi or By, =0 Vj,h. Since B({,e¢) =0, By, =0 Vj,h leads to M
totally geodesic. Now, assume that in (16) there exist /4y and j, such that
Bj, #0. Then C; =0 Vi. This leads to the following:

Ci = C(é7al) = g_(vfalaN) = 5(66617]\])
= —g(0;,VeN), Vl<i<n.

Hence, null transversally closed condition (see Definition 2.1) is equivalent to
C; =0 Vi and the proof is complete. O

Note. As a trivial case if both C; and B in (16) vanish, then, both (a) and
(b) may hold simultaneously.

Observe that a large number of lightlike hypersurfaces of Lorentzian
manifolds do have integrable screen distributions [3, 8, 9, 10]. So it seems
reasonable to prove the following characterization result.

THEOREM 3.2. Let (M,g,S(TM)) be a lightlike hypersurface of a semi-
Riemannian manifold (M,g), with non totally geodesic integrable screen dis-
tribution S(TM). Then, the induced Riemann curvature tensor of M defines
an algebraic curvature map if and only if M is either totally geodesic or locally
screen conformal, with ambient holonomy condition

R(X,PY)(Rad TM) = Rad TM VXY e I(TM).
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Proof. Assume the induced Riemann curvature tensor defines an algebraic
curvature map and consider relation (14). We have

Ry = Rijin + Cin Bjge — Ce By
= —Rjin + CinBj — Cy By

= _(Rjikh + Cikth — Cithk)o

Thus,
Ry, = —Rjyn < Cy By, — CyBjx = CyyBix — Cy By,
Also,
Rijn = Rygn + Cin By — Cuc By
= Ripij + CnBjx — Ci Bjp.
So,

Rijin = Ry & CipBje — Cy By = CyjBpi — Cri By
Then, since S(TM) is integrable, C is symmetric and we have
qui/1 = Cithjv Vlv j; kah

Now, we distinguish two cases: M is totally geodesic or not. If M is
totally geodesic then M is not screen conformal since C # 0. If M is not totally
geodesic, there exist jo and k¢ such that Bj, # 0. Then, we have

C' .
Cin = B“’“ By, Vi,h.
kojo

Observe that Cjj, # 0 otherwise C would vanish identically at some pe M.
Also, by continuity By, is nonzero in a neighborhood % of p in M. Define

0/0 *
all X, Y in I'(S(TM|,)), which is equivalent to AyX = pA:X, for all X, Y in
[(S(TM|,)). Finally note that 4:¢ = 0. Also, since M is non totally geodesic,

it is null transversally closed, that is Ayé =0. Thus AyX = pA:X for all X, Y
in I'(TM|,,), that is, M is screen locally conformal (see Definition 2.2). In
addition,

locally the function ¢ on % by ¢(x) = %(x) Then C(X,Y)=¢B(X,Y) for
k

(R(X,PY)&,Zy = —(R(Z,&X,PYY 2 —(R(Z,&)X,PY)
— B(Z,X)C(&,PY) + B(&, X)C(Z, PY)
= —(R(Z,9)X,PY) = —(R(X,PY)Z,&) =0.

Thus, R(X,PY)Rad TM < Rad TM.
Conversely, assume that M is either totally geodesic or screen locally con-
formal with required ambient holonomy condition. Observe that the first
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Bianchi identity is straightforward. Also, if M is totally geodesic there is
nothing more to prove since R|;, = R. Now we consider M to be screen
conformal with B # 0 and show that R defines an algebraic curvature map.
From (8) we have for X,Y,ZeI'(TM) and W e S(TM),

(R(X,Y)Z, W)= {(R(X,Y)Z, W)+ B(X,Z)C(Y,W) — B(Y,Z)C(X, W).
Thus, since C(X, W) = ¢pB(X, W), above equation becomes
(R(X,Y)Z, W) ={(R(X,Y)Z,W>+ [B(X,Z)B(Y, W) — B(Y,Z)B(X, W)].
Put
B(X,Y,Z,W)=B(X,Z)B(Y,W)— B(Y,Z)B(X, W).
We have
(17) (RIX,Y)Z, WY ={R(X,Y)Z,W>—oB(X,Y,Z, W),

and it is straightforward that 4 has the required symmetries. So the left hand
side of (17) has the required symmetries. For the right hand side, first we have
(R(X,Y)Z,Ey = —~(R(Y,X)Z,E)y = 0. Now,
(R(Z,OX,Y) = (R(Z,OX,PY)
by ambient holonomy condition and the proof is complete. O
n+1

Example 1. A simple but basic example is that of the lightlike cone /\,"" at
the origin of R*? for which the null transversal normalization

1 0 0 n+1 ) 0
=— |—X —+ x4 —
2(x0)2 [ 0X0 Z Ox¢

a=1

induces the algebraic curvature tensor

RX,Y)Z = 9(Y,Z)PX — g(X,Z)PY],

2(xo)’
where P is the projection morphism on the screen associated to N. Its associated
pseudo-Jacobi operator is then given, for x € ¥ ( 'gf ), by

1
JR(X) :W<x,x>op

Example 2. Consider (M,g) a real lightlike hypersurface of an indefinite
almost Hermitian manifold (M,g,J), where g is a semi-Riemannian metric of
constant index [9, Chapter 6, p. 194]. It is easy to check that {&, N} being a
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normalizing pair verifying (3), J(TM+ @ J tr(TM)) is a vector sub bundle of
S(TM) of rank 2 with hyperbolic fibers. Then,

S(TM) = {J(TM*) @ J(tr TM)} & Do,
with Dy a non-null almost complex distribution with respect to J. Thus,
(18) T™ = {J(TM™*) ® J(tr TM)} é Dy é T™M™.
Now, consider the almost complex distribution
D={TM* é J(TM™*)} é Dy,

and let ¥ denote the projection morphism of TM on D. Put U = —JN and
V =—J¢& Then, for all X e TM,

(19) X=X +ulX)U,
with u =g(-, V) a local 1-form on M. It follows that
JX = FX +u(X)N,
with F =Jo.%. Clearly, we have
FX =X +u(X)U, u(U)=1.

Thus, provided ¢ and N be globally defined on M, (F,u,U) defines an almost
contact structure on M [9, p. 195].
We construct an algebraic curvature map RY on M using F as follows:

(20) RE(x, y,2,w) = (KFp, 2> + 0, F2)) (<Fx, w) + <x, Fw))
— (KFx,2) + <x, F2)) (KFy, wy + y, Fw)),

for all x, y,z,we T,M, pe M. ltis easy to check that such a RY is an algebraic
curvature map on M. Put v=<e U) and get

(21) CFx, yy +<x, Fy)y = u(x)v(Fy) + u(y)v(Fx).

Now, we compute the pseudo-Jacobi operator Jgr(x) for xe.%,(M), pe M.

We have for all y in x*,

Jrr(x)y = RF(p,x,x, )%
— [2(Fx, x)((Fy, 0 + (3, F(9)))
— ((Fp,x) + (3, Fx))((Fx, o) + {x, F(o)))
Then, using (21) leads to
Trr (%) = 2u(x)o(Fx)[u(y) (v o F)* + v(Fy)u']
— (u(x)0(Fy) + u(y)o(Fx))[u(x) (v o F) + v(Fx)u].

Using (19) and the Hermitian structure of (M,7,J) we obtain voF = —7.
Then, (vo F)* = —¢.  Also, since u(¢) =0, we have u¥ = —J& Thus,
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Tre(x)y = u(x)[n(x)u(y) = n(»)u(x)]< +n(x)[(x)uly) — n(y)ux))JE.
This implies
Trr(x) = [n(x)u(e) — n(@)u(x)](u(x)& + n(x)JE)
Observe that the pseudo-Jacobi operator Jgr(x), x e ¥,M, has values in the

1
holomorphic plane TM+ @ J(TM™).

Remarks. (a) If the screen distribution S(7'M) is integrable and for any
xeSH(M), (pe M), Jr(x) preserves the radical distribution, then, since g and ¢
coincide on S(TM), relation (12) (or equivalently (13)) shows that the pseudo-
Jacobi operator Jg induces a Jacobi operator Jg on (M',g’' =gl|,,/), where M’
is a leaf of S(TM) and R’ the restriction on S(TM) of R.

(b) Let R be the induced (algebraic) Riemann curvature tensor of M,
(pe M) and & eRad T,M. Then, we have

(22) Tr(x)E = 0.
Indeed, for all x e .%,(M), ze T,M,
g(JR(x)faZ) = R(évxa X, Z) = g(R(z,x)x, é) =0,

and since g is non-degenerate on TM, we have Jg(x)& =0.

Note also that the screen subspace is preserved by Ji. For this, it suffices
to show that for all x € ¥,(M), ze S(T,M), n(Jr(x)z) = 0 which is equivalent to
g(J(x)z,&) =0 using (11). But

GTR(N)Z,8) = R(z,x,%,6) L g(R(E, x)x,2) 2 —g(R(x,2)x, &) = 0.

4. Lightlike Osserman hypersurfaces

By the approach developed in this paper (following [9]), the extrinsic geo-
metry of lightlike hypersurfaces (M, g) depends on a choice of screen distribution,
or equivalently, normalization. Since the screen distribution is not uniquely
determined, a well defined concept of Osserman condition is not possible for an
arbitrary lightlike hypersurface of a semi-Riemannian manifold. Thus, one must
look for a class of normalization for which the induced Riemann curvature and
associated Jacobi operator has the desired symmetries and properties. In short,
we precise the following.

DEerINITION 4.1, A screen distribution S(7TM) is said to be admissible if the
associated induced Riemann curvature is an algebraic curvature.

Examples. Based on Theorem 3.2, we observe that any screen conformal
lightlike hypersurface [3] in a semi-Euclidean space admits an admissible screen
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distribution since its induced curvature tensor defines an algebraic curvature map.
In particular, the canonical screens on the lightlike cones, Monge hypersurfaces
and totally geodesic lightlike hypersurfaces all of them admit admissible screens.

On the other hand, there are large classes of such hypersurfaces (including
above examples) with canonical screen as follows:

(a) Duggal and Bejancu constructed in [9, Chapter 4] a canonical screen
distribution in semi-Euclidean spaces which provided significant geometrically and
physically results on its lightlike hypersurfaces. Moreover, they proved that a
canonical screen distribution is integrable (a desirable property) on any lightlike
hypersurface of a Minkowski space R} and on any lightlike cone /\2_1 of R;’“.

(b) We know from [3, Theorem 2] that any screen locally conformal lightlike
hypersurface (see Definition 2.2) admits an integrable screen distribution S(7'M).
Using this result, Atindogbe and Duggal (same paper [3]) constructed a canonical
screen as follows:

Denote by %! the first derivative of S(TM) given by

S (x) = span{[X, Y]|,, X, YieS(T M)}, Vxe M.

As S(TM) is integrable, &' is a subbundle of S(TM). They proved (see [3,
Theorem 5]) that if %! coincide with S(TM) then there is a unique screen locally
conformal distribution, up to an orthogonal transformation.

(c) Let (M,g) be an (n + 2)-dimensional globally hyperbolic spacetime man-
ifold, with the metric g given by [4]

ds* = —di* + e"(dx")? @ g dx“dx’, 2<ab<n+]1,

where u is a function of 7 and x! alone. Recently, in [8], it has been shown that
M admits a lightlike hypersurface with canonical screen up to an orthogonal
transformation. Also, see [1] and [10] for the construction of invariant nor-
malization and a unique distinguished structure for large classes of physically
significant lightlike hypersurfaces of Lorentzian manifolds.

Based on above, one may ask whether there exists a general class of semi-
Riemannian manifolds of an arbitrary signature which admit admissible canonical
screen distributions. To answer this in affirmative, we first quote the following
recent result.

THEOREM Duggal [7]. Let (M,g,S(TM)) be a lightlike hypersurface of a
semi-Riemannian manifold (Mg). Let E be a complementary vector bundle of
TM* in S(TM)" such that E admits a covariant constant timelike vector field.
Then, with respect to a section & of Rad TM, M is screen conformal. Thus, M
can admit an integrable canonical screen distribution.

Consequently, there exist large classes of lightlke hypersurfaces of semi-
Riemannian manifolds which admit admissible canonical screen distributions.
Using this information, we make the following definition:
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DeriNniTION 4.2, A lightlike hypersurface (M,g) of a semi-Riemannian
manifold (M, ) of constant index is called timelike (resp. spacelike) Osserman
at p e M if, for each admissible screen distribution S(7M) and associate induced
algebraic curvature R, the characteristic polynomial of Jg(x) is independent of
xe S, (M) (resp. er;(M)). Moreover, if this holds at each p e M, then

(M,g) is called pointwise Osserman.

Based on discussion so far, it is clear that the above definition of Osserman
condition is independent on the choice of admissible screen distribution. This
conclusion is noteworthy for the entire study of the geometry of Osserman
lightlike hypersurfaces.

Examples. (a) Being totally umbilical is independent on the choice of
screen distribution. Now, for a given admissible screen on the lightlike cone
n+1 n+2 . . .
/\o  of R{™*, the induced curvature tensor is given by

R(X,Y)Z = [9(Y,Z)PX — g(X,Z)PY)]

2(x0)*
with P the projection morphism of the tangent bundle T/\'(;+1 onto the screen
distribution and the pseudo-Jacobi operator is given for z € S,( '(1)+ ) by

1
JR(Z):W<Z,Z>OP.

It follows that the characteristic polynomial is given by

n—1
&
(t) = —t|———t| , e=sign(z) = =+1,
£ L(xo)z ] ()
which is independlent on both admissible screen distributions and z € S, ( A’éﬂ)
(pesp. ze Sy ( g+ )). The lightlike cone is then timelike (resp. spacelike) point-
wise Osserman.

(b) Consider a real lightlike hypersurface of indefinite almost Hermitian
manifold (M,g,J) and suppose an admissible screen distribution induces a
Riemann curvature RY as in Eq. (20). We know that the pseudo-Jacobi
operator Jgr is given by

Tre(2) = [n(z)u(®) — n(@)u(2)](u(z)¢ + n(2)J<),

and for z e S,(M)N(J(TM*) @ J(tr TM)), the characteristic polynomial reduces
to

f(1) = (=1)"(t+u(z))e"

which obviously depends on ze€ S, (M) and ze S, (M). Such a hypersurface
is neither timelike nor spacelike Osserman at any pe M. Observe that u =
—g(-,J&) is nonzero at every pe M.
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A straight adaptation of technique in [11, pp. 4-5] to the lightlike case shows
that (M,g) being timelike Osserman at pe M is equivalent to (M,g) being
spacelike Osserman at p. More precisely, we have

THEOREM 4.1.  Let (M,g) be a lightlike hypersurface of a semi-Riemannian
manifold (M,G). Then, (M,g) is timelike Osserman at p if and only if it is
spacelike Osserman at p.

From now on we refer Osserman at p to both timelike and spacelike. Re-
call that the screen distribution S(7TM) is totally umbilical [9, page 109] if and
only if on any coordinate neighborhood % € M, there exists a smooth function
such that C(X,PY)=4g(X,Y), VX,Y € TM|,. Then, since C is symmetric in
S(TM), it follows from [9, Theorem 23, page 89] that any totally umbilical
S(TM) is integrable. In case A =0 there is totally geodesic screen foliation on
M. For this later case, the following holds.

THEOREM 4.2. Let (M,g) be a lightlike hypersurface of a semi-Riemannian
manifold (M, §), all of whose admissible screen distributions are totally geodesic in
a neighborhood U of a pe M. Then, (M,g) is Osserman at p if and only if the
semi-Riemannian screen leaves are Osserman at this point. In particular, if (M, §)
has constant index v =2, then, (M,g) is Osserman at p if and only if semi-
Riemannian admissible screen leaves are of constant sectional curvature at p.

Proof. Consider a generic totally geodesic admissible screen distribution
S(TM) on % = M. Let R, R' and R denote the algebraic curvature tensors
induced on (M,g) by S(TM), the restriction of R on S(TM) and the Riemann
curvature tensor given by the Levi-Civita connection V on the screen distri*bution,

respectively. We first show that under the hypothesis, we have R’ = R at p.
Let x,y,ze S(T,M). By straightforward calculation using the last two equa-
tions of (6), we have

*

R'(x, )z = R(x, )z = R(x, y)z + [C(x,2)Aey — C(y,2)Aex]
F(VeC)(3,2) = (VyC)(x,2) + () Clox, 2) — 7(x)C(3, 2)JE.

Thus, we get R'(x, y)z = Is(x, y)z from C=0. Also, xe %,(M) if and only if
Ye p(M™), with X=Px and M* the leaf of S(TM) through p. Moreover,
x+t = (Px)* and Jg(x) = Jr(Px). We infer that JIE(;E) is the restriction of Jg(x)
to x . On the other hand, observe that
*LS ™ L
yt=x"@ 1M+
and from (22) we have Jg(x)¢ =0 for all {eRad TM. Then, let fi(r) and
h. denote the characteristic polynomials of Jr(x) (xe.%, (M)) and J;e(x)

(xe S, (M*)) with X = Px, respectively. We have
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Sx(t) = th(1)

which shows that the characteristic polynomial of Jg(x) is independent of
xe ¥, (M) if and only if the characteristic polynomial of JIE()*C) is independent
of Xe S, (M*). Hence, (M,g) is timelike Osserman at p if and only if M* (as
a semi-Riemannian manifold) is timelike Osserman at p. Similar is the case for
S, (M) and Ye S, (M~). Since S(TM) is an arbitrary admissible screen, the
first part of the theorem is proved.

Now, assume that (M,g) has constant index v=2. Then, T,M is a
degenerate space of signature (0,—,+,...,+). It follows that screen leaves
through p are Lorentzian manifolds. But it is well-known [11, p. 41] that the
latter are Osserman at p if and only if they are constant sectional curvature at
this point. This completes our proof. O

Observe that induced Ricci tensor on lightlike (M,g,S(TM)) is not nec-
essarily symmetric. In an ambient space form, we prove the following:

THEOREM 4.3. Let (M,g) be a (proper) totally umbilical lightlike hypersur-
face of a (n+ 2)-dimensional (n> 1) semi-Riemannian manifold of constant
sectional curvature (M(c),g). Then, the set of admissible screens reduce to totally
umbilical ones. Also, M is pointwise Osserman and for each admissible S(TM),

RicST™) g symmetric and M is locally Einstein.

Proof. Recall that a lightlike hypersurface M is totally umbilical [9, page
107] if and only if on any coordinate neighborhood % € M, there exists a smooth
function p such that B(X,Y) = pg(X,Y), VX, Y € TM|,. Equivalently, we have
A:X = pPX YXeTM|,. In case p#0 then M is proper totally umbilical.
Then, it is known [9, page 108] that the induced Riemann curvature takes the
form

(23) RX,Y)Z=c{9(Y,.Z2)X —gX,Z2)Y}+p{g(Y,Z2)AnX — g(X,Z)AnT}.

Now pick an admissible screen S(7M) and let R denote the associate induced
curvature tensor. Then, due to g(R(X,Y)Z,V)=g(R(Z,V)X,Y) for all X, Y,
Z, V, we have

P{9(Y,Z)g(AnX, V) — g(X, Z)g(ANY, V)
—g(V, X)g(ANZ,Y) +g(Z,X)g(AnV,Y)} =0
VX,Y,Z, Vel (TM). Since p#0, choose a Z L X and ¢(Y,Z) =1 to get
g(AvX — g(ANZ, Y)X, V) =0

for all X,V e TM|,. Thus, AyX = APX with 1 = g(AyZ,Y), that is the screen
distribution is totally umbilical.

Conversely, suppose AyX = APX for some smooth A in C*(M). Then,
(23) becomes
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which defines an algebraic curvature map, that is, S(7M) is admissible.

Now, let S(TM) be an arbitrary admissible screen distribution on M. To
compute the induced Ricci curvature with respect to S(TM) using (24) we con-
sider a quasi-orthonormal basis {&, Wi,..., W,} on TM|,. Then,

Ric(X,Y) = 3" g(R(X. W)Y, W) + (R(X.E) Y, N)
i=1

=clg(X,Y) —ng(X,Y)] + plg(X, Y) —ng(X, Y)] — cg(X, Y)
=[(1—-n)ip —ncg(X,Y).

Hence, the Ricci curvature is symmetric. Moreover M is locally Einstein.
Finally, let x € %,(M), pe M, yex*. Then,

JR(X)J/ = R(y7x7 X, _)ﬁ_c/

= e{g(x,x)g( ) — 9. X)g(x. 2)}pla(x, X)g (-, ) — g, x)g(x, )}

= (c+ip)g(x,x)g(-, )"

= (c+2p)g(x, x)Py
Hence, in adapted quasi-orthonormal basis and using remark 4.1(c), matrix of
Jr(x) has the form
0 e 0

(c+ 2p)g(x, X)L
0

Then, the characteristic polynomial f; of Jg(x) is given by
Sot) = =tl(e+ Ap)g(x,x) — ",

with g(x,x) = +1 and for arbitrary given admissible screen distribution. Thus
M is pointwise Osserman, which completes the proof. O

_ CoroLLARY 4.1. A lightlike surface M of a 3-dimensional Lorentz manifold
M(c) is pointwise Osserman if it is null transversally closed.

Proof. 1t is well known [9, page 111] that any lightlike surface of a 3-
dimensional Lorentz manifold M is either proper totally umbilical or totally
geodesic. Hence, it remains only to find necessary and sufficient condition for
existence of umbilical screen line bundle S(7M) on M. As such a S(TM) is

cow, W) with S(TM) = span{W}. Then C(X,PY)=

non-degenerate, let 1 = ———=
g(Ww, w)
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9(X,Y) VX, Y e TM|, if and only if C(&, W) =0, that is M is null trans-
versally closed. O

In semi-Riemannian case, we know [11] that being Osserman at a point
simplifies the geometry at that point as the manifold is Einstein at that point.
Moreover, if the latter is connected and of at least dimension 3, by Schur lemma
1 [5], it is Einstein. For lightlike hypersurface, this is not always the case as is
shown in next theorem using the following lemma.

Lemma 4.1, Let (M,g,S(TM)) be a lightlike hypersurface of a (n+2)-
dimensional semi-Riemannian manifold (M, g), with induced algebraic Riemannian
curvature map R.  For all xe S,M, pe M we have

trace Jr(x) = Ric(x, x) — n(R(&, x)x).
Proof. Let (eg = ¢&,e1 = Px,ep,...,e,,N) be a g-quasi orthonormal basis of

T,M with T,M = span{(ep,e1,e2,...,¢,)} and S(T,M) = span{(ey,es,...,e,)}.
We have

trace Jp(x Zg” (Jr(x)ey, ey)

y;ﬁl

=Y d"™G(Ir(x)es, ) + g G (TR(X)E, €)
=2

n
= g
=2

[““]R (€4, X,X,€,) Zg” (€4, X)X, €y)

= g[“"‘]g( (x, x)x, x +ng (€4, X)X, €4)

+ g(R(&x)x, N) = G(R(&, x)x, N)
= Ric(x, x) — n(R(&, x)x) < Ric(x, x) — 7(R(&, x)x). |

THEOREM 4.4. Let (M,g) be a lightlike hypersurface that is Osserman at
pe M. If for an admissible screen distribution S(TM), RSTM)(¢ )¢ is zero
for a ¢eRad TM, and |7(R(&,x)x)| <peR for every xeS, (M) (or every
x €S (M)), then (M,g,S(TM)) is Einstein at pe M.

Proof. Let M be the ambient semi-Riemannian manifold of M. Denote
by R’ and ¢’ the restriction on S(TM) of the induced algebraic curvature tensor
R and the metric tensor g on M, respectively. The Osserman condition at p
implies that the characteristic polynomial of Jx is the same for every x € S, (M)
(or every x e S;7(M)). Then |trace Jr(x)| is bounded on S, (M) (and S;(M)).
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Now, using Lemma 4.1, we have for every x e S, (M) (or every x € S; (M)),
|Ric(x, x)| < [trace Jr(x)| + [n(R(E, x)x)|.

It follows that there exist o« € R such that [Ric(x, x)| < o for every x e S, (M) (or
every x € Sf(M)). In particular, we have

IRic’(x, x)| < o

for every x € S(T M)NS, (M) (or every x € S(T,M)NSS(M)). Therefore, since
(S(T,M),g’) is non- degenerate it follows from a well known algebraic result (see
[6]) that

(25) Ric'(x,y) = Ag'(x,») Vx,yeS(T,M), with 1eR.

Consider (eg = ¢, e1,...,e,, N) a g-quasi orthonormal basis of 7,M with T,M =
span{(eg,e1,...,e,)} and S(7,M) =span{(ei,...,e,)}. We show that for all
xe T,M, Ric(&, x) = Ric(x, &) =0. Indeed, we have

Ric(¢,x) = ¢™g(R(,&)x, €) +Zg”1g (€1, &)x, €)

= Zg’”g(R(el, Zg’”g X, e)e;, &) = 0.
i=1

Now,

Ric(x, &) = g™G(R(E, x)E, &) + Zg’”J x,e)¢,e)

= n(R(Ex)&) L (R X)) =

by hypothesis. Hence, since g(&,e) = g(e,&) =0, the latter together with (25)
leads to Ric(x, y) = Ag(x, ), for all x, y € T,M, that is, (M, g, S(TM)) is Einstein
at pe M. O

COROLLARY 4.2.  Let (M,g) be an admissible lightlike hypersurface of a flat
semi-Riemannian manifold M. If (M, g) is Osserman at p € M then it is Einstein

at p.

Proof. This is immediate consequence of Theorem 4.4 since the flat
condition implies R(&,-)¢ =0, V¢ e Rad TM and n(R(&, x)x) = 0. O
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