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WEIERSTRASS PRODUCT REPRESENTATIONS OF MULTIPLE

GAMMA AND SINE FUNCTIONS

Kazuhiro Onodera

Abstract

It is well known that the Weierstrass product representation of the Barnes multiple

gamma function GrðzÞ can be calculated concretely. However, there has been no study

on its explicit formulation. In this paper, its simple formulation is achieved. It is

applicable to the Weierstrass product representation of the Vignéras multiple gamma

function also. Moreover, the Weierstrass product representation of the Kurokawa

multiple sine function SrðzÞ is also formulated explicitly.

1. Introduction

Let r be a positive integer. Put o ¼ ðo1; . . . ;orÞ A ðR>0Þr and joj ¼
o1 þ � � � þ or. The multiple gamma and sine functions are defined by

Grðz;oÞ ¼ exp
q

qs
zrðs; z;oÞ

����
s¼0

� �
;

Srðz;oÞ ¼ Grðz;oÞ�1Grðjoj � z;oÞð�1Þ r

where zrðs; z;oÞ is the multiple Hurwitz zeta function. These functions are
meromorphic in the whole complex z-plane. The multiple gamma function was
studied by Barnes [3]. One of his results is a generalization of the Weierstrass
product representation of the usual gamma function. To be precise, he obtained

Grðz;oÞ�1 ¼ eArðz;oÞz
Y

m A ðZb0Þ r
m00

Pr � z

m � o

� �

withPrðuÞ ¼ ð1� uÞ exp uþ u2

2
þ � � � þ ur

r

� �
. HereArðz;oÞ ¼

Pr
l¼0

gr; lðoÞ
l!

zl with
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gr; lðoÞ ¼ � q l

qzl
log zGrðz;oÞð Þ

����
z¼0

:

Barnes called rrðoÞ ¼ egr; 0ðoÞ the r-ple Stirling modular form and gr;1ðoÞ; . . . ;
gr; rðoÞ the first r r-ple gamma modular forms. Regarding the multiple sine
function, Kurokawa and Koyama [4] proved its infinite product representation:

Srðz;oÞ ¼ eBrðz;oÞz
Y

m A ðZb0Þ r
m00

Pr � z

m � o
� � Y

m A ðZb0Þ r
Pr

z

ðmþ 1Þ � o

� �ð�1Þ r�1

with 1 ¼ ð1; . . . ; 1Þ A Rr. Here Brðz;oÞ ¼
Pr

l¼0

dr; lðoÞ
l!

zl with

dr; lðoÞ ¼
q l

qzl
log z�1Srðz;oÞ
� �����

z¼0

:

We note that A1ðz;oÞ ¼
1

2
log

2p

o

� �
þ 1

o
ðg� log oÞz and B1ðz;oÞ ¼ log

2p

o

� �

where g is the Euler constant, since G1ðz;oÞ ¼
Gðz=oÞffiffiffiffiffiffi

2p
p oz=o�1=2 and S1ðz;oÞ ¼

2 sin
pz

o

� �
. When rb 2, the explicit expressions of Arðz;oÞ and Brðz;oÞ are

unknown.
In this paper, we treat only the special case o ¼ 1 ¼ ð1; . . . ; 1Þ. For

simplicity, when o ¼ 1, we omit the parameters, e.g. GrðzÞ ¼ Grðz; 1Þ, ArðzÞ ¼
Arðz; 1Þ and gr; l ¼ gr; lð1Þ. Then, the infinite product representations are

GrðzÞ�1 ¼ eArðzÞz
Yy
m¼1

Pr � z

m

� � mþr�1
r�1ð Þ

;

SrðzÞ ¼ eBrðzÞz
Yy
m¼1

Pr � z

m

� � mþr�1
r�1ð ÞYy

m¼r

Pr

z

m

� �ð�1Þ r�1 m�1
r�1ð Þ

with ArðzÞ ¼
Pr

l¼0

gr; l

l!
zl and BrðzÞ ¼

Pr
l¼0

dr; l

l!
zl . The values gr; l and dr; l are

computable. Especially, gr;0 has the simple expression (1.1) which was shown
by Adamchik [1, Lemma 2]. However their explicit formulations generally re-
main unanswered. The aim of this paper is to achieve them. Moreover, in the
process, a new proof of (1.1) will be given.

Denote by sðn; kÞ the signed Stirling number of the first kind defined by

n!
x

n

� �
¼
Xy
k¼0

sðn; kÞxk
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for n A Zb0. Let H0 ¼ 0 and Hn be the n-th harmonic number for n A Zb1:

Hn ¼
Pn

k¼1

1

k
.

Theorem 1. The constants gr; l for the multiple gamma function are given by

log rr ¼ gr;0 ¼ � 1

ðr� 1Þ!
Xr�1

m¼0

jsðr;mþ 1Þjz 0ð�mÞð1:1Þ

and

gr; l ¼
ð�1Þ l�1ðl � 1Þ!

ðr� 1Þ!
Xr�l�1

m¼�l

jsðr; l þmþ 1Þj flðmÞð1:2Þ

for 1a la r, where zðsÞ is the Riemann zeta function and

flðmÞ ¼ Hl�1 þ g if m ¼ �1;

zð�mÞ if m0�1:

	

Hence deg ArðzÞ ¼ r.

Example 1.

(i) g1;0 ¼
logð2pÞ

2
, g1;1 ¼ g.

(ii) g2;0 ¼
logð2pÞ

2
� z 0ð�1Þ, g2;1 ¼ � 1

2
þ g, g2;2 ¼ �1� g� p2

6
.

(iii) g3;0 ¼
logð2pÞ

2
þ zð3Þ

8p2
� 3z 0ð�1Þ

2
, g3;1 ¼ � 19

24
þ g,

g3;2 ¼ � 5

4
� 3g

2
� p2

6
, g3;3 ¼

3

2
þ gþ p2

2
þ 2zð3Þ.

(iv) g4;0 ¼
logð2pÞ

2
þ zð3Þ

4p2
� 11z 0ð�1Þ

6
� z 0ð�3Þ

6
, g4;1 ¼ �1þ g,

g4;2 ¼ � 95

72
� 11g

6
� p2

6
, g4;3 ¼

17

6
þ 2gþ 11p2

18
þ 2zð3Þ,

g4;4 ¼ � 11

6
� g� p2 � p4

15
� 11zð3Þ.

(v) g5;0 ¼
logð2pÞ

2
þ 35zð3Þ

96p2
� zð5Þ
32p4

� 25z 0ð�1Þ
12

� 5z 0ð�3Þ
12

, g5;1 ¼ � 3349

2880
þ g,

g5;2 ¼ � 95

72
� 25g

12
� p2

6
, g5;3 ¼

569

144
þ 35g

12
þ 25p2

36
þ 2zð3Þ,

g5;4 ¼ � 107

24
� 5g

2
� 35p2

24
� p4

15
� 25zð3Þ

2
,

g5;5 ¼
25

12
þ gþ 5p2

3
þ 5p4

9
þ 35zð3Þ þ 24zð5Þ.
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Theorem 2. The constants dr; l for the multiple sine function are given by

dr;0 ¼ logð2pÞ þ 1

ðr� 1Þ!
X½ðr�1Þ=2�

m¼1

ð�1Þm�1ð2mÞ!
ð2pÞ2m

jsðr; 2mþ 1Þjzð2mþ 1Þð1:3Þ

and

dr; l ¼
ð�1Þ l�12ðl � 1Þ!

ðr� 1Þ!
X½l=2�
m¼0

jsðr; l � 2mþ 1Þjzð2mÞð1:4Þ

for 1a la r. Hence deg B1ðzÞ ¼ 0 and deg BrðzÞ ¼ r for rb 2.

Example 2.
(i) d1;0 ¼ logð2pÞ, d1;1 ¼ 0.
(ii) d2;0 ¼ logð2pÞ, d2;1 ¼ �1, d2;2 ¼ � p2

3
.

(iii) d3;0 ¼ logð2pÞ þ zð3Þ
4p2

, d3;1 ¼ � 3

2
, d3;2 ¼

1

2
� p2

3
, d3;3 ¼ p2.

(iv) d4;0 ¼ logð2pÞ þ zð3Þ
2p2

, d4;1 ¼ � 11

6
, d4;2 ¼ 1� p2

3
,

d4;3 ¼ � 1

3
þ 11p2

9
, d4;4 ¼ �2p2 � 2p4

15
.

(v) d5;0 ¼ logð2pÞ þ 35zð3Þ
48p2

� zð5Þ
16p4

, d5;1 ¼ � 25

12
, d5;2 ¼

35

24
� p2

3
,

d5;3 ¼ � 5

6
þ 25p2

18
, d5;4 ¼

1

4
� 35p2

12
� 2p4

15
, d5;5 ¼

10p2

3
þ 10p4

9
.

Finally, we apply Theorem 1 to the Vignéras multiple gamma function GrðzÞ
defined by the next conditions:

(1) Grðzþ 1Þ ¼ Gr�1ðzÞGrðzÞ for z A C,
(2) Grð1Þ ¼ 1,

(3)
d rþ1

dzrþ1
log GrðzÞb 0 for zb 1,

(4) G0ðzÞ ¼ z.
In 1977 Vignéras [9, p. 239] proved the uniqueness of the functions satisfying the
above conditions. According to the Bohr-Mollerup theorem, G1ðzÞ coincides
with GðzÞ. So Vignéras called GrðzÞ’s multiple gamma functions. Especially,
the function G2ðzÞ was originated by Barnes [2] and so is called the Barnes G-
function.

The Vignéras multiple gamma function GrðzÞ has the following infinite
product representation.

Theorem 3. For rb 1

Grðzþ 1Þ ¼ eCrðzÞ
Yy
n¼1

Pr � z

n

� �ð�1Þ r nþr�2
r�1ð Þ

ð1:5Þ

80 kazuhiro onodera



with CrðzÞ ¼
Pr

l¼1

er; l

l!
zl . Here

ð1:6Þ

er; l ¼
ð�1Þ r�l

l!

ðr� 1Þ!

�
Xr�l�1

m¼0

l þm

l

� �
jsðr� 1; l þmÞjz 0ð�mÞ � 1

l

Xr�l�1

m¼�l

jsðr� 1; l þmÞj flðmÞ
( )

for 1a la r where flðmÞ is as in Theorem 1. Hence deg CrðzÞ ¼ r.

Results of this type have been proved by Vignéras [9, p. 241] and by Ueno
and Nishizawa [7, Theorem 6.1], but are more complicated than our result.

Example 3.
(i) e1;1 ¼ �g.

(ii) e2;1 ¼ � 1

2
þ logð2pÞ

2
, e2;2 ¼ �1� g.

(iii) e3;1 ¼
7

24
� logð2pÞ

4
þ z 0ð�1Þ, e3;2 ¼

1

4
þ g

2
þ logð2pÞ

2
, e3;3 ¼ � 3

2
� g� p2

6
.

(iv) e4;1 ¼ � 5

24
þ logð2pÞ

6
þ zð3Þ

8p2
� z 0ð�1Þ, e4;2 ¼ � 5

72
� g

3
� logð2pÞ

2
þ z 0ð�1Þ,

e4;3 ¼
4

3
þ gþ p2

9
þ logð2pÞ

2
, e4;4 ¼ � 11

6
� g� p2

2
� 2zð3Þ.

(v) e5;1 ¼
469

2880
� logð2pÞ

8
� 3zð3Þ

16p2
þ 11z 0ð�1Þ

12
þ z 0ð�3Þ

6
,

e5;2 ¼
g

4
þ 11 logð2pÞ

24
þ zð3Þ

8p2
� 3z 0ð�1Þ

2
,

e5;3 ¼ � 161

144
� 11g

12
� p2

12
� 3 logð2pÞ

4
þ z 0ð�1Þ,

e5;4 ¼
21

8
þ 3g

2
þ 11p2

24
þ logð2pÞ

2
þ 3zð3Þ

2
,

e5;5 ¼ � 25

12
� g� p2 � p4

15
� 11zð3Þ.

2. Lemmas

Lemma 2.1 (cf. Adamchik [1, Proposition 2]). (i) Put z 0ðs; zÞ ¼ q

qs
zðs; zÞ.

For z > 0,

log GrðzÞ ¼
Xr�1

m¼0

ð�1Þr�m�1
B
ðrÞ
r�m�1ðzÞ

m!ðr�m� 1Þ! z 0ð�m; zÞð2:1Þ
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where B
ðrÞ
m ðzÞ is the generalized Nörlund polynomial defined by

t

et � 1

� �r
ezt ¼

Xy
m¼0

B
ðrÞ
m ðzÞ
m!

tm:

(ii) For 0 < z < 1

log SrðzÞ ¼
Xr�1

m¼0

ð�1Þr�m�1
B
ðrÞ
r�m�1ðzÞ

m!ðr�m� 1Þ! log S1;mðzÞ;ð2:2Þ

where S1;mðzÞ ¼ exp


�z 0ð�m; zÞ þ ð�1Þmþ1z 0ð�m; 1� zÞ

�
is called Milnor’s mul-

tiple sine function (refer to Kurokawa, Ochiai and Wakayama [5]).

Remark 1. Basic properties of B
ðrÞ
m ðzÞ are found in the book of Nörlund

[6]. The following formulas are needed in this paper:

BðrÞ
m ðr� zÞ ¼ ð�1ÞmBðrÞ

m ðzÞ ðrb 1;mb 0Þ;ð2:3Þ

B
ðrÞ
r�1ðzÞ ¼ ðz� 1Þ � � � ðz� rþ 1Þ ðrb 2Þ;ð2:4Þ
d

dz
BðrÞ
m ðzÞ ¼ mB

ðrÞ
m�1ðzÞ ðrb 1;mb 1Þ;ð2:5Þ

BðrÞ
m ðzþ aÞ ¼

Xm
l¼0

m

l

� �
B
ðrÞ
m�lðaÞz

l ðrb 1;mb 0Þ:ð2:6Þ

Proof of Lemma 2.1. (i) When r ¼ 1 the formula (2.1) is trivial. We now
consider the case rb 2. Since

zrðs; zÞ ¼ � z� rþ 1

r� 1
zr�1ðs; zÞ þ

1

r� 1
zr�1ðs� 1; zÞ;

we obtain

zrðs; zÞ ¼
1

ðr� 1Þ!
Xr�1

m¼0

cr; r�m�1ðzÞzðs�m; zÞ

where cr;0ðzÞ ¼ 1 and

cr;mðzÞ ¼ ð�1Þm
X

� � �
X

1ai1<���<imar�1

ðz� i1Þ � � � ðz� imÞ

for 1ama r� 1. The equations (2.4) and (2.5) imply
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cr;mðzÞ ¼
ð�1Þm

ðr�m� 1Þ!
d r�m�1

dzr�m�1
ðz� 1Þ � � � ðz� rþ 1Þ

¼ ð�1Þm

ðr�m� 1Þ!
d r�m�1

dzr�m�1
B
ðrÞ
r�1ðzÞ

¼ ð�1Þm r� 1

m

� �
BðrÞ
m ðzÞ:

Thus

zrðs; zÞ ¼
Xr�1

m¼0

ð�1Þr�m�1
B
ðrÞ
r�m�1ðzÞ

m!ðr�m� 1Þ! zðs�m; zÞ:

This shows (2.1).
(ii) Using the relation

zrðs; zÞ ¼ � z� 1

r� 1
zr�1ðs; z� 1Þ þ 1

r� 1
zr�1ðs� 1; z� 1Þ;

we have, for z > r� 1

zrðs; zÞ ¼
Xr�1

m¼0

ð�1Þr�m�1
B
ðrÞ
r�m�1ðzÞ

m!ðr�m� 1Þ! zðs�m; z� rþ 1Þ:

Hence, by (2.3),

log Grðr� zÞ ¼
Xr�1

m¼0

B
ðrÞ
r�m�1ðzÞ

m!ðr�m� 1Þ! z
0ð�m; 1� zÞ:

Thus we deduce (2.2) from the definition of SrðzÞ. r

Lemma 2.2. Let l and m be integers.
(i) For lb 1 and 0ama l

Xm
k¼0

l

k

� �
ð�1Þk ¼

0 if m ¼ l;

ð�1Þm l � 1

m

� �
if 0ama l � 1:

8<
:ð2:7Þ

(ii) For lb 2

Xl

k¼2

l

k

� �
ð�1ÞkHk�1 ¼ Hl�1:ð2:8Þ

(iii) For lb 1 and mb 0

Xl

k¼0

l

k

� �
ð�1ÞkHmþk ¼ �ðl � 1Þ!m!

ðl þmÞ! :ð2:9Þ
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Proof. (i): The formula is well known.
(ii),(iii): The results follow from the next expression of the harmonic number:

Hn ¼
ð1
0

1� xn

1� x
dx

for nb 0. r

3. Proofs of Theorem 1 and 2

Proof of Theorem 1. Using (2.1) and the formula zðs; zþ 1Þ ¼ zðs; zÞ � z�s,
we see

log GrðzÞ ¼
Xr�1

m¼0

ð�1Þr�m�1
B
ðrÞ
r�m�1ðzÞ

m!ðr�m� 1Þ! z 0ð�m; zþ 1Þ

� log z
Xr�1

m¼0

ð�1Þr�m�1
B
ðrÞ
r�m�1ðzÞ

m!ðr�m� 1Þ! zm:

By (2.4) and (2.6) we have

logðzGrðzÞÞ ¼
Xr�1

m¼0

ð�1Þ r�m�1
B
ðrÞ
r�m�1ðzÞ

m!ðr�m� 1Þ! z 0ð�m; zþ 1Þ:

Hence

gr; l ¼ �
Xr�1

m¼0

Xl

k¼0

l

k

� �
d l�k

dzl�k

ð�1Þr�m�1
B
ðrÞ
r�m�1ðzÞ

ðr�m� 1Þ!
d k

dzk
z 0ð�m; zþ 1Þ

m!

����
z¼0

:

We see that

d l�k

dzl�k

ð�1Þr�m�1
B
ðrÞ
r�m�1ðzÞ

ðr�m� 1Þ!

����
z¼0

¼ ð�1Þ l�kðmþ l � kÞ!
ðr� 1Þ! jsðr;mþ l � k þ 1Þj;

since

r� 1

m

� �
BðrÞ
m ðzÞ ¼

Xm
k¼0

r�mþ k � 1

k

� �
sðr; r�mþ kÞzk

for 0ama r� 1. We can compute

d k

dzk
z 0ð�m; zþ 1Þ

m!

����
z¼0

¼ 1

m!

qkþ1

qzkqs
zðs; zþ 1Þ

����
s¼�m; z¼0

¼ ð�1Þk

m!

q

qs
sðsþ 1Þ � � � ðsþ k � 1Þzðsþ k; zþ 1Þ

����
s¼�m; z¼0

¼ f ðm; kÞ;
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where

ð3:1Þ

f ðm; kÞ ¼

1

ðm� kÞ! ðz
0ð�mþ kÞ � ðHm �Hm�kÞzð�mþ kÞÞ if 0a kam;

Hm � g if k ¼ mþ 1;

ð�1Þm�kðk �m� 1Þ!zð�mþ kÞ if kbmþ 2:

8>>><
>>>:

Combining the above results we obtain

gr; l ¼
1

ðr� 1Þ!
Xr�1

m¼0

Xl

k¼0

l

k

� �
ð�1Þ l�kþ1ðmþ l � kÞ!jsðr;mþ l � k þ 1Þj f ðm; kÞ

for 0a la r, which gives (1.1). So we hereafter consider the case 1a la r.
We split the summation into three parts S1, S2, S3 according to the conditions
0a kam, k ¼ mþ 1 and kbmþ 2. We first calculate the sum S1. Since
jsðn;mÞj ¼ 0 for mb nþ 1, we have

S1 ¼
1

ðr� 1Þ!
Xl

k¼0

Xr�1

m¼k

l

k

� �
ð�1Þ l�kþ1ðmþ l � kÞ!jsðr;mþ l � k þ 1Þj f ðm; kÞ

¼ 1

ðr� 1Þ!
Xl

k¼0

Xr�l�1

m¼0

l

k

� �
ð�1Þ l�kþ1ðl þmÞ!jsðr; l þmþ 1Þj f ðmþ k; kÞ

¼ ð�1Þ l�1

ðr� 1Þ!
Xr�l�1

m¼0

ðl þmÞ!
m!

jsðr; l þmþ 1Þj

�
Xl

k¼0

l

k

� �
ð�1Þkfz 0ð�mÞ � ðHmþk �HmÞzð�mÞg:

By (2.7) and (2.9),

S1 ¼
ð�1Þ l�1ðl � 1Þ!

ðr� 1Þ!
Xr�l�1

m¼0

jsðr; l þmþ 1Þjzð�mÞ:

Next we use (2.7) and (2.8) to obtain

S2 ¼
ð�1Þ l�1ðl � 1Þ!

ðr� 1Þ! jsðr; lÞj
Xl

k¼1

l

k

� �
ð�1ÞkðHk�1 � gÞ

¼ ð�1Þ l�1ðl � 1Þ!
ðr� 1Þ! jsðr; lÞjðHl�1 þ gÞ:

Finally the formula (2.7) shows
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S3 ¼
1

ðr� 1Þ!
Xl

k¼0

Xk�2

m¼0

l

k

� �
ð�1Þ l�kþ1ðmþ l � kÞ!jsðr;mþ l � k þ 1Þj f ðm; kÞ

¼ 1

ðr� 1Þ!
Xl

k¼0

Xk
m¼2

l

k

� �
ð�1Þ l�kþ1ðl �mÞ!jsðr; l �mþ 1Þj f ðk �m; kÞ

¼ ð�1Þ l�1

ðr� 1Þ!
Xl

m¼2

ð�1Þmðl �mÞ!ðm� 1Þ!jsðr; l �mþ 1ÞjzðmÞ
Xl

k¼m

l

k

� �
ð�1Þk

¼ ð�1Þ l�1ðl � 1Þ!
ðr� 1Þ!

Xl

m¼2

jsðr; l �mþ 1ÞjzðmÞ:

Combining the above results we deduce (1.2). Especially, the equation

gr; r ¼ ð�1Þr�1ðHr�1 þ gÞ þ ð�1Þr�1
Xr
m¼2

jsðr; r�mþ 1ÞjzðmÞð3:2Þ

implies deg ArðzÞ ¼ r. Thus the proof of Theorem 1 is complete. r

We next prove Theorem 2 by the similar procedure as in the proof of
Theorem 1.

Proof of Theorem 2. By (2.2) we obtain

logðz�1SrðzÞÞ ¼ �
Xr�1

m¼0

ð�1Þr�m�1
B
ðrÞ
r�m�1ðzÞ

m!ðr�m� 1Þ! ðz 0ð�m; zþ 1Þ þ ð�1Þmz 0ð�m; 1� zÞÞ

for 0 < z < 1. Hence

dr; l ¼
1

ðr� 1Þ!
Xr�1

m¼0

Xl

k¼0

l

k

� �
ð�1Þ l�kþ1�1þ ð�1Þkþm

�
� ðmþ l � kÞ!jsðr;mþ l � k þ 1Þj f ðm; kÞ

for 0a la r, where f ðm; kÞ is defined by (3.1). Thus

dr;0 ¼ � 2

ðr� 1Þ!
X½ðr�1Þ=2�

m¼0

jsðr; 2mþ 1Þjz 0ð�2mÞ

¼ logð2pÞ þ 1

ðr� 1Þ!
X½ðr�1Þ=2�

m¼1

ð�1Þm�1ð2mÞ!
ð2pÞ2m

jsðr; 2mþ 1Þjzð2mþ 1Þ

which shows (1.3). We next consider the case 1a la r. Split the sum into the
subparts T1, T2, T3 according to 0a kam, k ¼ mþ 1 and kbmþ 2. Then
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T1 ¼
ð�1Þ l�1ðl � 1Þ!

ðr� 1Þ!
Xr�l�1

m¼0

ð1þ ð�1ÞmÞjsðr; l þmþ 1Þjzð�mÞ

¼ ð�1Þ lðl � 1Þ!
ðr� 1Þ! jsðr; l þ 1Þj

and T2 ¼ 0. Finally we see

T3 ¼
ð�1Þ l�12ðl � 1Þ!

ðr� 1Þ!
X½l=2�
m¼1

jsðr; l � 2mþ 1Þjzð2mÞ:

Combining the above results we deduce (1.4). r

4. Application to the Vignéras multiple gamma function

In this section, we apply Theorem 1 to obtain Theorem 3 via the next
proposition.

Proposition 4.1 (Vardi [8, Proposition 2.3]). For rb 1

GrðzÞ ¼ eTrðzÞGrðzÞð�1Þ r�1

ð4:1Þ
where

TrðzÞ ¼
Xr
k¼1

ð�1Þr�k z

k � 1

� �
log rr�kþ1:

Proof of Theorem 3. When r ¼ 1, the formula (1.5) is the Weierstrass
product representation of Gðzþ 1Þ. So we now consider the case rb 2. Using
the relation Grðzþ 1Þ ¼ Gr�1ðzÞGrðzÞ and the formula (4.1), we have

Grðzþ 1Þ ¼ eTrðzÞþTr�1ðzÞGr�1ðzÞð�1Þ r�2

GrðzÞð�1Þ r�1

ð4:2Þ

¼ eUrðzÞþð�1Þ rVrðzÞWrðzÞ;

where UrðzÞ ¼ TrðzÞ þ Tr�1ðzÞ, VrðzÞ ¼ ArðzÞ � Ar�1ðzÞ and

WrðzÞ ¼
Yy
n¼1

Pr � z

n

� �ð�1Þ r nþr�1
r�1ð Þ

Pr�1 � z

n

� �ð�1Þ r�1 nþr�2
r�2ð Þ

:

We first consider UrðzÞ. Since (1.1) shows

TrðzÞ ¼
Xr
k¼1

Xr�k

m¼0

ð�1Þmþ1

ðr� kÞ!
z

k � 1

� �
sðr� k þ 1;mþ 1Þz 0ð�mÞ;
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we have

UrðzÞ ¼
Xr�1

k¼1

Xr�k�1

m¼0

ð�1Þmþ1

ðr� kÞ!
z

k � 1

� �

�fsðr� k þ 1;mþ 1Þ þ ðr� kÞsðr� k;mþ 1Þgz 0ð�mÞ

þ
Xr
k¼1

ð�1Þ r�kþ1

ðr� kÞ!
z

k � 1

� �
z 0ð�rþ kÞ:

By the recurrence relation

sðn;mÞ ¼ sðn� 1;m� 1Þ � ðn� 1Þsðn� 1;mÞð4:3Þ

for nb 1 and 1ama n, we obtain

UrðzÞ ¼
Xr�1

k¼1

Xr�k�1

m¼0

ð�1Þmþ1

ðr� kÞ!
z

k � 1

� �
sðr� k;mÞz 0ð�mÞ

þ
Xr
k¼1

ð�1Þr�kþ1

ðr� kÞ!
z

k � 1

� �
z 0ð�rþ kÞ

¼
Xr
k¼1

Xr�k

m¼0

ð�1Þmþ1

ðr� kÞ!
z

k � 1

� �
sðr� k;mÞz 0ð�mÞ:

Moreover

UrðzÞ ¼
Xr
k¼1

Xr�k

m¼0

Xk�1

l¼0

ð�1Þmþ1

ðk � 1Þ!ðr� kÞ! sðk � 1; lÞsðr� k;mÞz 0ð�mÞzl

¼ 1

ðr� 1Þ!
Xr�1

l¼0

zl
Xr�l�1

m¼0

ð�1Þmþ1z 0ð�mÞ
Xr�m

k¼lþ1

r� 1

k � 1

� �
sðk � 1; lÞsðr� k;mÞ:

Since

m

l

� �
sðn;mÞ ¼

Xn�l

k¼m�l

n

k

� �
sðk;m� lÞsðn� k; lÞ

for non-negative integers l, m, n with lam, we have

UrðzÞ ¼
1

ðr� 1Þ!
Xr�1

l¼0

zl
Xr�l�1

m¼0

ð�1Þmþ1 l þm

l

� �
sðr� 1; l þmÞz 0ð�mÞð4:4Þ

¼
Xr�1

l¼0

zl

l!

Xr�l�1

m¼0

ð�1Þr�lðl þmÞ!
ðr� 1Þ!m!

jsðr� 1; l þmÞjz 0ð�mÞ:
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Secondly, we deal with

VrðzÞ ¼
Xr�1

l¼0

ðgr; l � gr�1; lÞ
zl

l!
þ gr; r

zr

r!
:

By (1.1) and (4.3) we can calculate that

ð4:5Þ

gr;0 � gr�1;0 ¼
Xr�2

m¼0

ð�1Þrþm

ðr� 1Þ! ðsðr;mþ 1Þ þ ðr� 1Þsðr� 1;mþ 1ÞÞz 0ð�mÞ � z 0ð�rþ 1Þ
ðr� 1Þ!

¼
Xr�2

m¼0

ð�1Þrþm

ðr� 1Þ! sðr� 1;mÞz 0ð�mÞ � z 0ð�rþ 1Þ
ðr� 1Þ!

¼ � 1

ðr� 1Þ!
Xr�1

m¼1

jsðr� 1;mÞjz 0ð�mÞ:

Also, by (1.2) we can show that for 1a la r� 1

gr; l � gr�1; l ¼
ð�1Þ l�1ðl � 1Þ!

ðr� 1Þ!
Xr�l�1

m¼�lþ1

jsðr� 1; l þmÞj flðmÞð4:6Þ

The value gr; r has been calculated as (3.2).
Thirdly, we treat WrðzÞ. We see

WrðzÞ ¼
Yy
n¼1

Pr � z

n

� �ð�1Þ r nþr�2
r�1ð Þ

exp
nþ r� 2

r� 2

� �
zr

rnr

	 �
:

Since

nþ r� 2

r� 2

� �
¼ ð�1Þr�1 r� 1

n

�n

r� 1

� �
¼ ð�1Þr�1

ðr� 2Þ!
Xr�1

l¼1

ð�1Þ lsðr� 1; lÞnl�1;

we have

Xy
n¼1

nþ r� 2

r� 2

� �
zr

rnr
¼ ð�1Þr�1

zr

r � ðr� 2Þ!
Xr�1

l¼1

ð�1Þ lsðr� 1; lÞzðrþ 1� lÞ

¼ zr

r!

Xr
m¼2

ðr� 1Þjsðr� 1; r�mþ 1ÞjzðmÞ:

Hence

WrðzÞ ¼ exp
zr

r!

Xr
m¼2

ðr� 1Þjsðr� 1; r�mþ 1ÞjzðmÞ
 !Yy

n¼1

Pr � z

n

� �ð�1Þ r nþr�2
r�1ð Þ

:ð4:7Þ
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Combining the above results we obtain

Grðzþ 1Þ ¼ exp
Xr
l¼0

ar; l

l!
zl

 !Yy
n¼1

Pr � z

n

� �ð�1Þ r nþr�2
r�1ð Þ

with certain ar; l A R. We now determine ar; l for 0a la r. From (4.2), (4.4)
and (4.5), we can check ar;0 ¼ 0. When 1a la r� 1, we use (4.4) and (4.6) to
obtain ar; l ¼ er; l where er; l is defined by (1.6). Finally (3.2) and (4.7) show that

ar; r ¼ �Hr�1 � g�
Xr
m¼2

ð�1Þmþ1fsðr; r�mþ 1Þ þ ðr� 1Þsðr� 1; r�mþ 1ÞgzðmÞ

¼ �Hr�1 � g�
Xr
m¼2

ð�1Þmþ1
sðr� 1; r�mÞzðmÞ

¼ er; r:

Here we used (4.3) for the second equality. Therefore we deduce Theorem
3. r
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