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WEIERSTRASS PRODUCT REPRESENTATIONS OF MULTIPLE
GAMMA AND SINE FUNCTIONS

KAZUHIRO ONODERA

Abstract

It is well known that the Weierstrass product representation of the Barnes multiple
gamma function I',(z) can be calculated concretely. However, there has been no study
on its explicit formulation. In this paper, its simple formulation is achieved. It is
applicable to the Weierstrass product representation of the Vignéras multiple gamma
function also. Moreover, the Weierstrass product representation of the Kurokawa
multiple sine function S,(z) is also formulated explicitly.

1. Introduction

Let r be a positive integer. Put o= (wy,...,0,) € (Rsp)" and |o| =
w1 +---+ ®,. The multiple gamma and sine functions are defined by

)
s=0

Si(z,0) = T,(z,0) " 'T)(|lo| — z,0) ™V

A

I (z,0) = exp <% ((s,z,0)

where (,(s,z,®) is the multiple Hurwitz zeta function. These functions are
meromorphic in the whole complex z-plane. The multiple gamma function was
studied by Barnes [3]. One of his results is a generalization of the Weierstrass
product representation of the usual gamma function. To be precise, he obtained

l",(z, (z))71 _ eA,,(:,w)Z H Pr(— z )

me (Zzo)" mn-o
m#0
. u? u” r V(o) I
with P,(u) = (1 — u) exp( u +?+ e +7 . Hered,(z,0) =), o with
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!
Vr,z(w) = T log(zT'/(z, ))

z=0

Barnes called p, (@) = e’~0(® the r-ple Stirling modular form and Pra(@); ..,
7. (@) the first r r-ple gamma modular forms. Regarding the multiple sine
function, Kurokawa and Koyama [4] proved its infinite product representation:

-n~!
so)=e"c0z T (- =0) ] P(m)
;

me(Z)" me(Zxo
m#0

with 1=(1,...,1) e R". Here B,(z,») = Efzoér’;ﬁz’ with

!

0 -
Or1(0) = o log(z7'S,(z, )

z=0

We note that A;(z,w) :% log<2—n> +l(y —log w)z and Bi(z,w) = log(2n>
) ®

©
. . r
where y is the Euler constant, since I'j(z,w) = @w” @12 and §(z,0) =

2sin(%). When r > 2, the explicit expressions of A,(z,®) and B.(z,®) are

unknown.

In this paper, we treat only the special case @ =1=(1,...,1). For
simplicity, when @ =1, we omit the parameters, e.g. I',(z) =T,(z,1), 4,(z) =
A,(z,1) and p,,; =y,,(1). Then, the infinite product representations are

m4r—1 m—1

0 ( i ) 0 (71)"71(,7])
_ B(z z z
Sr(Z) =e ( )Z IPV(_ %) ml:lrpr <E)

m=

5r,l /

with A4,(z) = erzo%zl and B,(z) = Z;:OTZ' The values y,, and J,; are

computable. Especially, y,, has the simple expression (1.1) which was shown
by Adamchik [1, Lemma 2]. However their explicit formulations generally re-
main unanswered. The aim of this paper is to achieve them. Moreover, in the
process, a new proof of (1.1) will be given.

Denote by s(n, k) the signed Stirling number of the first kind defined by

n!("> R

n =0
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for ne Z-o. Let Hy=0 and H, be the n-th harmonic number for ne Z-;:

P
H, = Zk:l%'

THEOREM 1. The constants y, ; for the multiple gamma function are given by

(1.1) 10g p, = 7,0 = ,Z;)Isrmﬂ ' (—m)
and
_ |r /-1
(12) o= CO DS o 1o
m=—I

for 1 <[ <r, where {(s) is the Riemann zeta function and
. H/*l +y lf m = _17
m) =
1 ={ o e
Hence deg A,(z) =r

Example 1.
. log(27
(i) VIO_#: Y1 =7
.. log(2n 1 7
(i) 750 = é ) —{'(-1), Vzl——§+V, Vz,z:—l—y—?~
log(2r) ¢(3) 3¢'(-1) 19
(i) 730 = > +W_ R :—ﬁ+%
5 3y n° 3 n?
2T T T s :§+V+?+2§(3)-

log(2n) , ¢3) NE(=1) {(=3)

(IV) y4,0 = 2 477:2 6 6 > y4 1 = _1 + y’
95 11y =2 17 1172
M2 = Tay T e T Va3 = 6+2 +W+2C()
11 7t
V44——K—V—7T2 E—HQB)
. _log(2m)  35((3) L(5) 25¢0(=1)  S{'(=3) 3349
750 =7 9%6n2 3274 12 12 751772880
95 25y =2 569 35y 257>

2= Tm T e T mt i T e AR

107 5y 3572t 25((3)
AT T8 T T 4 15 2
25 572 S5qt
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THEOREM 2. The constants J,, for the multiple sine function are given by

r 1)/2 m—1
(1.3) 8,0 = log(2n) + ) Qf’”) Is(r, 2m + 1)|¢(2m + 1)
m=1
and
-1 oy 2
(1.4) Ol W2|s(r,zzm+ 1)[¢(2m)
: m=0

for 1 <1 <r. Hence deg Bi(z) =0 and deg B.(z) =r for r > 2.

Example 2.
(i) 01,0 =1log(2m), 61,1 =0. 2
(i) 62,0 =log(2m), d2,1 = —1, d 2 = R )
3 3 1
(iii) d30 = log(2m) + a( 2), 03,1 = 2 03,2 =5 % 033 =72
. 3 11 72
(iv) 5470:10g(2n)+62(—2), 041 = R 0402 = 1—?,
1 1172 274
54’;—_5"‘ 9 5474——27T —F
B 35¢(3)  (5) 25 35 g2
(v) 05,0 =log(2m) + s = Jgpa> 051 = "1 52 =55~ 3
Sen 5 +257z2 Seu 1 35722 274 e e 1072 n 107*
BT T T8 P T4 12 15T 3 9

Finally, we apply Theorem 1 to the Vignéras multiple gamma function G,(z)
defined by the next conditions:

(1) Gi(z+1) = Gr_1(2)G(z) for zeC,

(2) G.(1) =1,
r+1
()d’“ log Gi(z) >0 for z > 1,

(4) Go(z) =
In 1977 Vignéras [9, p. 239] proved the uniqueness of the functions satisfying the
above conditions. According to the Bohr-Mollerup theorem, Gj(z) coincides
with T'(z). So Vignéras called G,(z)’s multiple gamma functions. Especially,
the function G,(z) was originated by Barnes [2] and so is called the Barnes G-
function.

The Vignéras multiple gamma function G,(z) has the following infinite
product representation.

THEOREM 3. For r > 1

s

(1.5) G (z+1)=e0

=D'("?)
’ ( Z)
n

3
Il
—_
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with C,(z) =/_ 18’ L2 Here

(1.6)
( )l ll'
(r=1)

—]— —1
{Z<l+m) (r—1,1+m)|l'(— ——Z|sr—ll+m)|f1 }

&l =

m=—1

for 1 <1 <r where fi(m) is as in Theorem 1. Hence deg C,(z) =r.

Results of this type have been proved by Vignéras [9, p. 241] and by Ueno
and Nishizawa [7, Theorem 6.1], but are more complicated than our result.

Example 3.
(i) 1,1 = —7).
(i) &1 = —%—&- 10g§2n), e2=—1-7y.
A
(iv) 8471=—2—54 logé u%—c’(—l), 8472:_%%_10%27[) £(-1),
84.,3=§+y+%2 log;Z ), 344=—%— —%2—%(3)
"(— "—
85,2=£+%i(2n)+%—3c (2_1),
853 = —% —% - T—; _ 3log@n) loi(Zn) +{'(-1),
2
654 — %—i—% I;Z . log;Zn) n 3(53) ,
855——%—}/ n2—1—;—11g( 3).
2. Lemmas
Levwa 2.1 (cf. Adamehik [1, Proposition 2)). (i) Put ¢'(s,2) = < {(s.).

For z >0, Os

r— r—m—1 p(r
(2.1) log I'v(z) = i (=18, ()

— mi(r—m-—1)

C/(_mvz)
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where B,(,'?(z) is the generalized Norlund polynomial defined by

r ) (r)
! zt __ - m(Z) m
(e’—l)e =2 T

m=0

(i) For 0 <z <1

r=1 ¢ 1yr—m—1p(r) -
(2.2) log S,(z) = Z( 2! - mszl—)ll( ) log Si.m(2),

m=0

where Sy m(z) = exp{—{'(—m,z) + (=)™ (=m, 1 — z)} is called Milnor’s mul-
tiple sine function (refer to Kurokawa, Ochiai and Wakayama [5]).

Remark 1. Basic properties of B,(ﬁ)(z) are found in the book of Norlund
[6]. The following formulas are needed in this paper:

(2.3) B (r—z) = (=1)"BY(z) (r=1,m=>0),

(2.4) B\ == (z=r+1) (r22),

(2:5) & B)() = mBY) () (r=1m=1),

(2.6) B§;>(z+a)=zm:<’7)13§;>_,(a)zl (r>1,m>0).
=0

Proof of Lemma 2.1. (i) When r =1 the formula (2.1) is trivial. We now
consider the case r > 2. Since

z—r—+1

Cr(saz) = 1

1
Cr—l(sa Z) +mér—l<s - 1’2)7

we obtain
r—1
C,.(S, Z) = (r—ll)'r;] Cr_,rfmfl(z)g(s —m, Z)

where ¢, o(z) =1 and

Crm(z) = (=1D)" ZZ (z—i1) (2= im)

1<ip<<ipy <r—1

for 1 <m<r—1. The equations (2.4) and (2.5) imply



MULTIPLE GAMMA AND SINE FUNCTIONS 83

(_1)m dr—m—l

¢rm(2) = —m 1) g (z=1)(z—r+1)
_1)" d,,7,7171 )
G E m)— 1)! dzr—m=1 B"\(2)
= (—1)"’<r;1>3,(1§>(z).
Thus
1._1( 1)} m— 1B(,) ( )
Gnd) = 2 S (s = m,2).

— ml(r—m—1)!

This shows (2.1).
(i) Using the relation

—1 1
ér(saz) = 7?__1&:;'71(572 - 1) +m£r71(‘97 1,Z - 1)7

we have, for z >r—1

Hence, by (2.3),

r—1 (r)
B, _(z p
log rr(V — Z) = Zon/l'(;_n/ll(_)l)'c (—m, 1-— Z).

Thus we deduce (2.2) from the definition of S,(z). O

LEMMA 2.2. Let | and m be integers.
(i) For I>1 and 0 <m <

m Ji 0 lf le’
k
(2.7) kz_;<k>(_l) :{(l)m(l;l1> if 0<m<l/-—-1
(i) For 1 >2
1
(2.8) Z( > ) Hi1 = Hi_y.
k=2
(iii) For I >1 and m >0

! I—1)im!
(2.9) Z( ) Hyk = —ﬁ'

k=0
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Proof. (i): The formula is well known.
(ii),(iii): The results follow from the next expression of the harmonic number:

1
1 — x"
H,,:J xdx
o 1—x

for n > 0. O

3. Proofs of Theorem 1 and 2

Proof of Theorem 1. Using (2.1) and the formula {(s,z+ 1) = {(s,z) — z 7%,
we see

r— l r—m—1 p(r)
—1) B"” (2),
log I',(z EO mi(r—m— 1) {'(—m,z+1)

r m—1 p(r)
B, 1(2)
—log ZZ m' —m— 1) z™,

By (2.4) and (2.6) we have

r—1 r—m—1 p(r)
(1) B, (2
log(zT(z2)) = Z T 1)1 {(—=m,z+1).
m=0 : '
Hence
G (1) U @ i Coma
m=0 k=0 dzlk - (r=m-1)!  dzk mt =0
We see that

dlfk (7 1 ) rfm—lB(‘ri)mi1 (Z)

r

dz1=k (r—m-—1)!

since

B _ =D (r(_f)'l O \sram 1=k + 1),

r—1 . "r—m+k—1 K
< " )B,(ﬂ)(z):z< N )s(r,r—m+k)z

k=0

for 0<m<r—1. We can compute

dk C/(—m,Z—l— 1) 1 ak+l
dzkm;' R TR
1 k 0
_ ( m') &s(s—i— - (s+k—=1){(s+k,z+1)

S=—m, z=

= f(m,k),
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where
(3.1)
l 1 (C/(_m + k) - (Hm - Hm—k)é,(—m + k)) lf 0 < k < m,
fom k)= =) |
’ Hy —7y if k= m+1,
(—1)" ™k —m— 1)1 (—m + k) i k>m+2.

Combining the above results we obtain

r—1 1

y,’,:(rll)‘ Z( ) D) o+ 1= K)|s(rym + 1 — ke + 1| f (m, k)

" m=0 k=0

for 0 </ <r, which gives (1.1). So we hereafter consider the case 1 </ <r.
We split the summation into three parts Sj, Sz, S3 according to the conditions
0<k<m, k=m+1 and k>m+2. We first calculate the sum S;. Since
|s(n,m)| =0 for m >n+ 1, we have

S = V_I,ZZ<) D 41— k)s(rym + 1 — k + 1)|f (m, k)

=0 m=k

ruZZ( ) D m)s(r, L+ m A+ V)| f (m + ke, k)

k=0 m=0

( l)l—l r—I—1 (l +m)
( 1) m=0 m!

Is(r,l +m+1)|

. ( ) (=) — (Hpwsx — Hy)C(—m)}.

NIl gy i1
%Zmzﬂw Jle(=m).

Next we use (2.7) and (2.8) to obtain

-1

SZ:( lzr U |srl|2( > Hk,l—y)
)
(

—1)!
[s(r, DI(Hi-1 + 7).

Finally the formula (2.7) shows
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I k=2

S1= o () 0 = s+ = ket DL k)

* k=0 m=0

/
— k

B 1 / k <1>
(l" o 1)' k=0 m=2 k

-1 1 :
:(Jl) =S (1) (= m)l(m —1>!Is<r71—m+1>'“m)z(/lc>(_l)k

1) m=2 k=m

(—1)
(=) = m)s(r, L — m+ 1)|f (k — m, k)

(=]

Ty Z\s — =+ DlCm).

Combining the above results we deduce (1.2). Especially, the equation

(2 = DT Hea )+ DY s = m e 1)Im)
m=2
implies deg A4,(z) =r. Thus the proof of Theorem 1 is complete. O

We next prove Theorem 2 by the similar procedure as in the proof of
Theorem 1.

Proof of Theorem 2. By (2.2) we obtain

r=1 ¢ qyr—-m—1p(r) -
log(=715,(2) = = 3_ 2!(r—nlj';"71)1!( :

m=0

({(=mz+ 1)+ (="' (=m, 1 -2z))

for 0 <z < 1. Hence

T A pa

m=0 k=0
x (m+1—k|s(rym+1—k+1)|f(m,k)

for 0 </ <r, where f(m,k) is defined by (3.1). Thus

5 [r2D)/2] ,
S0 = “ T > Js(r2m + )| (=2m)
© om=0
r 1)/2 m 1(2 )
= log(2n) + 2m |s(r,2m 4+ 1)|{(2m + 1)

m=1

which shows (1.3). We next consider the case 1 </ <r. Split the sum into the
subparts Ty, T,, T5 according to 0 <k <m, k=m+1 and k >m+ 2. Then
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_E=ne=n
Tl a (I' m=0
)

(1+(=1)")|s(r,l +m+1)|{(—m)

_M;UM, [+1)|

(r—1)!

and T, = 0. Finally we see

(—1) 1201 — 1)1

T; = 1) Z\srl—2m+ )|C(2m).

Combining the above results we deduce (1.4). O

4. Application to the Vignéras multiple gamma function

In this section, we apply Theorem 1 to obtain Theorem 3 via the next
proposition.

ProposiTION 4.1 (Vardi [8, Proposition 2.3]). For r>1
4.1) G,(z) = eT,~(Z)1"r(Z)(*1)r,1

where

Ty(z) = kzi:l(—Urk (ki 1> log p,_ji1-

Proof of Theorem 3. When r =1, the formula (1.5) is the Weierstrass
product representation of I'(z+ 1). So we now consider the case r > 2. Using
the relation G,(z+ 1) = G,_1(z)G,(z) and the formula (4.1), we have

(4.2) Gz +1) = eT,-(Z>+T,-71(Z)rr_1(Z)(*l)“zrr(z)(*l)

where U,(z) = T,(z) + Tr—1(2), Vi(z) = A,(z) — A,—1(2) and

We first consider U,(z). Since (1.1) shows

roor— k )m+1

ZZ

=1 m= 0

(21 stk Lot D,
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we have

ue =53 &:”’Z}l (ki 1)

k=1 m=0

x{s(r—k+1,m+ 1)+ (r—k)s(r—k,m+1)}'(-m)
r (_1);‘—k+l z .

3 (e

By the recurrence relation

(4.3) smym)=s(n—1,m—1)— (n—Ds(n—1,m)

for n>1 and 1 <m < n, we obtain

=SS (7 ) kmcom

k=1 m=0
N AT
Jrk—1 (r—k)! (k 1>C( r+k)
r I=k m+1
= (_1) z
_k:lm:()(r_k)' (k_1>( km)C( m)
Moreover
r r—k k-1 (_1)m+1 / l
U(z) = (k—D(r— k),s(k —1,Ds(r — k,m){' (—m)z
k=1 m=0 =0 ! |
— 1 r—1 P '*171(—1)m+1C’(_m) SZ: (V— 1 )S(k_ 1,0)s(r — k,m)
C(r=1)! =0  m=0 k=i+1 k-1 ’ ).
Since

(7>s(n,m) = kam:ll(Z)s(k,m —Ds(n—k,1)

for non-negative integers /, m, n with [ < m, we have
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Secondly, we deal with

r— Zl Zr

VI(Z) = (yr,l_yrfl,l)ﬁ+yr,rﬁ‘
7 ! !

Il
=

By (1.1) and (4.3) we can calculate that

(4.5)
r=2 ¢ q\Irtm re__
Vo~ V=10 = 2 ((r 1_) 0! (s(rym+1)4+(r—1)s(r—1,m+1)){'(—m) —C((r_;—li—)!l)
B r—2 (_1)r+m , CI(_V+ 1)
B G A

Also, by (1.2) we can show that for 1 </<r—1

N r—i-1
4O = S b L ml i)
: m=—[+1

The value y,, has been calculated as (3.2).
Thirdly, we treat W,(z). We see

(11737 = () = e

=1

S n4r— =" N V*IZr r—1
Z( :r_zz),:r(_(lr)_z)! (=1)s(r = 1,00+ 1—1)

:Zr_:zr:(r_ Ds(r — 1,7 —m+ 1)|{(m).

m=2
Hence

r(nir-2

o 0 z (-1 (1_71 )
4.7) W,(z) =exp (F Z(r —Ds(r—1,r—m+ 1)|C(m)> HP,,( Z) )

" m=2 n=1
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Combining the above results we obtain

L. 0 - -n7(
G,(z+1) = exp %21 HPr(_ )
= b el n

with certain «,; € R. We now determine «,; for 0 </ <r. From (4.2), (4.4)
and (4.5), we can check o, 0 =0. When 1 </ <r—1, we use (4.4) and (4.6) to
obtain o, ; = & ; where ¢, ; is defined by (1.6). Finally (3.2) and (4.7) show that

r

n+r—2)
r—1

Oy p = —d1p—1 — ) — Z(il)nﬁq{s(rar*m+ 1) + (ri I)S(Vf 17V*m+ 1)}1"/(’/”)
m=2
=—H,_|—y— Z(—l)"”ls(rf L, r —m){(m)
m=2
:g,,vr,

Here we used (4.3) for the second equality. Therefore we deduce Theorem
3. O
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