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ON INTEGRAL MEANS OF THE DERIVATIVES OF BLASCHKE
PRODUCTS
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Abstract

Kutbi and Protas showed that if the zeros {ax} of a given Blaschke product B
satisfy >, (1 — |ax|)* < oo for some o€ (0, 1), then the integral means of its derivative
B™ satisfies certain estimate. In this paper, we extend their result.

1. Introduction and results

A function

H|ak| ap —z ﬁbkz
1 Aaj 1— agz =l
is called a Blaschke product, where {a;},—, is a sequence in the unit disk D of
the complex plane satisfying >/~ (1 — |ax|) < oo. The Blaschke product B is
a holomorphic function on D satisfying |B(z)| < 1. In this paper, we investigate
the mean value of the n’th derivative B"™ of B under the condition

8

(L.1) (1 —Jax|)” < oo,
k=1

where 0 < o < 1. We recall the known results. For neN, set

1 —
an{( p0<a<l,p>op> “}

Gn—{(dp)|0<ot< .

F,lz{(ocp)0<oc< 1,p_

)
“}

Then G, = Q, and Q, = Q,, (n <m). Assume that (1.1) holds.
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i) If (o, p) € T, then B™ belongs to the standard Hardy space H”, (Protas
[5] (n=1) and Linden [4] (n > 2)).
ii) If («, p) € Gy, then

2n
1.2 B (re'” dO = o ; r—1
(1.2) | : ,

0 (1 _ r)np+oc—l

and this estimate is best possible (Kutbi [2], [3]).

i) If =1 we can replace the set G; with Q; in the statement ii)
above (Kutbi [2] and Protas [6]). Protas showed that if (o, p) € QN {a > 1/2}
then (1.2) holds. Moreover, we can easily verify that (1.2) holds if (o, p) € Qi N
{a > 1/2} by repeating the argument in Kutbi [2], because [2] Lemma 3 holds for
O<a<l, pza p+a>1

Note that if p > 1, then the estimate (1.2) holds for n =1 if and only if the
integral modulus of continuity

2n ) ) 1/p
op(t) = sup (j (B B(e’0>|Pda)

0<h<t

of B satisfies w,(t) = o(t'"=9/7), t — 0 (cf. [1]).
The purpose of the present paper is to extend the results ii) and iii) above.

THEOREM 1.1. Let neN, (o, p) € Q,, and (1.1) hold. Then

2n ) 1
B (e P do) = ol ——— |, r— 1.
J, 180" <(1_r),,,m_,

THEOREM 1.2. Let neN, 0 <a <1, and p > 0. Assume that &(r) is a pos-
itive function on (0,1) satisfying lim,_; &(r) =0. Then, there exists a Blaschke
product B whose zeros satisfy the condition (1.1) such that

2n ) S(Vk)
(1.3) J BO (ree”)P do > — 2k =1,2,3,...
0 (1 — )"+

holds for some sequence {ry}, rp — 1.

From Theorems 1.1 and 1.2, the estimate (1.2) is sharp for («, p) e Q,.
Theorem 1.2 is established by Kutbi [3] when 0 <« < 1/(n+1). Our proof for
Theorem 1.2 simplifies his argument.

Remark 1.1. Since B is bounded, we have

B = 0w )+ 1.

(cf. [1]). Hence, if the estimate (1.2) holds for some (p,a), then (1.2) also holds
for each (p’,a), p’ = p.
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Remark 1.2. For a holomorphic function f on D, p >0, me N, and s > 0,
2n » 1
f(re' ”d@zo(—s), r—1,
J, vrtem (e
holds if and only if

2n ) 1
) (re®)|P dO = (—) 1
J, e do =o( ) v
(cf. [1]). Hence, our result is new only for (a, p) e Q,\((|J,_, Gk) UQ).

The author would like to thank the referee for his helpful comments and
suggestions.

2. Proof of Theorem 1.1

In the following, C(a,b,...) denotes a positive constant depending only on
a,b,... which may vary from space to space unless stated otherwise, that is,
f <2C(p,o) implies f < C(p,a), on the other hand, f <2Cy(p,a) does not
necessarily imply f < Cy(p,o). In particular, C denotes an absolute constant.

Lemma 2.1. Let f1, f» be bounded holomorphic functions on D, f = fi />,
and neN. Assume that for each pair of p, m, satisfying 1 <m <n and
(o0, p) € Qy, we have

2n 1

| ﬁWUJN%w—o< ) r—1, (= 1,2).
U

(1 _ r) mp+a—1

Then,

2n ) 1
DN dO) = o ———— |, r— 1,
|, 1oy e
holds for each p satisfying (o, p) € Q.

Proof. Assume that f; and f; satisfy the condition above and («, p) € Q,.
From the Leibnitz formula, it suffices to estimate the mean value of g = f;""f,"
(0<mj <n,m +my=n). We may assume 1 <m; <n—1. Let X;=n/m.

Then X'+ X;' =1, and (x, pX;) € Q,,. Therefore,

Jzn |g(rei9)|P do < H (Jzﬂ |];(mj)<r€i9)|p)(/ d@)
0

0 j=1,2

| X, |
- 1H2<0<W>> B O<W> .

1/X;
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Set ry = |ax| and
b(z) 1 -7} 1 1

Pi(z) = be(2) - (1 —arz)(z — ax) Tz- a oz - (ak)_l .

LemMa 2.2. Let 0<p<oo, m=0, and 0 <r<1 Assume (m+2)p—
1>0 and |rp—r| = (1 —r)/3. Then

(1 —r)”

(1 _ rkr)<m+2)pfl :

2n
J 0™ (re )| d0 < C(m, p)
0

Proof. Assume |z| =r. Let Dy be the disk with center a; and radius

1—
4” Then, z ¢ Dy, {|¢] < 1/9} < bi(Dy), and |b(z)] < 1, and so |z — ay| <
|1 — a@rz| < 9|z —ar|. Hence,
YN 1 1
2)| =m!
|¢k ( )| (Z a )m+l (Z (d )—1)m+l
| 1 1 m 1
S - 3 g pprm
kooz—(a) | lz —altlz = (@)
17}"](
<Cm)———.
( ) |1 _ C—lkz|m+2

Therefore, the assertion follows from the estimate (cf. [1])

2n do C(m, p)
_ i0| (m+2) = (m+2)p—-1"~
o 1 —akre’0|( TP (1 =) ’

O

Lemma 2.3 (Kutbi [3]). Let neN and («,p)€Q,. Assume {uy}, is a
sequence of numbers satisfying 0 < ux <1 and >, (1 —ux)* < oo.  Then

v (mw)” 1 1
kzl (1 - ukr)(n+l>p71 =0 (1 _ r)np+gg_1 ) r— 1.

Proof of Theorem 1.1. We show the assertion by induction for n. Let
neN. Assume that the assertion is true for 1,2,...,n— 1. Let (o, p) € Q, and
(1.1) hold. Set

Si= |J k27 <1-n<27},
j=0,2,4.6,...

Ss= |J k27 <1-n <27},
j=1,3,5,7,...
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and B; =[]ics bc (j=1,2). Then B= BB, and B; satisfies the condition
(1.1). ~We show that both B and B, satisfy the estimate (1.2), which implies that
B also satisfies (1.2) because of Lemma 2.1 with the assumption of induction.
We show this only for B;, because the same argument holds for B,.

Assume that the estimate (1.2) holds for r=rU/ —1—3/(2 45, j=
1,2,3,.... For general r, if we take r(/) so that r(/) <r < rU*tD, then

2n 2n
) . ) 1
B® (4 N? 40 < J BW (Ut P g = o| ———— )
JO ‘ ( )| = 0 | ( )| (1 r) np+o—1

because 1 —r < 4(1 —rU*D) and the integral mean is non-decreasing. There-
fore, it suffices to show (1.2) only for r = r(/). Moreover, we may assume p < 1
by Remark 1.1.

Since B] = B1 ) ;. s q)k, from the Leibnitz formula, it suffices to estimate the

integral mean of g = [B\"") | > kes, W )|, where 0 <my <n—1,m +my=n—1.
Let r=r). Then |rx —r| = (1 —r)/3 holds for k € S;.

First, assume m; = 0. Since (o, p) € Q, and so p > 1/(n+ 1), appealing to
Lemmas 2.2 and 2.3, we obtain

Jjng( J <Z|¢ (re’ )pd0<J S oV e )P do

keS; kesS;
(1-—r)’ 1
<Cnp =0 pell K
( )I(EZS] (1 _ rkr)p(nwtl)fl (1 _ r)np+,< 1

Next, assume m; > 1. Let 1 < X}, X, < oo satisfy Xl_1 +X2_1 =1. Then

27 2 X [ o j2€
JO g(reif))p do < <J0 ‘B§ml>(7’ei0)|pxl d0> J (Z |¢ ) ,'9 ) 40
/(651

/X, 71/X
IR NG

1/Xz

If (o, pX1) € Q,,, then from the assumption of induction we have

1
Il = 0((1 _ r)m]pX1+9£—l> :

Moreover, if pX; <1 and (o, pX3) € Qy, 41, then (my +2)pX, —1 >0, and so
from Lemmas 2.2 and 2.3 we obtain

h<Y J 0|7 gg

keS1

<C X. A=—r)™ !
= (m27p7 2) 1;1 (1 B rk}’)<m2+2)pX271 =0 (1 _ r)(mz+1)PX2+o<71 ’
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Thus, if we can take Xi, X5, 1 < X; < oo, Xl_] —|—X2—1 =1, so that
(21) sz < 17 (OC,le) € lev (OcapXZ) € sz+l7

then we obtain the required estimate

o i0\p 1
JO g(re ) d0:0<(1_r)m>

Since pX; >« and pX; > o, the condition (2.1) is equivalent to

1 myp 1 (my+1)p
— < ~—
X1<1—O(, p_X2< 1 —o

Now, since p < (my+1)p/(1 — o) and

np  mp  (m+1)p
= + ,
l—a 11—« 1 -«

p<l<

we can always take such X; = X;(m, p,«), which completes the proof.

3. Proof of Theorem 1.2

LemMa 3.1 (cf. Kutbi [3] Lemmas 8 and 9). Let0<r<1,geN, neN, and

pi— 4
b(z) = 1 —razd’

Assume p>1/(n+1). Then there exist constants N;= Ni(n,p)eN, ¢ =
e1(n, p) >0 such that if r, q satisfy 1 —r? <eg, ¢ > Ny, then

2n
J b (re®®)|” d0  and %
0 (1-r"

are comparable with constant factors depending only on n and p.

Let 0<a<1 and p>0. We may assume p >1 by Remark 1.1. Let
&(r) be a given continuous function on (0, 1) satisfying lim,_,; &(r) =0. We can
take a positive function d(r) on (0,1), so that &(r) <d(r), lim,; d(r) =0, and
lim,; 6(r)(1 —r)# = oo for each f#>0. Let {ri} be a sequence of numbers
increasing to 1 such that Y, 8(rx) < co. Let g(r) = [0(r)(1 — r)""]: the integral
part of 6(r)(1 —r)"", and qx = q(r¢). Since gx — o0, we may assume gx > N,
and {g;} is increasing, where Ny = N;(n, p) is the constant in Lemma 3.1. Set

Xyl 4k

Bz)=||———= ﬁbk(z).
k=1

— y4kz 49k
k:ll rikz
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Since Zk (1 —re)* <3, (k) < 0, B satisﬁes the condition (1.1). In par-
ticular, rk — 1. Hence, we may assume 1 — r “ < ¢ where ¢ =¢1(n, p) is the
constant in Lemma 3.1.

Since by(z) — 1, b (z) — 0 (1 <m < n) uniformly on compact subsets of
D as k — oo, and |bi(z)] — 1 as |z] — 1, taking a subsequence if necessary, we
may assume

(3.1) () = 1 =272 (2] <rey or |2 = rn),
(3.2) () <e27%2 (2l <), 1 <m<n,
where ¢, 0 <& < 1, is a given constant. Set
B = th b = H b
I#k I1>k+1

Since J[,2 (1 —2772) > 1, from (3.1), we have

6
25, (=n)

(3-3) |Bi(2)] =

Next, assume 1 <m <n and |z| =r;. Then

m_ vZ*:ZH H b |,

vt J>k+1

J# 81500y 81
where Y. is taken over all pairs of positive integers [, vi,...,v; satisfying
vi+---+v=m, and ) is taken over all pairs of positive integers si,...,s

satisfying k+1 <51 < s < ---<s. Thus,

i |<mvzzn“’% =SS B

* *k j * j:] i=k+1

D9 | DI 3N

*  j=1i= k+1
Therefore, if & =& (n) > 0 is sufficiently small, then we obtain

, (zl=n), 1 <m<n.

(3.4) 9" (2)] <

N =

It is to be noted that both the estimates (3.1) and (3.2) hold for each sub-
product of B, and so the estimates (3.3) and (3.4) also hold for each subproduct
of B.

We show that there exists a subsequence {7}, #; = ry, of {ri}, satisfying

(3.5) 1B (2)] < @) (|2l =F), 1 <m=<n,
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where b = by, B= I b], B = | J P Bj, and @(r) is a given function on (0, 1)
satlsfymg D(r) — (r — 1) We choose {7;} inductively as follows. Set ¢; =
lej+ll;l' First, since |¢l | <1/2 (|| <#) by (3.4), if k is sufficiently large,
then B) = ¢, satisfies (3.5) with an arbitrary choice of k; (I > 2). Next, assume
that we can take ki,...,k;_1, so that (3.5) holds for I,2,...,j—1, with an
arbitrary choice of k; (/ > j). Since b1 b, 1 Is a ﬁmte Blaschke product,
\(by---b;)P| < C(#1,7,...,7-1), 0<I<n, holds on D. Hence, from (3.4)
again, if |z| =7, then

< m) 2 m! - LN 2m=) PO -
gzm|(bl~--b/_1) 8" < Cln, Pry Py Fi).

=0 "°

Thus, if k; is sufficiently large, then (3.5) holds for j with an arbitrary choice
of ky (I = j+1), which completes the proof of (3.5). In the following, {#} is
denoted by {ri} for the simplicity.

Since B = Byby, we have from the Leibnitz formula,

2n 2n
(3.6) J |B<">(rke"")|l’dezcl(n,p)J |Bi(ree®)b\" (rre™®)|? dO
0 0

n

2n
_ Cz(n, p) Z J |B]((m)(l’kela)bl(cnﬂn)@kele)‘p do.

m=1

AP
(I)(V) =&3 mll’l{l 1,.’ (1 q_(:>n1/p}

n (3.5), where &3 > 0 is a given constant.
As to the first term of the right side of (3.6), from Lemma 3.1 and (3.3), we
have

Now, we set

2 . 1 . .
J |Bk(Vk€’0)b1<¢ (ree™)|? d0 = 5 J b} (ree™)|? do > 4C(n,p)q1:] -
0 2P (l — rk)np

Next, we estimate the second term of (3.6). For m = n, from (3.5), we have

2n ) ) 2 4
| 1B e et ) do < 2000y < EI
0 (1 — l’k)np
For 1 <m <n—1, from Lemma 3.1 and (3.5), we have
m) i0y 1.(n—m) C(i’l, P)Clk
(3.7) J 1B (rke™) by (ree™)|” dO0 < D (ry.)” (l—rk)w

P
< C(”aP)%QkI.
(1 — Vk)np_
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Thus,

n 2 VA
Y I n—r 1 C )
S [ 1B e e o < SEL

m=10 (1 - rk)np71 .

It follows from (3.6) that if & = ¢3(p,n) is sufficiently small, then
r" Cn.p)ax . Cln, pe(re)

B (rie™)|” d > > .
0 | ( k )| (1 _ rk)npfl (1 _ rk)ﬂP‘h’Xfl

Now, repeating the argument above for a suitable “e(r)”, we obtain Theorem
1.2.
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