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DIVISION VALUES OF MULTIPLE SINE FUNCTIONS
SHIN-YA KoOYyAaMA

Abstract

We refine a formula on values of quadruple sine functions at division points. As
applications we prove a formula on a sum of reciprocal trigonometric values, and obtain
multiple modularity of a three variable modular function, which concerns a general-
ization of the Dedekind # function.

1. Introduction

Throughout this paper we put » > 1 to be an integer and let

2 —{a)—(w ) eC’ wi,...,o, and 1 belong to one side}
r= = (w1,...,0

with respect to a line crossing 0

For we 2, and xe C\{—-mw| —--- —mw,|m;j e Z>,}, the multiple gamma
function is defined by
[, (x; @) = exp(('(0, x; ),

where {,(s,x; ) is the multiple Hurwitz zeta function defined by

o0 o0
(s, x;0) = Z e Z(mlwl + -+ mo, _A'_x)*s
m;=0 m,=0

which is absolutely convergent in Re(s) > r and has a meromorphic continuation
to the entire plane. The multiple sine function

Si(x;0) = To(x;0) 'Th(w) + -+ o — x;0)

was first introduced by Kurokawa [3], which was a generalization of Shintani’s
function F(x; (w1, w,)) := Sa2(x; (w1, ®2)). In pursueing Kronecker’s Jugend-
traum for a real quadratic field, Shintani [9] introduced F(x;(wi,w;)) as a
generalization of the sine function S;(x) := Sj(x;1) = 2 sin(nx). More precisely,
for an L-function Lg(s,x) = > ,x(a)N(a)™® for a real quadratic field K, he
expressed the value
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exp(—Lg(0, %))

in terms of a product of division values of S,(x;(1,¢)) with ¢ the fundamental
unit of K. This is regarded as a generalization of a well-known formula over Q:

(L.1) exp(— H&( ) k)/2’

where L(s,y) = >~ x(n)n™* is the Dirichle L-function for a non-trivial primitive
even character y modulo N. The formula (1.1) gives a reason for the appearance of
the sine function in Kronecker’s Jugendtraum over Q in the sense that the division
values of Sj(x) generate the maximal abelian extension of Q. Discovering a
function with an analogous property for totally real number fields is an open
unsolved problem. Unfortunately very few sequent works are seen after Shin-
tani’s pioneering work [9] in 1977.

The fundamental importance of division values of multiple sine functions is
also seen from another aspect concerning special values of zeta functions.
Indeed there is another direction for the extension of the formula (1.1). In a
previous paper [7] we gave a generalization of (1.1) to the differentiation at s # 0.
In this generalization, we fix the period to be trivial as we consider over Q, and
simply denote S;(x):= S,(x,(l,...,1)). In the case of N =1, we proved for
n=1,2,3 ... that

a(2n+1,k)
exp(— H Soni1(k

with explicitly determined positive integers a(2n + 1, k), and we also proved for y
being primitive odd modulo N that

N-1 AN x(k)/2
v () )
and for y non-trivial primitive even modulo N that
. 2 32 2\ 1(k)/2
exp(—L'(~2,7)) = ]j—[: <S3 (@W N <%>2Nk v (@k ) |
These enable to express unknown special values such as
{(3) = 4=’ log S5(1),
e

{(5) = ==~ log(S5(1)S5(2) "),

) =¥ 10a(5,(1)5:2)T5:(3) ™),



DIVISION VALUES OF MULTIPLE SINE FUNCTIONS 3
GRS COROEGRION
()
L<3, (1*_2)> _ \fég log <S3 (112)288S2 <%)408S1 (1_12> s, <%>28852 <%>312
% S| (%) 25&(172) 288S2 <%>264S1 (172> 49S3 <%)288
(s ().

As shown in these two aspects concerning generalizations of the Dirichlet
class number formula (1.1), the study of division values of multiple sine functions
seems to be of fundamental importance. Above all, rationality at division points
is of central interest.

Fix once and for all an integer N > 2. A basic relevant fact concerning the
rationality of division values is the following formula proved in [6]:

k e+ ke,
(1.2) T S,( 1w1+N+ w;w):N.
0<ki,oky <N—1

(We remark that in [6] everything is done for w; > 0, but the formula (1.2) holds
for w € Z, by the same proof.) It would be significant to make (1.2) more
precise to get more detailed information by determining values of various partial
products of the left hand side of (1.2). Kurokawa [4] recently discovered a
beautiful refinement of it for r = 2. He proved that the contributions from terms
with k; =0 (j=1,2) are equal. Namely, he showed that

N-1
ko ko
(13) HS2<]]V1 ) HS2(2 2 )—\/N
k=1
and that
ko + koo
<ki,ky<N-1

He also obtained some applications which will be explained later.

In this paper we first generalize (1.3) and (1.4) to the case of r=4. A
generalization of (1.4) is easily described. We show the following theorem
(Theorem 4.4 below):
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THEOREM 1.1.

(1.5)

S4(k1cu1 T

+k4w4'w =1
N )

1<k, ka, k3, ks <N-—1

One may wonder what happens when r=3. Since the situation essentially
depends on the parity of r, the formula like (1.4) and (1.5) is not true for r being
odd. Actually in Theorem 3.3 below, we obtain an alternative expression for
r=73 in terms of the division values of the triple gamma function.

For describing a generalization of (1.3) to r =4, we start by defining the
contribution of k; = 0 to the product (1.2). Let 4; be the partial product of (1.2)
over terms with k =0 and k; # 0 for / # j. We similarly denote by A4;; and
Aj;m the partial products of (1.2) over terms with k; =k =0 and k; =k =
kn = 0, respectively, where all other coefficients are nonzero. Then by (1 2) and
(1.5) we see for r =4 that

4
<HA/‘> ( 11 A/’J) ( 1T A./Jm) =N.
j=1 1<j<I<3 I1<j<l<m<3

One of our goals is to determine the contribution from k; =0 for each
j=1,2,34 to (1.2). The key idea is that the contribution of ki =0 from
A;; to (1.2) should be regarded as (4, ,)1/ 2. since the product A1 is shared by
ki =0 and k; = 0. This idea is also applicable for 4;;,, which is identified as
the product of the three contributions from k; =0, k; =0 and k,, = 0. In this
way we reach the following definition:

1/2 1/3
Aj,4> ( 1T A,-,j,4> :
1<i<j<3

which we call the contribution of terms with k4 = 0 to the product (1.2). We
similarly define 4; for j =1,2,3,4. Taking (1.5) into account, the formula (1.2)
is equivalently written as

(1.6) Ay = A4<

<.
Il w
._.z

(1.7) f[A} =N.

J=1
One of the purposes of this paper is to determine each contribution z{, in
(1.7). Our main theorem is as follows. Without loss of generality we only
consider the case j =4.

THEOREM 1.2.  The contribution from terms with ks = 0 to the product (1.2) is
given by
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Ay = N VAN, (o]0 +(1/N)E,, o oi-on/o)

Iy (kla),» + kza)j )

1/2
N ,(COh(Dz,CU}))

/
X

L1 kiw; + kyo;
i#] 0<ki,ky<N-1 F3<%;(wi,wj,w4)

kw; 2/3 kw;
vo1| T3 (W/’ (s, w;, 604)) I (T/’ (i, wj))

X /1:[1 L, (kw (wl,wz,a)g,)) L (@~(wj,w4)> 5

=
N’ N’

1/6

where the sums and the product over i # j are taken over all ordered pairs
(i,/) €{1,2,3}* with i # j.

COROLLARY 1. If w) = wy = w3 = w4, then it holds that
A;=N"* (j=1,2,3,4).
This shows that Theorem 1.2 is a generalization of (1.3).

_ Example. When N =2 and o = (1,1,1,1), we can compute each factor of
A4 by using the results proved in later sections as follows:

N\ 1/2 ,
Ay = S5 <§> - 1/16,3/9)(-2)

3 1/2
(H A;,4> = §3(1)Y? = B2,

=1
1/3 T2 |
1<i<j<3
By multiplying the both sides we have
Ay =214,

Division values of multiple sine functions have modular interpretations as
indicated in [4]. Let Im(z) > 0 and ¢ = ¢*™*. Kurokawa showed that by putting

F(‘L’) _ q—l/48 H(l + qn+l/2)
n=0
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with the Dedekind # function

it holds that
(1.8) F(—l) = F(1)

and that

00 Vl 0 (_l)l’l b 1
1. 7y
(1.9) Z: n(znt) Zln sin(znt—1) 12 T+‘L’

Indeed he showed that both (1.8) and (1.9) are equivalent to (1.4) for N =2
and (w1,w,) = (1,7). In Section 7 we generalize such modular interpretations to
r=4.

The first result is a generalization of (1.9).

THEOREM 1.3.  Ler 0 < arg(t3) < arg(r) < arg(t1) < @ and 0 < Re(t) + 12 +
w3+ 1). Then it holds that

0 -1 n 1
(1) sty (025222 )

“— n sin(nnty) sin(nnty) sin(nnts)

B o0 (_1)”
Z ) nt\ . no\ . n\’
n=lpsin| x— | sin| n—= | sin| 7 —
T3 73 73

1+ n+13+1 . .
#, (t1,72, 73, 1)), the value of the multiple Hurwitz zeta

where {4 (0, 5

Sunction, is explicitly given in terms of t; (j=1,2,3) in Lemma 7.1.

In the following theorem we obtain multiple modularity of the three variable
function

o0

0 o ©
‘L'l,Tz,‘L'3 H H H 1_|_qn|+1/2 nz+1/2q;¢;+1/2)

n1=0 n,=0 n3=0
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for 0 < arg(rs) < arg(r2) <arg(r1) <z, 0 <Re(ti + 2+ 13+ 1) and ¢; = >
with j=1,2,3.

THEOREM 1.4. Put x=(t1+2+713+1)/2 and © = (11,12,73,1). Then we
have the following multiple modularity:

1 (%) 3 1T T 1
F(__a__a__ F Ty T
nily (O,’x; 1:) T 71 71 73 T3 73

F(t1,12,13) = e

where (4(0,x;7t), the value of the multiple Hurwitz zeta function, is explicitly given
in terms of t; (j=1,2,3) in Lemma 7.1.

Finally in Section 8 we investigate the behavior of the multiple sine function
for real positive periods @ € R, and locate some two-division points. In the
previous paper [8] we draw a graph of S)(x;(w;,w;)), and more recently
Kurokawa [5] did it for Si(x;(wi,m2,w3)). We present a generalization of
these works to r=4. We will show in Theorem 8.1 that S4(x,®) has four
extremal values in the fundamental period (0, |w|) with || = | + Wy + ®3 + w4,
and that each interval of (0,|w|/2) and (Jw|/2,|w|) has both a maximal and a
minimal values. The behavior of S4(x,®) is roughly shown in Figure I.

We will see in Theorem 8.2 that there exist 2-division points both in («,f)
and (f,]o]/2).

Thoughout the proof we use the following notation.

Y
1 /\,
O o« 8 ‘% |w] v

FIGURE 1. The graph of S(x) = Ss4(x; ).
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NoratioN. For r=3 and o = (w1, w2, w3), we put for any integer N
N

ol = (w1, Nwy, Nw3), o) = (Noy,wy, Nw3), o) = (Noj, Noy,os),
o) = (Nor,m,03), o)) = (@1, Noy,03), o)) = (01,0, No),
Acknowledgement.

The author thanks Professor Nobushige Kurokawa for
his showing the ideas in the preprint [4] and his encouragement for this work.

2. Stirling modular forms

The Stirling modular form is defined as
p(o) ! = ljn% xI'(x; o).

We introduce an auxiliary zeta function as

0 0

Cr(s; (1)) = Z to Z(mlwl + - 'mrwr)7s~

m=1 m,=1

It is related to {,.(s,x;®) as

2.1) ;gm@mm—xw=amm+g¥mem>

+ Z Cr72(s;w(j7k>)
1<j,k<r
J<k
e O e 0 )s):
ProrosiTION 2.1.

w? 4+ w? + 300 1 fo,
003 (o, 02)) = L2 I (1+—3 Q,

12w w7 _E 0)_2 (]
1 (o w2 w3 wy w 1 w;
GOo) =~ [t D 2 Ly P 3 ) = N
24 \wy w3 w w w3 W 24 )

where the sum is taken over all ordered pairs (i, j) with i,je{1,2,3}.

Proof. We first show the following two identities in turn.

2 2
) ) i + w; + 3wiws 1 fw1
~1x1£>1(l) 62(0, x; (@, @) 12w, 12 3)

(€3] w1

@3 4 5
2 +

. 1 for w2 w3 w w o
lim Ca(O,x;w)—<—1+ 222 2D )
x—0 w7 w3 w1 w1 w3 w7
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We appeal to an integral representation

r(—s J : (-0 i@,
C

2mi 1 —emf)(1 — em2t)

lim { (s, x;0) = —
x—0

where C is the standard contour consisting of +o0 — &> 0, e’ (0 <0 < 27),
& — 4+o0. By the expansion given by [2], we have

. 1 ¢!
1111'(1) C2(07x’ w) - 2_7UJC (1 _ e—(ult)(l _ e—wzt) dt

L[ (570 o / dt
TmL(f—zsl (0) +287 ()t + - |

=151(0)

_ o} + w3 + 3w1m)
126!)1(02

For the second identity by putting
t

AOES (1 — e=1)(1 — e=@21)(1 — e=a1)

a b
=—+-+ctditer’ -,
t t

we compute

. 1 !
lim &(0,x;0) 27ziJC(I (1 = (1 = o) dt
/()
—— | L=y
2mi C [2 !

We calculate each coefficient in order as follows:

1
a= ,
W13
b_w1+wz+w3
26()1(020)3
_a)12+w§+w§+3(a)1co2+w2w3+w3w1)
o 12601(1)2603 ’
1l for w2 w3 w w
d=— =+ =2+=2 4242124 3),
24 \wr, w3 w; W w3 W

(Under the notation in [2], we write
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353(0)

a=38"0), b==570), c=3570), d=-35/0), e="3

Hence we obtain the two values lim, . {>(0,x;w) and lim,_ (3(0, x; ®).
From (2.1) it follows that

lim 500, x;0) = 1+ 6 (0;0) + £(0, 1) + £, (0, @)

=1+ 5(0;0) + (o + w3*) _,L(0)

= Z:Z(O?w)a
and
hm G0, x50) =14 4(0;0) + Z (05 (wi, w)) +2510a),
1<i,j<3
i#j
14+ 0505 0) + - P49
= 3(U; Y — -5
121, 5759 2
i#j
1 w; 3
_1+C3(0,w)+—< —’+6)——
12 1 ST @) 2
1 w;
= (0, 0) + - —.
2, 5539
Hence
(0 ) = — D lim (0, x; 0)
3\Y, IA - 3\Ys Ay
21<i,jgzwj =0
B 1 w;
241<i,js3w/
as desired.
PROPOSITION 2.2.
2n

2(0; (w1, 7)) = lo ,
Q0 (@) =log 2N T

Pa(@1, w2)pa (@2, w3)ps (03, 01) /0102003
(27)*ps (o)

£3(0; ) = log
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Proof. By definition we have

o0 0

Go(s, x5 (w1, m2)) = Z > (mioy + mywy + x)~°

mz0

(=1

¥

Z mim +x S
I‘I‘I]:

M8

—§
mm)l + myw;y + x)

8 s

(mawny +x) 7 +x7°
1

my=

and thus
lim j (&8, x5 (01, 02)) —=x7%)| = E(0; (w1, @2)) +2L'(0) — (log wiw,)E(0).
x—0 s=0

As {'(0) = _log2m and {(0) = —%, we have

log w17

£5(0; (w1, 7)) = log 2m — + lin(l)(éé((), x; (w1, @2)) + log x)

= log 27 — log w1, + iiir(l)(log I (x; (w1, w2)) + log x)
~ log 2n — (0812 | lim 1og(xT"2(x; (1, 2)))

=log 27 — log o1z _ log p, (w1, w7)

~ log 2n

pz(wl,wz)\/wlwz.
For the second identity we have

0

D

0 mZ:O ms

Gs,x0) = (mywy + mawy + mzw; +x)~°

NgE
M&a

i
o

my

o0

8

I
[M]s

(M) + myws + myws + x)°

3
Il
3
H

1] ¥

3

I =1m3

0 0 © «©
Z (mywy + maw, + x) " + Z Z (mawr + myws + x)~°

my=1 my=1m3=1

+
™
:

8

00
(o) +m3os +x) 7+ Y (moy +x)~°

mp=1

+
3
1Ms
I
Il

13

8

o
+ (mawn + x) " + Z (m3m; +x) " +x77,

WI3=1

3
I
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and thus

d
1' . —S
xlmO s (G(s,x;0) — x7%) »

= (3(0; ) + 5(0; (w1, 02)) + (05 (02, 3))
+ 505 (w1, w3)) + 3¢'(0) — (log w1maw3)E(0)

(2n)°
={4(0;0) + 1o
3(0;0) +log pa(@1,2)py (w2, @3)py (1, 3) w1203
3 1
(271')3/2

= (1(0; ) + lo :
) g o P (on w3 palon, ) Yo

Hence we have

£1(0; ) — log P21, ) py (w2, 3)ps (w1, w3) /0102003

+ l’in%(C;(O, x; @) + log x)

(27_[> 3/2
= log pz(cal,wz)pz(wz,co3)p32/(2w1, ©3)\/@1 92003 + lim log(xI'3(x; ))
(271-) x—0
~log pa(@1, ) py (w2, 3)pr (w1, w3) /010203
(27)*ps (o)

LemMmA 2.1.
p,,(Na))fl _ p,,(a))ilNl_lim’Ho 4,0, x;0)
p0) " x { N e (r=2)

N17(1/24)215i.jg3(w"/w/). (r = 3)

Proof. We compute that
p,(No) ' = lin}) x[(x, No)

X—

= lim x exp(£/(0, x, Noo))

> (m- (No) + x)S>
s=0m>0

\~*
N*S . -
s=0 Z<m w+N> )
m>0

= lim xex g
x50 P{os

= lim xex g
x50 P{as
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0 s X
ol ir(*zv“’))

= lim xexp(q
x—0 o
=i xp| N~*(—log N)¢ S + N 5o
—;{}1’(1))(76 p g r 5N7 r 3N7 o
¢

1 _ x. o 2.
_)lclil’(l) xexp(( logN)C,(O,N,w>+ ,,(O,N,w>)

=lim — F <— w)N1 &(0,x/N; )

x—0 N N
:/J(CD)_ Nl_lim\-ﬂoéuf(o,x;w).

The values lim,_¢ (0, x;®) for r=2,3 are calculated in the proof of Propo-
sition 2.1. ]

LemMa 2.2. Let A= A(Ny,...,N,) be the index set defined as
A={(ki,....k)|0<ki<N,—1 (j=1,...,r), (ki,... k) # 0}.

Then
p, (o) H (klwl kyo, >
_ = I, + -4 ;o .
_ o) eA Ny N

oy o x—0 I (x;0)
PN

Here we compute

gr(s X, (2177%)> _Cr(svx;w)
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_ (miNy + k1)oy (mrNr + kr)wr -
= Z ( N + -+ N, +x

= > (m o e ke B
B eA Ni N,

m>0 (ki k)
k1w1 kra)r
= > 4ls N Tty twe).
(ktyokr) €A 1 r
Therefore
3 k.o,
AC) = lim H exp((ﬁ(O,—lewl . @ —i—x;a)))
@ O T ey k) €A N
"\ N ) ’Nr
k ke,
- 11 F)(;le ]\C[O ) m
(kt sk €A 1 !
LeEmma 2.3.

N-1
pa(wi, @) (1/12)(9— (w1 N Jwn+wy /w1 N)) (sz )
——— =N 1T/ en I —=;(w1,02) ).
pr(Nowy, ;) /1:[1 N (@, @2)

Proof. We apply Lemma 2.2 to the case r =2, Ny =1, N, =N. Then

Palon@) 11"2(@' W w2)>.

By Lemma 2.1

,02 (a)l’%) :pz(NCO],wz)Nl_(1/12)(w1N/w2+w2/w1N+3)

— pz(Nwl,wz)N(l/12)(9_(w1N/(‘)2+w2/w1N)).
Hence we have the conclusion. [ |

Lemma 2.4. (a) For a sequence of positive numbers w; (j=1,2,3), we have

N-1
Pa(wi, ) 9/2—(1/12)(N+1/N)Y.,, (/) <kwj
=N il D=5 (@i o) ).
1si,jg3p2(Nwi’wf) lslz;[glg N

i#] i#]
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(b) For a sequence of positive numbers w; (j=1,2,3,4), we have

pa(wi, @) _ AT9—(1/12)(N+1/N)Y,, (wi/ ;)
L1 pr(Nwj, w)) =N v H H FZ s (@i, 0)) |

1<i,j<4P2 et 1<i,j<4 k=1

i#j i#]
where in the right hand side the sum over i # j is taken over all ordered
pairs (i, j) € {1,2,3,4}* with i # |.

Proof. We take a product of the result of the previous lemma over all
ordered pairs (i, /) with i # j. We see the coefficients of N and 1/N in the

1 Wi
exponent of N are both given by — ] 22;’ - ]5] ]
LemMMaA 2.5.
p3(o)

P3(NCUI»NCUZ;CU3)

N—
— N(l/24)(21—(w|/wz+wg/w1)—N(wl/wg+(uz/(03) (I/N)(w3/w1+w3/w2)) H (kw3 )

Proof. We again apply Lemma 2.2 to the case r =3, Ny =N, =1, N3 = N.
Then

p3(@r, 0, 03) lr kw37w _
Pl o1, @3 k=1 N
3 1, W2, — N

By Lemma 2.1

w3
P3 (wl , (02, W)

= p3(Nwy, Nony, 3) N1 =1/2(@1/ertarfon)eN (e fostor /o) +(1/N) (s /ot /02)+3)

= p3(Nw;, Now,, w3)N(1/24)(21*(fUl/werwZ/wl)*N(wl/w3+wz/w3)*(1/N)(w3/w1+w3/w2)).
Hence we have the conclusion. |
Lemma 2.6. (a) For a sequence of positive numbers w; (j=1,2,3), we have

P3 (@i, @, @1)
=1 p::,(Na),‘,NCU_/‘, CO[)

3
S ki
= NS OPOQENTNL s lede) TT ] F3< v (wl,wz,ws)).
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(b) For a sequence of positive numbers w; (j=1,2,3,4), we have

p3(w;, wj, wy)
=1 P (Noi Noj, o)

i<j
21/2—(1/12)(14+N+1/N)Y. / Iﬁﬁ H kaw;
_ N+ i (@i/ ) F3( (wl’wj’w/))
k=1 I=1i,j#l

i<j

Proof. We take a product of the result of the previous lemma over distinct
i,j,ke{l,2,3,4} with i < j. The product consists of twelve terms. The coef-

fients of 1, N and 1/N in the exponent are all ) [ |

l;é]
]

LemMA 2.7. For any jel1,2,....r, it holds that
[(x+oj0)=T(x;0)T1(x; w(]))—l

Proof. We prove for j=1. The general cases are similarly shown. By
definition we have T',(x + ;) = e&©¥t@i®)  Here we compute

C;(O,xqta)];w) = (Z Z(klwl +k2w2+"’+krwr+x+a)1)s>
s=0

k1 =0k >0

(Z Z Z k]COl + kywy + -+ + ko, + x)s)
s=0

ki >1hky> k, >0

/
0 X; 0) (Z Z (kawa + -+ + ko, + x)“‘)
5=0

ky >0 k>0

= Zr/(o’ X; CD) - é/;/;l(oa X; (1)(1))

Hence T,(x + wp;0) = 5Ox0)=000x00) = T (x;0)T,_ (v o1) . |
LeEmMMA 2.8.
p3(w1, 02, @;3) _ Jormos

Ppa(@1,02)py (@2, 03)py(@1,03)  (27)*/°Ts(|o]; o)
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Proof. We compute
p3(o1, 02, @3)
a1, @2)pa (@2, w3)ps (@1, 3)

~ im X302 (x; (01, @2)) T2 (x5 (@2, 03)) T2 (x5 (01, @3))
= A5 (x )

= liH(l) x% exp(85(0, x5 (w1, 02)) + £5(0, x; (w2, 03))

+ £5(0, x5 (w1, w3)) — £5(0, x; w)).

Here
G (s, x5 (01, 2)) + G(8, x5 (02, @3)) + G5, x5 (01, 03)) — (3(5, X5 0)
- Z((mla)l + mywy + x) 7+ (mywy + m3w3 + x) 70
m>0
+ (Mo + myws + x) 7 — (Mo + mwy + myws + x)°)
:—Z m- o+ x) ‘+Z (mwy +x)°
m>1 m;=0
+ Z mywy + x) "+ Z (m3w3 + x)~°
my=0 my=
3
= _§3(va+ ‘(X)|,(,O) + ZC] (Sa X, wj) —x
=
Thus

p3(w1)w27 CO})
pa(@1, ) py (w2, 3)py (w1, w3)

3
= lin(l) x? exp (—Cg((),x+ |o); ©) + ZC{(O,x, wj) + log x)

J=1

3
= lin(l) x> exp (—Cg((),x—k |o]; @) + ZC; (0, x, w])>
X— j:l

(et Tiner)
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As we have
—1 .
pi(ey) " = lim xT7 (x, )
X—

= lim xe%i(®%)

x—0

— lim xe@mo(me+x)™)

x—0

= lim xe(xi'wz;}:](mw/'er)ﬂ)s/:(J

x—0

- (lim xe_logx) (@t izo

x—0

= e(_]ng/)f(O)Jrcl(o)

— o(1/2)logw;—(1/2)log(2)
_ %
Vo’

we reach the conclusion.

LEmMmA 2.9.

p3(wl7w2) CU?,)
P31, @2, Nws)

— NU24)Ql=(o1/mr403 /01+(1/N)(@1 /@342 /03)+N (@3 /1+w3 /o))

X Hl F3 (wivkzm;(wl,wbwﬁ).

0<kykh<N—-1

Proof. When r=3, Ny =N, =N and N; =1, Lemma 2.2 shows that

W] w
Py =, =2 s 0<ki ko <N—1
"\N'N

Here by Lemma 2.1

w1 6Ulw
P3 N7N7 3

= p3(w1, 0, Nws

k k
(@1, 00,03) S (%xwl,wz,m))-

)N17(1/24)(w1/w2+w2/w|+N((u1 Jw3+wr/w3)+(1/N) (w3 /w1+w;3/ws))

— ,03(601,6027N(D3)N(1/24)(21_(01/(02+(02/wl_N(wl/w3+w2/w3)_<l/N)(w3/wl+w3/(DZ)).
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LemMa 2.10.  For a sequence of positive numbers w; (j =1,2,3), we have

3
p3(wi, w;, ;) — NS/ (NN, (i o)
-1 Pa(wi, wp, Nay)

kiw; + koo
<[IT T T (¥ (wl,w27w3))

i<j 0<ki,ky<N-1 N
For a sequence of positive numbers w; (j=1,2,3,4), we have
4
p3(wi, @), wr) — N2/2-(/1) 4N H1/N)Y, (i)
(CUZ',CU]',NCU])

=1 ij#1P3
i<

4
T T0 1—3(% (w,,w],w1)>

I=1 i,j#1 0<ki, ko <N-1
i<j
P3(wi, ), @)
p3 (@i, wj, Neoy)
Taking a product over / =1,2,3 leads to the conclusion for the first identity.
For the second identity, all we have to do is to take a product over possible
combinations i, j, / where [ =1,2,3,4 and (i, /) runs through combinations of
elements not equal to /. ]

Proof. By the previous lemma, we have an expression for

3. The case r =3

THEOREM 3.1.  In the product (1.2) for r = 3, the contribution from terms with
ky =ks; =0 is expressed as

N-1

HS k ,
3( ]C\(f)l; > exp(—285(0; (w1, N, Nws)) + 245(0; o)

k=1

— £5(0; (1, Nan)) = £5(0; (1, Nws)) + £5(0; (1, 02))
+ $5(0; (w1, @3)) — (log N)(243(0; (w1, Ny, News))
+ $(0; (@1, Nay)) + £5(0; (w1, Nws3)) + £(0))).

The total contribution from terms with two of the coefficients k; being zero is

expressed as follows:
ko,
I1 Fz( (wiij))

N— 11<i,j<3
ka)1 ) <kw2 > (kw3 ) 3/2 i#j
S o|S N
1:[ < N N 11:[1 kwj
HF3 v
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k1w1
myw) + myw; + myws + |o| — N

Il
NgE
N
1 17

k1w1 g
miwy + mywy + m3w3 — N

o0 o0
=N Z Z (N — ky)wy +myNawy +m3Naws) ™

mi=1my=1 my=1

o0 o0
= N*( &(s; (w1, No, Nw3)) Z Z Z (miNwy +myNawy +m3Nws)~ s)

= N*(G3(s; (w1, Non, Na3)) — N7 (5(s5 @)
= N'G(s; (w1, Non, Ng)) = (3(s3 09),
and
N1
k1w1
| ’ N

* -5

k1w1

= E miwy + mywy + m3w3 + —— N
k1=1m;=0 my=0 m3=0

WS SIS ko oo )
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= N‘Y(C3(sv (CO17N(02,N603)) _SC3(S; w))

+NDY NS (N + k) + maNew) ™

N—-1 o o0
+ N* Z Z((mlN-i-kl)col + m3Nws)
ki=1m;=0mz=1
N-1 o
HNDY S (N + ko)
Ji=1m=0
= N'G(s; (w1, Nop, Neog)) = (3(s; 00)

(w1

(&a(s3 (w1, Nan)) = N7Ga(s3 (01, 2)))

+ N*(&a(s; (w1, Naws)) — N0 (s5 (w1, @3))) + N (1 — N7%){(s)

= N*(G(s; (01, Nonp, Nw3)) + G (85 (01, Nwa)) + G (s; (01, Nws)) + o7 *(s))
= G(ss0) = (s (01, 02)) = (s (01, 03)) — 0 °((s).

Thus we obtain the first identity in Theorem. Therefore we calculate

kw kw kw
s (2:0)s (570} (57

3

=

=23 (G(0:0]") = G(0;@)) = > (E5(0: (@, Noy)) = 55(0; (@4, 7))

1 i#]

3
— (log N) <2ZC3 (0; w/ +ZCZ CO,,NO),)) _§>

2
(P3(wz ) Pa(@r, i) py (01, ;) py (@i, @;) >
®) Np,y(wi, Noj)py (o, Noj)py(Nwj, Noj)

3
= log
12:1: P3(
pa(@i, Noyj) VN
+ ) log—=———F————(log N
2 loe ™ ) e )
1 1 wi 9 1 1 w; 18 3
X(—E<I+N+ )i¢j5j_12 12(N+N);jaj+ﬁ_§>

3 2
_ Z p3 wz Pz(wz,wz)Pz(wl,wj) + log N3/2- (/05 (@ife)
,02 or, No)py (o, ij)

1ogN<2Z )

2
— log N9/47(1/12)Zi¢j(w,v/wj)H Ps(sz) P21, i)py (1, ;)
p3((l)) pZ(wlani)pZ(wlvNa)j) 7

=1
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where i and j denote the elements not being equal to /, when they are in a sum or
a product over /.
Hence by Lemmas in the previous section,

N—-1
ko kaw, kan
H&(T*“’)SS(T’“’)&( o)

2
_ NOA-(/12)5,, e/ e) ﬁ(ﬂs(?’fv) )> pz(wi,wj))
ps(o w;, Noj

=1 1<ij<3P?

i#j

NOA=/12)Y,, (i) ;) (=21/4+(1 /1) (IENFT/N)Y,, j(0i/07))+(9/2=(1/12)(N+1/N)Y, (i ;)

N—1 o
11 rz<—Nf;<wi,wj>)
k=1 1<i,j<3

i#j

N-13 ko \2
o (%)
Lan(y

l:[l IT I (%7 (wi»wj))

THEOREM 3.2. In the product (1.2) for r = 3, the contribution from terms with
k3 =0 is expressed as

N—1 N-1
kiw; + koo
11 HS3<_141N 2 ‘”) = exp(=2(53(0; ™) = G50 ) = 50 07
ki=1ky=1

+ (0 0)) = (20505 (w1, @2)) = §3(0; (Noo, 2))
— &5(05 (1, Nea))) — (log N)(2(83(0; ™)

— G(0;01) = 3(0;07)) + (5(0; (w1, @2))

= §(0; (Noy, ) — §(0; (w1, Nan))))).-

The total contribution from terms with only one of the coefficients k; being zero is
expressed as follows:
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N1 N kiwy + krwo kiwy + kyws kiws + kyoy
ki=1k,=1
3 N-1 ko, \*
N YA/, (i) ay) NRIEY (ﬁ’w)
B j=1 k=1 N
kiw; + ko, O\
I1 H Fz( (wi,wj)> (H I I (1601]—’\—, 260];0)))
1<i,j<3 k=1 i<j0<k;,ky<N-1
i#j
Proof.
=t (klwl + kywy )
S3 T’w
ki=1 k=1
N—-1 N—-1 1
- k k k
k=l lky=1 F3<|w| 7161601; 202 )F3 <1w1; 2wz;w)
0 NN < < kiwy + kawo
o] 5 (o b )
( Js s:O/;z:: N
k k
+C3<S, 1601; 2w2;a))>).
Here
NNl kiwy + kyw;
(s o] -
ki=1 k=1
N—-1N-1 o 0 0 k1w1+k2a)2 -5
Z Z Z Z m1w1+lmwz+m3a)3+|w|—$
k] k2:1m]:0m2:0m3:0
1 N-1

k=1 kzzl my=1 my=1mz=1

k1:1 kz:l 1:1 mzzli ns 1

%
TiNg

m=>1 my>1 my>1
N ymy N Yy my

= N*(G(s; (w1, 02, Nw3))
+{3(s, N(wy, 2, 03)))

= N'(G(s0)) - Gls o)) -

= N (G(s00) = G(s;00)

i ZOC: zoo: (mlwl + mywy + m3w3 —

- CS(S§ (NCO],(,O27NC()3))

k

—S
mm)l —+ morwy + m3Na)3)

101 + k2w2>s

N

Z Z((WllN — kl)wl + (WIQN — kz)a)z —l—Wl3NCO3)7S

— {3(s5 (01, Ny, Nw3))

G(s;0)) + G(s, No))

—G(s00)) + G(s; ),
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and
W ( ko) + ko, >
Gls,— o
k1:1k2:1 N
N-1N-1 o« o0 0 —s
kiwy + ko
— Z Z Z (mm)l + mawy + maws +%>
ki=1 ka=1 m;=0 m,=0 m3=0
N—-1N-1 o 0 0
=N* DTS (N + kwy + (moN + k), + msNews) ™

=N*¢ Z Z (mywy + mawy + m3Nw3)_S

h>1 my>1

+ Z Z (miwy + mywy) ™

m>1 my>1
N ymy N ymy

= NS(Cs(S"Ug ) = Gi(s;00) = G(s;00) + G(s, No)

+ 6(s5 (w1, 02) = §(s5 (Novy, @2) — §(s35 (01, Nan)) + G (s; (Nor, Nan))
:Ns(§3(s;w3 N = Glsol) - Gls o) + Gis o)

+ N (G5 (w1, 02)) = G5 (Noy, @2)) — G (83 (01, Nn))) + Eo(s5 (w1, 02)).

Thus we have the first identity in Theorem. For the second identity we calculate

N—-1N-1
ZZZ(Q(M %Nkzwf ) 53( %w»
=1 k=1

s=0 j<j

a
2s

3

=23 (85(0;0)")) — 225(0; ) + £5(0; )

=1
“I‘Z Cz a)hwj CQ(O, (Nwiaa)/)))

i1#]

3
+ (log N) (2 (¢3(0; w, - 25(0;0))
1=

+2<C2 w”wj ) CZ(O, (NCO,,CU/))>>

i#j
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— 2 log pa(wi, ;) (N3—(1/12)(2#/((@/@/)‘*‘9))2
,‘;ngZ(wl" ij)

X ﬁ p3(w1N)2 ’ pi(@) VN 0gH<p2 Nwl,w])\/ﬁ)
=1 p3(w) p3(w§N)) (VNZ} i\ (@i, )

1
1+ N+

+(log ) NE: DE: - uNEZE*_

2
3 2 2
B P, w; 3=/, /) p3(@)"\ p(o)
= log (N i\
<1¢/p2 a)”Nw/)) H(( (O) pS(wEN))
+ (log N) ( )
19&/

2
3 N2 2
_ pa(wi, )) 3-(1/6), (i) P3 ‘”1 p3(@)
—hw(IL)w No, )A] st ] ™)
oy 2 (i, Noj) =1 p3(e")

— log(N3_(1/6)21'#_,'(”!'/”)/) )

o | Ny, o) D( QM%O
1<H<3 IH

i#j
2
H H, F3 <k160,’ + kzwj)
+ log [ y21/8+0 P28 (IHN+1/N)Y,, (wifey) [T O<ki by <N -1 N

()

3 N-1
= log | N4 (/1D (/) H H I (%7 (w,-,ay))

i#] k=1

kiow; + kza)/
IR
i<j0<kiky<N-1 N
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Example. When N =2, o = (1,1,1), we have

2
3_»-7/4 r3(1)6 _~-7/4 l -
Sy =2 (rz( YT (0 T5(1)° ? <r2<2>r3(1)> '

As we will show later in the final section, 1t agrees to the results on the special
values S3(1) = e ¥'(2, Ty (}) = 2772402 and (1) = &2,

THEOREM 3.3.  In the product (1.2) for r = 3, the contribution from terms with
none of the coefficients k; being zero is expressed as follows:

AU SUSS (k1w1+k2w2+k3w3 )
S3 )

ki=1 ko=1 kz=1

3
= eXp< (Z 40;0™) = £(0; ")) — (log N)Cs(O;w)>>

j=1
T [I T3 <7klwi;k2wj ;w>

0<ki,ky<N-1 i<j

_ NTAU/12)E, (/o) -
) Aﬁl ﬁ kw;
F3( w)
k=1 I=1 N’
Proof
Tr D lS (k1w1 + kywy + ksws )
3 ‘o
ki=1kr=1 k3=1 N
B N—-1 N-1N-1 |
fi=lhk=lk=1T3 <|w| ko + k2]\°/02 + k3ws ;w) I <k1a)1 + kz;foz + ksws ;w>

N—1 N—1 N— kiwy + kawy + kzws
Z G s, lof - N '@

v (&kla)l +k2]\6]02 +k3w3;w>>>.

Here



DIVISION VALUES OF MULTIPLE SINE FUNCTIONS

i Ul et k1w + kyws + kzows
CS s, |(l)| - N ;O

o0

R RRRN

|:0 ) Onh 0

ke
I
z
ey
[
L
-
3
I
Z
3

k1w + kyw, + k3w3)s

X (m1w1 + myw; + maws + o] — N

N—-1N-1N-1

27

- Z Z zw: i ZT: <m1w] + mywy + myw; — ko + k213)2 + k3603>_s

k1:1 k2:1 k3:1 mlzl m2:1 m;:l

X ((mlN — kl)wl + (mzN - kz)a)z + (I’FZ3N - 163)(1)3)73

=N S ST Y (o + maer + maws)”

m =1 my>1 my>1
N ymy N ymy NYym;

NZINZIN-] kiwy + kyw, + kyoms
C} s, ;0

k1:1 kz=1 k3:1 N
N—1N-1N-1 -
R = kiwy + kowy + kyos\ ™
= E E E miw) + mywr + mzws + N
k1:1 k2:1 k3:1 m|:0 mz:O ﬂ13:0

X (MmN + ky)wy + (maN + ky)ws + (m3N + k3)ws)~*

=N* E E g (mywy + mywy + myws3)~*
m>1 my>1 m3>1
N*WllN*}’VlzN*mg

Hence
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N—1 N=1 N-1 ko + ko + ko
Z G s, |of N '@

s=0 ki=1ky=1ks=1

ko + kzwz + kzws ))
)

0

0s

+C3 S,

:8% ZNS Z Z Z (myo1 + mywy + myws) ™"

= m>1 my>1 my>1
N,{’mlN/kmzN,}/m;

3

2N (1 = N7)(s; 0) ZQ sa) C3(sw )
0 =

S=!

Jj=1

§=

3
02 (( — D(s; o) Z G35 w —G(s; ij))>

3
( > (@ 0;0) = (00

Jj=1

3
+ (log N) <C3Ow ZCng C3(0€0 ))))
j=1

3
- ( > — 4(0; 0] )>+(logN)Cs(0;w)),

Jj=1

since

i#j

: / : / 1 i 1
21 (00" = E’ 1 G0:0") =5 <§ % (1 +N+N> +9>,
J= Jj=

Thus we have the first identity.
For the second identity we compute

2(5/(0(,0(/\/)) —C/(Oa)N)) _10 1 p2 whw] f[ 3(w]N ?
3\Y Wy 30 &5 = log N3/2 pz NCO,,NC(), ip 3(w](N

ol

3 2
— ]0g N—3(N37(1/12)(Zi¢j(w,»/w,»)+9)) (H p3( /N)>
RV

P3 (w]N)

2
i .
Jj= 1[)3( 1< ))>

3

= log N3/27(1/6>Zi¢_/(wi/0)/) (
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We also compute by Lemmas in the previous section that

/’3(ij) :P3(ij) (o)
p(ofM) (@) pi(f)

n 1 rz(

_I<j0<ky kp<N-1
3N ko
S (Wl;w)

I=1 k=0

kiw; + kza)j ‘o
N b

Thus

et (k1w1+k2a)2+k3w3 )
S3 N )

k=1

>~

=1 k=1

3=
— NWID(Es j(@i/ep)+3)+3/2=(1/6)F,, (i)

S e

i<j0<ki ky<N-1 N

3 N— ko, )
)
s (s
klco,-—l—kza)j

m I r3(T;w)2

:N7/4—1/122#1m,-/w, i<jO<ki,kp<N-1
3 N— kw;
11 )
=1 k:l

Example. When N =2, o =(1,1,1), we have
2

5(2) =2 nyror) o (O ot
2 r, (%)3 2

This agrees to the results we will show in the final section, since S3(3) =
2-1/8,(3/4)'(-2)

4. The case r =4
Let

A=

<k1w1 + kowy + k3wsz + kawy >
H S4 .
-1

1<ky,....ksa <N N
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Then
4.1
/ k1w + kyowr + kyows %’kAQM
11 S4< ¥ AHA HA,] H A s
0<ky,...ks <N—1 j=1 J, =1 J,l,m=1

j<l j<l<m

where A;, A;;, and A;;, are the partial products defined in Section 1.
> Aj, 72

THEOREM 4.1.  The partial product Aj i, is expressed in terms of the triple
sine functions as

(42) Apm=N"" H( (kw (j)) s, (/% ;w(l)> 5. (k,}?n;w(m)»l/z’

where ne {1,2,3,4} is the number which is neither j, | nor m. In the product
(1.2) for r =4, the total contribution from terms with three of the coefficients k;
being zero is

koo, 12
4 [l;l I (T; (wiawl)>

4 N
— N2 #1
11—[ Aj1m =N H]H ke /2"
< A ()
I<i<4
I#j

Proof. We calculate 4;;,, for j,I,m=1,2,3,4 with j <! <m as follows.

N-1
k N —k,
Alzl m H S4< V;\CIOH ;w> S4 <( N )wﬂ 3 (,O)
=1
N-1
kn, ) < knoop, )
= S4< ;0 | Sy | wy — ;
P N N
N-1 -1
kyom o)
= Sﬁ( " ";a{>5h<0b~+<vl+%vm-+ < n7 )
P N N
N-1 -1
k}’lwl‘l n
_.J;LAS4< N ,(D>AS4<Gh + w; + N ,(0) S <ah v ( ))
N-1 -1
k,w ko
— S4 < n n 7 w) S4 <w] J,» n n ; )
P N N
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(52002 ) o0 52t
I ("5 ) (o) (5o00)
><S3(a)] nwn < k,,a),,. Wll)>_l.

I (5o > ><%’aw“
S
x Sy (kﬁ’ " oo(m, |, j))

Hence we obtain

(ot (o )o (oma))

k, 1/2
X Sl( ;70 o(m,l ]))

i

n*l

))53 (k];” w(z))53 (k;’ nu(m)))l/2

by (1.2) for r=1 and 2. This proves (4.2). Theorem 3.1 leads to the second
identity. |

THEOREM 4.2.  The partial product A; ; is expressed in terms of the triple sine
functions as

kmwm Jr knwn . 1/2 kmwm + knwn 1/2
(4.3) A1 = S3 (va(])> S3 (* ; w(1)> .
1<k, ky<N-1

In the product (1.2) for r = 4, the total contribution from terms with exactly two of
the coefficients k; being zero is
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H A= N 2AH/1D)Y, (o) /eor)

1<i,j<4
i#j

X

4 , kiw; + kyo; N1 kw;

ml 1, (R %oen) (H Hl"z(wj;(wnwj)»

=1\ i<y 0shikesN-1 i j#] k=1
i,j#

Proof. We first calculate A4;,. It follows that

ksws + kawy :
4= ] 54(T§w
1<ks,kg<N-1

k k.
S4< 3003 + K404 S

N k3 CO3+ N k4) )
;O ,w

1<k;,ksg<N-1

S4 S4 w3

(
(
(

H S, <k3w3 + kacog ,w> Sul o k3CO3 + kycog ’ w)_l

;@

(k3w; + kaqwgy k3w3 + kqwy w)

1 <ks, ka<N-1 N
-1

_ S, (k3(03 + kyy o0 ) Sy (0 + 203 T a0 ksws -‘r kqwy ’ w)

1<k3,ksy<N-1

k k
x S3 (wz + K303 + Kaa 4604;(1)(1))
N
k k k k

- 11 53(M;w(2)>33(w;w(1)>

1<ks ks <N-1 N N

~1
X S» (Lm;k“w“ o(l, 2)) .

Therefore denoting by m, n (m < n) the numbers in {1,2,3,4} different from j
and /, we showed for j,/=1,2,3,4 with j </

kmeH + knwn . 1/2 kn'lwﬂl Jr knwn 1/2
to= TL s (B b)) s (T8 o)
o bon <

mw'ﬂ Jr k wn . 71/2
( o(j. z))



DIVISION VALUES OF MULTIPLE SINE FUNCTIONS 33

k k 1/2 k k 1/2
_ S ( mwm; nWn 7w(])> S, < mwm]'\‘l]‘ nWn ,Cl)(l)) )
1<k, kn<N—1

This proves (4.3).

In the product [];,4;,, which is the product over terms with just two &;’s
are zero, the contribution from S3(-;@(4)) is calculated by Theorem 3.2 as

N—1N-1 3/2
kiw; + krow;
11 &<ﬁii£&m@0

1<i,j<3 k=1 kr=1 N
i#]
3/2
4
NI/, (/) T I\hl r, <kw] w(4)>
B j=1 k=1
B N1 kowj kiw; + kaow,; 2
H r2< N’ (wlij)> H Hl 1—‘3 (%,LO(“-))
19]_23 k=1 i<j0<k;,ky<N-1

6
NI /o) TT ]i_[ll" (kw,- w(4)>

j=1 k=1

IINBG%<%@0W n_ 1 r(ﬁﬂ%@ﬂmwf'

1<i,j<3 k=1 1<i<j<30<k;,ko<N-1
i1#j
Taking a product of such expression leads to the second identity. |

THEOREM 4.3.  The partial product A; is expressed in terms of the triple sine
functions as

k1w + kaop, + ko, \/?
(44) 4= &( ;wm)7
lSkl,/cz‘H/qSNfl N

where | <m <n are the elements not equal to j in {1,2,3,4}. In the product
(1.2) for r = 4, the contribution from terms with only one of the coefficients k; being
zero is

4 7/2—(1/12)) S[l/£4((u,-/w,) 0<ki,ka<N-1I=1 i<j
[[4=n~ %5 0
= 111 rs(5ien)
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Proof. We first calculate Ajy.

kiwy + kaws + kyws 2
A2 = 11 S4< v ‘o
1<ki,ky,ks<N-1

(klwl + kaoos + ks )
= H S4 ;0

L <k ko, ks <N—1 N

« S, ((N —ki)w) + (N —]\/;2)602 + (N — k3)ws ;w>

<k1w1 + kaw) + kzws >
= H Sy N 0]
1 <ki ko ks <N—1

k k k
><S4(a)1+w2+w3— 1001 + Kot + 3w3'w)

N )

_ H sy (kla)] + kzzi]oz + kyws ;a)(4)>.
I<ki ko ks<N—1
where we used the formula [6, Theorem 2.1]
S,(z 4 wi; @) = Sy(z;0)S,_1 (z; 0(i)) "
and the functional equation
Si(z;0) = S (Jo| — z; w)(_”ril.

Hence we proved.

k k k 1/2
1<k, ky,ks<N-1 N
SK1LK2L,R3 S
This proves (4.4) for j=4. Theorem 3.3 gives
(4.5)
kiw; + ko,
7/8-(1)24)y  i<;  (wifw) 0<kiko<N—1 i<j
Ay =N 1<i,j<3 1<i,j<3

i ()

k=1 1I=1

Similarly we have 4; for j =1,2,3,4. Taking a product leads to the conclusion.
|

THEOREM 4.4. In the product (1.2) for r = 4, the contribution from terms with
none of the coefficients k; being zero is given by

A=1.
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Proof. By considering the product of (4.4), (4.3), (4.2) over all possible
combinations j </ <m, we get all possible values S|(x,®), S»(x;®’) and
S3(x; ") for any possible one, two and three dimensional vectors w, ®’ and
" and for any possible linear combinations x =) k;w;/N with 0 <k; < N — 1.
Thus by using the formula (1.2) for r=1,2,3

1/2
4 4 4 ko,
4 IL 4 IT 4m=|11 II s ZT?“’(D
=1 gI=1 jLm=1 j=10<k<N-1 1#j
Jj<l j<l<m I#j
-1/2
4
ko .
1 I &(2 mNm;wu,z))
JI=10<ky, <N-1 m#j,1
j<t m#jl
1/2
4
kno, .
AT s(eog.m)

Jilim=10<k,<N-1
j<l<m n#j,lm

= (NON-C) N()y12

— (N4—6+4)1/2

= N.

Then by (4.1) and (1.2) we have
N = AN,
which proves 4 = 1. ]

5. Proof of main theorem
ProposITION 5.1.

koo + kaoo;

S3< N 7(60,‘,60],604))
1<k, ka<N-11<i<j<3

N-1 o 2
NAHA1DE, (/o) r (—"; wj, Wj, . )
Y G

I Nflrz(%;(wi,wj)) (H T F3(m$m;(wi7@i7w4))z>.

i<j0<ki,ky<N-1
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Proof. By Theorem 3.2,
kiow; + kyo;
H S3 <12]; (6!),',60]',0)4))

l<k fo<N-11<i<j<3 N
= [ew (21001 - &0:0l") - 0.0
i#j
+24(0; (N ) — G(0; (01,03)
+(tog ) (2630:07) = 1301 0") + a0 (Vo) - 2052 )

In the last line the coefficient of (log N) is calculated by Theorem 2.1 as

S (-2 (L @ Now Noy o) o,
oy 24 \Nw;  ws ; Nw; @ Naws

1 [w; w; No w; No ;
+ﬁ< Loy Ry T Ty +3)

5,-+Nw4 w; No; ; Ny
LI VAR B P B
12 Wj Na),» 24 Wj i

4 3 (wj a)4>
=) [Z+—)
24].2:1: w4 W
Other parts are treated by Theorem 2.2 and Lemmas in Section 2 as

2 2
H/’3(60iawjan4) ( P3(wi, @, 04) ) pa(wi, No)) <P2(ijva4)> N
iy P3(@i, 05, 04) \ps(@i, Noj, Now) ) pay(@i, @)\ pa(@;, @4)

_ N—2l/4+(2/24)(Z[#/((ui/(uj+wj/N(u4+Nw4/w,))

/ I (klw,- + kza)j )

—1
N ,(CU[,@[,Q)4)>

X
i#j0<k by <N—1

« (N21/4—(1/24)(2#/.(w,/w;;+N(uj-/(u,-+Nw4/w,-+w,-/Nw/+w,-/m4)))2

N-1 ‘ 2
X H H | (%, (a)[,wj,am))

k=1 i#j

N—1 -1
kw;
x NOPHURDNHNE, /o) TT T] T (1; o1 >
i 2 N ( ./)

x ( N—6+(2/12)Z;:1(w/-/w4+w4/w/~+3))2 % N6
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NYAH1/24)2Y, (o (1)) +4(X (@) /04)+0a /7))

(Y (wf,wj,wo)z

i#j k=1

N-1 ko kio; + ko, )
r, (—“’f;(wf,w») n o (7”" i 2“’f;w)
lﬁ'l’j'ﬁii k=1 N i<jO0<kj,kp<N-1 N

as desired. [ |

PROPOSITION 5.2.

HS3 (@’ (wi,@;,w4)> — N3HU12L,, (Now/o;~Noifopta;/ Now—o;/Noy)

i#j N
kow; kw;
N-1 I (Tl’ (wiawj)) I (W (wj7w4))

Proof. By Theorem 3.1 and Lemmas in Section 2, we have
kow:
H S3 (;:,)/, (i, wj, 604)>
i#]
= T exP (G 0: (01, 01, 20)) — E4(0: (@1, Neoy, Neow)))
i#]
+ 0505 (w1, 7)) + (05 (4, @4)) = (05 (i, Neyy)) = £5(05 (w1, News))
— (log N)(283(0; (@i, Nowj, Nowa)) + 205(0; (@i, Newy)) + £(0)))

H(p3(w,-,ij,Nw4)>2 pawi, ;) pay(wi,w4) < P, 04) )2N1
p3(wis @j,04) ) py(wis Nayy) py (@i, Noa) \ py(Nwj, No)

i#j
% N(2/24)(w,»/ij+wj/w4+Nw4/(U,-+N(uj/(u,-+w4/wj+w,/Nw4+3)—(2/12)(w,»/ij+ij/w,-+3)+1/2

_ N—21/2+ 2/24) <Zz¢/ ;[ w4)+w4 [0j+N (w;/wi+w4 /@;)+(1/N)(w;/wj+w;/w4))

X -2
X 1;[ /1_[ F3< v (,01,(,()],604)) NO~UNDL (NN @if oyt o)
i#j k

ko _ 3 (oo o .
xHHB( wz,w»)Fz(N <w,,w4>)<N6 I erf o))

%] k=
% N76N 1/12)Zf¢/((1/N)(o),-/w4—w,-/(uj)+N((o4/(u,—wj/w;)+wj/w4+ca4/w;+3)
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— N3N, (N (s /=i /) +(1/N)(w; /s —a; /)

kw; kow;
N-112 (%, (i, 60])> I (%7 (60]'7604)>
X H H ka),»

3
k= I'; (WQ(wiijvaM))

as desired.
ProrosITION 5.3.

3
HA/'-A — N79/4+(1/12)Zi#j(wf/w/)
j=1

N kwj‘ kC()j. 2
XHH e i (w1, @5, 4) | T3 N (w1, 02,03)
i#j k=1
-1

kiw; + ko,
X (H H/ I3 (%;(whwjvaﬂ))

i<j 0<ki,kp<N-1
-1
ki 4 koo
><1"3(m)’j\;2wj;(w1,wz,w3)>> .
Proof. By (4.3) we have
kiw; + kao;

3
5.1 A2, = S| —————; (w1, 0, w
(5.1) E 4 II II 3( ~ (@1, 0, 3))

l<ki kr<N—11<i<j<3

ki + koow;
x S3 (%, (wi,cqj,w4)).

The product of the first and the second factors in (5.1) is given by Theorem 3.2
and Proposition 5.1. Proposition follows. |

ProOPOSITION 5.4.
HAi 4= N32HU2WNE f(04) 0=/ 03)+(1/N)Y,, (@) 0s=oi o))

kCOj 12 k(l)j
No1 l;l'rz T; (), w4) I T; (i, y)
i#]

k=1 <i1;[jr3 (%, (wiawj>w4)>> (i];[jl"3 (l%, (6017602,603))) .

i<j
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Proof. By (4.2) we deduce

v 3 1/2
ko ko;
I (H 51 (s ne o) T (3 “""wz"‘”))) |
=1

k=1 \i#/

where the last products are calculated by Proposition 5.2 and Theorem 3.1. The
proof is complete. |

Proof of Theorem 1.2. Each factor consisting A4 is calculated in (4.5) and

Propositions 5.3-5.4. Taking a product leads to the conclusion. |

6. Special values

In this section we present some numerical data which are necessary for the
examples given in the preceding sections.

NoratioN. When o =1=(1,...,1), we simply write I',(x,1) = I',(x).

LEMMA 6.1, We have Th(1)=e D, Ty(2) =efCDH20 Ty(1) =
D2 and T(2) = e&D-CEN)2 For n > 3, it holds that

n—2
o) = exp(¢/(-1) + 75 ) TT#1
k=1
and that
U(=2) = @n=3)'(=1)  (n=1D(1=2)\ 17 (ks k122
r(n):exp< _ ) (ke ) k42)) 2
: 2 4 ,g

Proof. For an integer n > 1, we compute

Gom =Y (m 1= Y

where
fr(n) = #{(ky,.... k) ks + -+ ke =nky, ...k =0} =, ,1C.
When r =2 or 3, since
n+1 (r=2)

Sr(n) =S (n+1)(n+2)
2
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we have
© e — 1
G(s,n,1) = ;%
n—1,
=l 1)~ (-1t - Y
k=1
and
0 k_ 1)(k — 2
C3(S,”>1):;( n+2)k(x o
R 2n -3kt (- (- 2)
,; 2k
o) o3 (n=1)(n-2)
T2 2 C(S_l)ﬁ_fcw
nfl(k—nle)(k_nJrz)
_k:1 ks '
Hence
C/(—1)+n;1+nf(k+l—n)10gk r=2)
k=1
! _ 1 / 2n—3 l (n_l)(n_z)
(0,2,1) =4 Z¢'(=2) — A
g}(O,n, ) ZC( 2) ) é( 1) 4
k=1

Thus we have the desired result as I',(n) = e& (@1,

LEMMA 6.2.

Proof. Putting r=2, =1 and Ny =N, =2 in Lemma 2.2, we have

2 2
i, (1) (1) =T, (1) £
PIC) 2 2

by Lemma 6.1. Due to Lemma 2.1 the left hand side is equal to

1\ -5/12
<_> —y-7/12.
2

Hence we have the conclusion.
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LEMMA 6.3.
1 3, 1,
I <§) =27 11/48 exp(—gc (-2) -3¢ (—1>)-

Proof. Putting r =3, =1 and N; = N, = N3 =2 in Lemma 2.1, we have
1,1,1 1 3
% =13 (‘) 1“3(1)31“3 (—)
r(33:3) 2 2
From Lemma 2.1 the left hand side is equal to
1-3/8
G
2
By Lemma 6.1 T'3(1) = @ 2+C1)/2 and by Lemma 2.7 we have

3 1 ! 1\ 27 oa o
DN (A (1) = (L) 2724002
o)-nE)rE) )

appealing to the previous lemma. Then we have

4 / / /
2-5/8 _ T, G) exp(3§ (=2) ;Lﬁ (=1 +C (2—1))27/24

=T; (%)4 exp(@ + ZC/(—I))27/24.

Thus
1 —11/48 3. 1, m
13<—2> =2 GXP<——8C (—2) ——2C (—1))-

7. Modular interpretations

Lemma 7.1.

C4<07601 +wz+w3+w4.w)

2 b)
7(60? + wg + CU? + 602) + 10 Z 602602 — 360601602603604

i)
i<j
1<ij<4

5760601 WHrW3W4

Proof. We appeal to an integral representation

ra-s) J efxt(_t)s—l
27i C (1 — e*wlt)(l — g*(uzt)(l _ 87“)3[)(1 _ g*w4l)

§4(S,X;(D) = - dta
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where C is the standard coutour consisting of +o00 — &> 0, g’ (0 <0 < 2n),
& — +o0. By putting

1 a_g4 a_j3 a_n a_1
=42 o(t
(1 —e ) (1 —e@)(1 —e @) (1 —e~st) ¢4 Tt T e 0

as t — 0, we compute

1 e—xrt—l
0,x;0) = — dt
cal )= S JC (1 —e o) (1 —ei)(1 — e=l)(1 — e~
4 xza,z x3a,3 x4a,4
=ay — xa_ — )
0 ) 3l 41
We calculate each coefficient in order as follows:
1
a4=—""—,
W1WrW3W4
W] + Wy + w3 + g
a_3 =
26016()2603604
1 2 2 2 2
a)=——|oi+w;, +o;+w;+3 w;w; |,
2 126()1602603604 ! 2 3 4 ; i
1<i,j<4
a 1—;< Z ww? +3 Z a)-a)-wk)
-1 = iy Lt ’
24wimzog \ | £, 1 <i<j<k<4
1
aQp=————
0 720601602603604
4
x | of + o3 + o +wi -5 Z a)l.zwjz— 152 Z w0
i<j i=1 1<j,k<4
1<ij<4 Jok#i
. o)+ w0+ w3+ o . . .
Taking x = l 2 5 3 * and carrying out straightforward calculations lead
to the result. |

Proof of Theorem 1.3. By Akatsuka’s product expression [1] of multiple sine
functions we have

4
(7.1)  Su(x;0) = exp ni§4(0,x;w)+22% -
i=1 n=1 1 — aeds
: 1#1< e(“)]))
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When x = (o) + @y + w3 + w4)/2, we compute

4
nx nw; n nwj
el— | = el — :(—1) Ile(—)
(wj > 1=1 (260_,' ) 1#j 260./

4
Sa(x; 0) = exp | nil4(0,x;0) + Z

Hence

4 o
= exp | mily (0, x;0) + > Y

. 4 o 1 (_l)n
= exp mC4(0,x;w)+ZZ£ T o

4
= exp | mily(0,x;0) + )

When o = (11,12,73,1) and x = (71 + 72 + 73+ 1)/2, Theorem 4.4 implies that
S4(x;@) = 1. Thus

4
=874 (0, x; @) + Z

This leads to

(="

o
;n sin(rnty) sin(znt,) sin(znts)

o (-1)"
= 81(4(0, x; ) — Z n nty nt3
n=1p sin (n —) sin (n —) sin (n —)
T 71 Tl
-y -
— ( ntl) . ( n) . < nf3)
n=lpsin( z— | sin| z— | sin| z—
T2 72 ©

o0 _1 n
— E (=1) . [ |
. nty . nty . n
n=1 p sin (n—) sin (n—) sin <7z —)
73 3 73

8
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Proof of Theorem 1.4. We compute the product (7.1) for
o = (01,w2,03,04) = (71,72,73, 1)

and
_‘L’1—|—‘L’2+T3—|—1
R —

The factor for j =4 in the double sum is

}11:0 nZ:O }13:0

1 1 1
X (1 +e(<n1 +§>r1 +<ﬂ2+§)fz+ (na +§)r3>>
= —lOg F(‘L’],‘L’z,‘[3).

For j=1,2,3, we can similarly deal with the terms involving w;/w; (I < j) as
Im(w;/w;) > 0. But in the other cases when / > j, we have Im(w;/w;) < 0 and
compute as follows:

e S S Y L N I o B e
@j @i

Z H(_fg( n,+1 ))Hiecnm,)

ny= I<j m=0
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1 1
zoo:(_l)nH f: n<n1+§>a)/ Hzx: n(n1+§)a)1
n=1 n I>j n=0 @j 1<j m=0 wj

1
0 ( l)n o) n I’l/+§ (4] n\n + < |w;
#{1]1>j} -
( 1) Z: n Z ‘1~ Z 60]' + Z U)j
n=1 =0 1> I<j
I#]

1 1

A © n; +§ ] n; +§ ]
:(—1)#{l|l>’}+lz log| 1 +e —Z +Z
r;/:() 1> j I<j wj
#J

1 1
o n+=Jo n+x=Jo
_ (L <l 2> l <l 2> /
= (-1) log” l+4e —E +E

=0 I>j @j I<j
I#]

Hence from Theorem 4.4 and (7.1) we have

F(T_lf_{_i F(_;_T_z,_f_s)
1 = Sy(x;) = e¥al0xe) T3 T T3 LIS VA [

8. The graph of Si(x;w)

Throughout this section we assume » = (v, wy, ®3,04) € R* with 0 < w; <
wy < w3 < g, and put S(x) = Si(x;w) for simplicity. We recall the notation
lo| := w1 + w3 + ®3 + wa.

LeMMA 8.1. At least one of the following ten special values are greater than
one:

S<%) (j=1,2,3,4), S<wi;wj) (1,7 =1,2,3,4i < j).
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Proof. By Proposition 2.4 in [6] we have for any /=1,2,3,4
S3(x;00(1)) = Sa(x;0)Sa(x + wp;0) " = S4(x;0)S4(|o| — x — w3 ).
Taking x = |o(/)|/2 leads to

(=fhen)-s(h] 5]

()]
2

By Kurokawa’s recent result S3< ;w(l)) < 1 proved in [5], we have

s <

for any /=1,2,3,4. Thus in the formula (1.2) with N =2

4
a)j a),-—l—a)j wi+wj+wk o
(I1s(3))| ILs(5) || L s(= 57 | =2
j=1 1§z,/_§4 1<i,j k<4

i<j i<j<k

the third product in the left hand side is less than 1. Thus the remaining part
must be greater than 1. Hence we have the desired conclusion. |

SO

Proof. By definition we have
S(x) = Ta(x;0) ' Tu(|o| — x;0)

LEmMMA 8.2.

with
0
I'y(x; ) = exp aQ(O,x; )
for
(s, x;0) = Z (mwi + nywy 4 n3w3 + gy + x) "
ny,na,n3,n4 >0

We find that {4(s, x; w) is absolutely convergent in Re(s) > 4 and that it has a
meromorphic continuation to all s C. Moreover {4(s,x; ®) is holomorphic at
s=0.

Since

log S(x) = —log I'4(x; ») + log I'y(|o| — x; @)

3 0
= 2 L(0,%0) + =L (0,|o] - x;0)
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we have

89 = =L 0, x50) L t4(0, 0] - x50)
S T T asax A O T a1 T 6 0)-

Hence
S/ ! 03 63
(5) 9= ~qeta0x0) + 7t ol ~ o)

and differentiating repeatedly gives

S/ 4) 66 64
(5) 9= qasta0x0) ~ 7ot ol ~xo)

= 4!( Z (m) + mwy + n3ws + naws + x)_5

ny,ny,n3,ny >0

+ Z (m1w1 + Mm@y + M3z + Mgy — x)s),

my,my,m3,mg>1

where we use the relation
85
$C4(s, x;0)=(=s)(=s—1)(=s = 2)(=s = 3)(—s — 4){4(s + 5, x; »)

coming from

0 0 s
5C4(s, X;0) = i < Z () + mwy + n3ws + naws + x) >

ni,ny,n3,ng =0

= —s Z (mwy + nwy + n3ws + naws + x)ﬂ*1

ny,ny,n3,n4 >0

= —s04(s + 1, x; 0).

Thus

(8.1) (%/>(4) (x)>0

in 0 <x< |ow and

52 () (%) o
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X 0 |2ﬂ ]
S’ 4)
(?) i i
S’ 3)
EHIERE
nN(3)
ENIEDE
5) | I |

s\
By (8.1) and (8.2) we see as in the above table that <§> (x)<0for0<x<

ol s\ ol Ay
EX and 5 (x) >0 for & <x< |o|, and consequently that 5 (x) takes
the minimum at x = g
. S\ (|| NAWA)
For proving (S) <2) < 0, we assume <S> (2) > 0 to have a contra-

N\
diction as below. By the above table, the assumption <§> ('%') > 0 implies

N N/
that (%) (x) =0 for 0 < x < |w|. Hence <§) (x) is increasing throughout the

interval. Proposition 2.4 in [6] shows that

(8.3) S(x) =

X

Yol x O(1)

with O(1) part being a nonzero holomorphic bounded function as x — 0 and

X — |o|. Thus
NAY
lim (2 ) (x) = —
tim () 9= ==

and

N/

. . S .
Therefore there exists a unique y € (0, |w|) such that 5 (y) =0. This means

/!
that <§> (x) takes the minimum at x =jp. If this minimum is non-negative,

S
dicts the previous lemma, because Theorem 1.1 says

!
then <£> (x) = 0and so S’(x) > 0. This shows S(x) is increasing, which contra-
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()

Hence the minimum is negative. Here we again use (8.3) to get

S/
ngr\lw\ §<X) -
. S’ S’
Then there exist y; € (0,7) and y, € (y, |®|) such that F(yl) = F(yz) =0, and
S’ . e .
we see that — (x) is positive in [0,y;) U (y,, |o|], and negative in (y;,7,). As

S

S(x) > 0 in the whole interval, we also determine the sigunature of S’(x) to
obtain the behavior of S(x). Since S(x)S(|lw| —x) =1, it holds that log S(x) is
symmtric with respect to the point (|w|/2,0). Thus y, < |®|/2 < y,, and con-
sequently there exists some ¢ € (0, |®|/2) such that 0 < S(x) < 1 in x € (0,¢) and
1 < S(x) in x € (¢, |w|/2). This implies that if two points x, x’ € (0, |@|/2) satisfy
that S(x) < 1 and that S(x") > 1, then it must hold that x < x’. This contradicts
the previous lemma, taking into account that

S(m) :S4<m;w>

2 2
1/2
=53(W;(wl,wz,wg>> <1,
which is shown by Kurokawa [5]. Hence the conclusion. |

THEOREM 8.1.  The function S(x) = S4(x;m) has four extremal values in the
interval (0,|w|). More precisely each of the intervals (0,|w|/2) and (|w|/2,|o]|)
has both a maximal and a minimal points.

Proof. By the previous lemma and by (8.3) we have the following table.

X 0 @ ||
S/ "
<§> +o0 . - /! +c0
N
ST o]~ |-e-

/N |/
ul«| v«
~— | ~—

vl
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As shown in the proof of the previous lemma, S(x) cannot be monotone
/

increasing in (0,|w|/2). So the minimal value of S in (0,|®|/2) should be
negative. Therefore we have the following table:

o]

X 0 3 ]
S/

SFe [ F0 -0+ + [+0 = 0+ |+
S’ +0 -0+ +|+0 -0+

U R A L A A e

The proof is complete. n

THEOREM 8.2. Let a,f € (0,|w|/2) satisfy S(a) =S(f)=1 with a <f as
shown in Figure 1 in Section 1. Then for 0 < | < wy < w3 < wy, the following
statements concerning the location of 2-division points are true.

(1) At least one of% (j=1,2,3,4) andwi—;wj (i,j=1,2,3,4)i < j) lie in

the interval (a, p).

W3 + W4
0 21
(3) Both il +C;3 +e and &2 +a;3 e lie in the interval (f,|om|/2).

Proof. The first assertion follows from Lemma 8.1 and the previous
theorem. ws

. w .
The second assertion follows from the first one, because @3+ B4 is the

largest among the ten points given in (1), and in particular it is greater than the
element in (a,f).

Then by (2), since both
w3 + Wy
2
[5], it holds that S(

w1 + w3 + wy Wy + w3 + wy
and
2 2
, they are both greater than «. On the other hand by Kurokawa’s result

@I O3 T O +w3+w4) <1 and 5(7“)”“’”“’4

are greater than

2
the end of the proof of Lemma 8.1. Hence we obtain the last assertion. H

) < 1, as shown at
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