A. RAFIQ
KODAI MATH. J.
30 (2007), 74-84

SOME CONVERGENCE THEOREMS FOR ASYMPTOTICALLY
PSEUDOCONTRACTIVE MAPPINGS

ARIF RAFIQ

Abstract

Let K be a nonempty closed convex subset of a real Banach space E, T : K — K
a uniformly L-Lipschitzian asymptotically pseudocontractive mapping with sequence
{kn},s0 = [1, ), lim,_ k, =1 such that pe F(T) ={xe K: Tx=x}. Let {o,},5¢
< [0,1] be such that }° oo, =co and lim,., o, =0. For arbitrary xo e K and
{n},s0 in K let {x,},-, be iteratively defined by

Xpr1 = (1 — o)Xy + 0, T"vy, 1 >0,

satisfying lim, . ||v, — X,|| = 0. Suppose there exists a strictly increasing function
¢ :10,00) — [0,00), ¢(0) =0 such that

(T"x = p, j(x = p)y < killx = pl> = d(Ix - pll), V¥xeK.

Then {x,},., converges strongly to pe F(T).
The remark at the end is important.

1. Introduction

Let E be a real Banach space and K be a nonempty convex subset of E.
Let J denote the normalized duality mapping from E to 2£" defined by

J(x) ={f" € E": (e, f* = |Ix]* and [ £7[| = |IxII},

where E* denotes the dual space of £ and <-,-) denotes the generalized duality
pairing. We shall denote the single-valued duality map by ;.
Let 7:D(T) =« E — E be a mapping with domain D(T) in E.

DerINITION 1. The mapping 7' is said to be uniformly L-Lipschitzian if
there exists L > 0 such that for all x, ye D(T)

IT"x = T"yl| < Lljx = y|.
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DerFiNITION 2. T is said to be nonexpansive if for all x, y e D(T), the
following inequality holds:
| Tx — Ty|| < ||x— | for all x,ye D(T).
DEerINITION 3. T is said to be asymptotically nonexpansive [6], if there exists
a sequence {k,},., < [l,00) with lim,_, k, =1 such that
|T"x — T"y|| < kyl|x — y|| for all x,ye D(T),n>1.
DerFmNiTION 4. T is said to be asymptotically pseudocontractive if there

exists a sequence {k,},., < [1, o) with lim,_, k, = 1 and there exists j(x — y) €
J(x — y) such that

(T"x = T"y, j(x— y)> < ks|lx — y||* for all x,yeD(T), n>1.

Remark 1. Tt is easy to see that every asymptotically nonexpansive mapping
is uniformly L-Lipschitzian.

Remark 2. If T is asymptotically nonexpansive mapping then for all
x,y € D(T) there exists j(x — y) e J(x — y) such that
(T"x=T"p, j(x=p)> <|IT"x=T"y| |Ix - y|
<klx =y, n>1.
Hence every asymptotically nonexpansive mapping is asymptotically pseudo-

contractive.

Remark 3. Rhoades in [11] showed that the class of asymptotically
pseudocontractive mappings properly contains the class of asymptotically non-
expansive mappings.

The asymptotically pseudocontractive mappings were introduced by Schu
[12] who proved the following theorem:

THEOREM 1. Let K be a nonempty bounded closed convex subset of a Hilbert
space H, T : K — K a completely continuous, uniformly L-Lipschitzian and asymp-
totically pseudocontractive with sequence {k,} < [l,0); ¢, =2k, —1, VneN,
Mgz —1) < oo; {oh, {B,} = [0,1]; e< o, < B, <b, Vne N, and some €> 0 and
some b e (0,L2[(1+L»)"> —1)); xi €K for all ne N, define

Xnt1 = (1 — o)Xy + 00, T " .

Then {x,} converges to some fixed point of T.

The recursion formula of theorem 1 is a modification of the well-known
Mann iteration process (see [9]).
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Recently, Chang [1] extended Theorem 1 to real uniformly smooth Banach
space; in fact, he proved the following theorem:

THEOREM 2. Let K be a nonempty bounded closed convex subset of a
real uniformly smooth Banach space E,T : K — K an asymptotically pseudo-
contractive mapping with sequence {k,},-, < [l,00), lim,_k, =1, and x* e
F(T)={xeK:Tx=x} Let {a,} =|[0,1] satisfying the following conditions:
limy, 00, =0, > o0, = 0. For arbitrary xo € K let {x,} be iteratively defined by

Xpe1 = (L —op)xy + 00, T"x,, n=0.
If there exists a strictly increasing function ¢ : [0, 00) — [0, 00), ¢(0) = 0 such that
(T = 3, j(x = x)> < kallx = x> = §(llx — x°[), Vme N,
then x, — x* € F(T).

Remark 4. Theorem 2, as stated is a modification of Theorem 2.4 of Chang
[1] who actually included error terms in his algorithm.

In [10], E. U. Ofoedu proved the following results.

THEOREM 3. Let K be a nonempty closed convex subset of a real Banach
space E, T : K — K a uniformly L-Lipschitzian asymptotically pseudocontractive
mapping with sequence {k,},., < [1,00), lim,_ .k, =1 such that x* € F(T) =
{xeK:Tx=x}. Let {o},-0 < [0,1] be such that 3", o = 00, 3,002 < 00
and Y, - o on(kn — 1) < co.  For arbitrary xo € K let {x,},-, be iteratively defined
by

Xntl = (1 - O‘n)xn + o‘nTnxnv n=0.

Suppose there exists a strictly increasing function ¢ :[0,00) — [0,00), ¢(0) =0
such that

(T"x = x*, j(x — x*)> < kallx = x*||* = ¢(|]x = x*||), VYxeK.
Then {xn},s, is bounded.

THEOREM 4. Let K be a nonempty closed convex subset of a real Banach
space E,T : K — K a uniformly L-Lipschitzian asymptotically pseudocontractive
mapping with sequence {k,},-, < [1,0), lim,_ k, =1 such that x* € F(T) =
{xeK:Tx=x}. Let{oy},-o<[0,1] be such that 3, o = 00, 3,500 < O
and Y, - o on(ky — 1) < co.  For arbitrary xo € K let {x,},-, be iteratively defined
by

Xntl = (1 - an)xn + O(nTnxna n>0.

Suppose there exists a strictly increasing function ¢ :[0,00) — [0,00), ¢(0) =0
such that

(T"x = x", j(x = x7)) < hallx =572 = g(llx = x7|)), VxeK.
Then {x,},-, converges strongly to x* e F(T).
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THEOREM 5. Let K be a nonempty closed convex subset of a real Banach
space E,T : K — K a uniformly L-Lipschitzian asymptotically pseudocontractive
mapping with sequence {k,},-, < [1,0), lim,_ .k, =1 such that x* € F(T) =
{xeK:Tx=x}. Let {ay},~0 {bn},=00 {Cu},=o be real sequences in [0, 1]
satisfying the following conditions: B N

0 an+b,+c¢,=1;

ii): 32,5 0(bn + €n) = 03

iii): > ,00(bn +¢n)” < 005

i) > ,00(bn+cn)(kn — 1) < 005 and

V) D s Cn < 0.

For arbitrary xo € K let {x,},-, be iteratively defined by

>
>

Xpil = ApXy + b, T"x, + iy, n >0,

where {u,},~ is a bounded sequence of error terms in K. Suppose there exists a
strictly increasing function ¢ : [0, 00) — [0,00), ¢(0) =0 such that

(T = %, j(x = x)> < kallx — x| = g(lx = ¥°[), VxeK.
Then {x,},s, converges strongly to x* e F(T).

The purpose of this paper is to introduce the following Mann iteration
process associated with uniformly L-Lipschitzian asymptotically pseudocontractive
mappings to have a strong convergence in the setting of real Banach spaces.

Let K be a closed convex subset of a real normed space £ and 7 : K — K be
a mapping. For a sequence {v,},., in K, define {x,},-, in the following way:

(AU-M) Xp € K7
Xnt1 = (1 - (xn)xn + anTnUnv nz 0»

where {o,},., be a real sequence in [0, 1] satisfying some appropriate conditions.

We improve the results of Ofoedu [10] in a significantly more general context
by removing the conditions >, a2 < oo and Y, ,ou(k, — 1) < co from the
theorems 3-4. We also significantly extend theorem 2 from uniformly smooth
Banach space to arbitrary real Banach space. The boundedness assumption
imposed on K in the theorem is also dispensed with. A related result involving

bounded sequence of error terms is also obtained.

2. Main results

The following lemmas are now well known.

LemMA 1. Let J : E — 2F be the normalized duality mapping. Then for any
x,y € E, we have
(2.1) b+ VI < I3l +2<0, jx + ), Vilx+ p) € J(x+ p).
Suppose there exists a strictly increasing function ¢ : [0, 00) — [0, 00) with $(0) = 0.
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LemMa 2. Let {0,} be a sequence of nonnegative real numbers, {1,} be a
real sequence satisfying

If there exists a positive integer ny such that
2 2
9n+1 =< 0n - /1”¢(01’l+1) + On,

for all n > ngy, with g, >0, VneN, and o, = 0(4,), then lim,_ ., 6, = 0.

THEOREM 6. Let K be a nonempty closed convex subset of a real
Banach space E,T : K — K a uniformly L-Lipschitzian asymptotically pseudo-
contractive mapping with sequence {k,},., < [l,0), lim,_,k, =1 such that
peF(T)={xeK:Tx=x}. Let {on},-0<[0,1] be such that ), . ,0, = o0
and lim,_.., o, = 0. For arbitrary xo € K and {n}, =0 in K, define the sequence
{Xutuso by (AU-M) satisfying lim,_.o||v, — xu|| = 0. Suppose there exists a
strictly increasing function ¢ :[0,00) — [0, 00), ¢(0) =0 such that

(2.2) (T"x = p, j(x = p)> < kallx = plI* = ¢llx = pl), VxeKk.

Then {x,},s, converges strongly to pe F(T).

Proof. By lim,_ o, =0, lim,_||v, — x,|| =0 and lim,_ k, = 1, imply
there exists 179 € N such that Vn > ng, o, <6, ||, — x,| <5';

1 $(2¢"" (a0))
T+ 201+ L) 48(1 + L)X (a0)]2 [’

b 424 (@)
0<é _mmz{qﬁ l(ao),m}

O<5_min{

and

n

- $(2¢ " (ao)) '
 36[¢7 " (ao)]?

Define ap = ||xno - T”oxnoH ”xﬂo - p” + (kno - 1)me> - sz Then from (22)a
we obtain that ||x,, — p| < ¢~ (ao).

CLamM.  ||x, — p|l <247 (ao) Yn > no.

The proof is by induction. Clearly, the claim holds for n = ny. Suppose it
holds for some 7 > ny, i.e., ||x, — p|| <24 '(ap). We prove that |x,;1 — p|| <
2¢""(ap). Suppose that this is not true. Then ||x,41 — p| > 2¢ '(ao), so that
¢(||xns1 — pl) > #(2¢ '(ap)). Using the recursion formula (AU-M), we have the
following estimates
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X0 = T"0nl| < %0 — pll +llp — T"va|
< |Ixu = pll + Ll[vn — pll
< (1 +L)|lxu — pll + Llvy — x|
<2(1+ L)g " (ao) + Ll[on — 2],
[Xn1 = pll = I(1 = 0otn) X + 00 T" 00 — |

= [IX0 = p — otu(oxn — T"va) ||

< ||xn = pll + ollxn — T"v4|

< 2¢™'(a0) + 0u[2(1 + L)¢ ™" (a0) + L{[vn — x|

<[1+2(1+L)¢ Yao)o,

<3¢ (ay).

With these estimates and again using the recursion formula (AU-M), we obtain
by lemma 1 that

(23)  lxwer = plI* = 111 = )% + 0 T"0, — p||®
= [lxn = p — ot — T"0a)|?
< [l = pII* = 20 = T, (X1 = P)>
= [|xn — PHZ + 20, {T"Xp11 — P, J(Xny1 — P)>
= 203, {Xps1 = Py J(Xns1 — P)
+ 205, T" vy — T"Xn11, J(Xnt1 — P)>
+ 200, {Xp 41 — X, J(Xns1 — P)D
< ||xn = plI* + et (Kl a1 = pII* = $(|Ixa1 = pII))
= 20y [|x11 = I + 20| 770 — x| X011 — |
+ 200 [| X1 — X[ [| %1 — p|
< [l = Pl + 200k = D)l|x1 = plI* = 208 ([[x041 — pll)
+ 20 (1 + L) ||xns1 — Xl [|%n41 — P
+ 2Laty v — X[ |xns1 — Pl
where
(24) [[6n1 = Xl = 11 = ata) 0 + 00 T" 00 — X|
= oy ||xn — T v

< (L+ L)[|xn = pllowm + Ll[vn — Xnllow-
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Substituting (2.4) in (2.3), we get

(25)  x%ner = plI* < [0 = pI” + 20 (ke = Dl|xas1 = plI* = 226l x0s1 — pl))
+ 200 (1 4 L)?[|x, = pl| %01 = p|
+2L(1 + LYoty |ow — xall [1xa1 = pll
+ 2Lty |[on = Xl 1011 — Pl
< oen = plI* = 2006267 (a0)) + (267 (a0))
= [lxa = pII* = % (267 (a0)).
Thus
(24" (a0)) < |30 = plI* = 301 = I,
implies
J J
$2¢ " (a0) Yo < D (% = plI* = 51 = pI?)
n=r =g
=[x, — 2%,

so that as j — oo we have

¢(2¢_1(a0)) Z oy < | Xn, — PH2 < 00,

n=ngq

which implies that 3" a, < co, a contradiction. Hence, ||x,4; — x*|| < 26" (ao);
thus {x,},-, is bounded.
Now from (2.5), we get

(2.6) X1 = PI* < llx% = pII* = 20|l %051 = pII)
+8[¢7" (a0)) ok — 1)
+8[¢7" (a0)*(1 + L)’ag;

+4L(1+ L)§™" (a0)oy | v — X
+4Lg™" () au||vw — xu|

= llxn = pI* = 2etugp(|| 41 — plI)
+ 4¢71(a0)5n“n;

0u = 267 (@0) (ki — 1)+ 2(1 + L)*¢™ (o) + (L(1 + L)y + L[t — x,].
Denote
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0” = ||xn - pHa
ln = Z“na

Oy = 4¢71 (a0)0u0ty-

Condition lim,_.. o, =0 ensures the existence of a rank nyeN such that
Jn =20, <1, for all n>no. Now with the help of > _, o0, = 0,
lim, ., o, =0, lim,_, k, =1, lim,_,||v, — x,]| =0 and lemma 2, we obtain
from (2.6) that

lim |x, — p| =0,
completing the proof. O

THEOREM 7. Let K be a nonempty closed convex subset of a real Banach
space E, T : K — K a uniformly L-Lipschitzian asymptotically pseudocontractive
mapping with sequence {k,},-, < [1,00), lim,_o k, =1 such that pe F(T) =
{xeK:Tx=x}. Let {an},~0, {bn}ys0> {Cntnso be real sequences in [0,1]
satisfying the following conditions: N N

0): an+by+c,=1;

11) anob” = 0,

iii): ¢, = o(by);

iv): lim, ., b, = 0.

For arbitrary xo € K and {v,},-, in K let {x,},., be iteratively defined by

Xp = AuXp—1 + by T 0y + cytty, n >0,

satisfying lim, . |lv, — x,|| =0, where {u,},., is a bounded sequence of
error terms in K. Suppose there exists a strictly increasing function
¢ :10,00) — [0,00), #(0) =0 such that

(T"x = p, j(x—=p)> <kallx = plI* = g(lx = pll), VxeK.
Then {x,},., converges strongly to pe F(T).

3. Multi-step fixed point iterations

Let K be a nonempty closed convex subset of a real normed space E and
T, T,,....,T,: K— K (p>2) be a family of selfmappings.

ALGORITHM 1. For a given xo € K, compute the sequence {x,},., by the
iteration process of arbitrary fixed order p > 2,
(41) Xpt+1 = (1 _“n)xi1+anT{ly;i7
= =B+ BT i=1,2,...,p=2,
nel = (1 _ﬁgil)xn +ﬂ£71]—};nxnv n=0,

n
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which is called the modified multi-step iteration process, where {u,},{f.} < [0,1],
i=12....,p—1
For p =3, we obtain the following modified three-step iteration process:
ALGORITHM 2. For a given xo € K, compute the sequence {x,} by the it-
eration process:
(4.2) Xpo1 = (1= o)X 4 0, Ty},
y;i =(1 _ﬂ;)xn +ﬂnl Tz”yﬁ,
y;%:(l_ﬂ;%)xﬂ—’—ﬁﬁ]—énxm nZOa

where {0}, {ﬂ;}nzo and {ﬁfl}nzo are three real sequences in [0, 1].
For p =2, we obtain the following modified two-step iteration process:

ALGORITHM 3. For a given xo € K, compute the sequence {x,},-, by the
iteration process
(4.3) Xnpt = (1= o)y + 0 Ty,
Vo= (= B)xn+ By Txn, 020,
where {0,},50 and {BL},=o are two real sequences in [0,1].

It =T, T, =1, ﬂ,ll =0 in (4.3), we obtain the modified Mann iteration
process [12]:

ALGORITHM 4. For any given xo € K, compute the sequence {x,},, by the
iteration process
(44) Xntl = (1 - O(n)xn + o, T"x,, n>0,
where {o,},- is a real sequence in [0,1].

By applying Theorem 6 under assumption that 77 is uniformly L-Lipschitzian
asymptotically pseudocontractive mapping, we obtain Theorem 8 which proves

strong convergence of the iteration process defined by (4.1). Consider by taking
T)=T and v, = y!, then

l[on = xull = 11y — xal
=1 _ﬁ;i)xn +ﬁrlzT2nyr21 — Xl
:ﬂiHTz"y,f—an
< Mp,;
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M depends on L, ' and ¢ '(ap), i=2,...,p. Now from the condition
lim,,%ocﬂ,ll =0, it can be easily seen that lim,_||v, — x,|| = 0.

THEOREM 8. Let K be a nonempty closed convex subset of a real Banach
space E and T\, T»,...,T, (p =2) be selfimappings of K. Let T\ be a uni-
formly L-Lipschitzian asymptotically pseudocontractive mapping with sequence
{kn}pso © [1,00), lim,_oo k, =1 and T;; i =2,..., p are uniformly L-Lipschitzian
mappings.  Let {0}, 50, {Bitnso = [0,1], i=1,2,...,p—1 be real sequences in
[0, 1] satisfying 3,0 % = o0, lim,_ o, =0 and lim,_., By =0. For arbitrary

xo € K, define the sequence {x,},-, by (4.1). Then {x,},-, converges strongly to
the common fixed point of (\\_, F(T) # ¢.

Remark 5. Similar results can be found for the iteration processes involved
error terms, we omit the details.

1
Remark 6. If we take oc,,:ﬁ; 0<o<1, then > o, = o0, but also

> o2 = oo. Hence the conclusions of theorems 3-5 are wrong.

Acknowledgement 1. We are thankful to the worthy referee for his valuable
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