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A NOTE ON SASAKIAN MANIFOLDS WITH VANISHING
C-BOCHNER CURVATURE TENSOR

By JiN Suk Pak

In [3], Ryan proved

THEOREM A. Let M be a compact conformally flat Riemanman manifold
with constant scalar curvature. If the Ricci temsor is positive semi-definite, then
the sumply connected Riemannian covering of M 1s one of

S™c), RxS" ) or ET,

the real space forms of curvature c being denoted by S™(c) or E™ depending on
whether c is positiwe or zero.

In 1974, Yano and Ishihara [6] proved the following theorem corresponding
to Theorem A due to Ryan, replacing the vanishing of the Weyl conformal
curvature tensor in a Riemannian manifold by that of the Bochner curvature
tensor in a Kaehlerian manifold.

THEOREM B. Let M be a Kaehlerian manifold of real dimension n with con-
stant scalar curvature whose Bochner curvature tensor vanishes and whose Ricci
tensor is positive semi-definite. If M 1is compact, then the universal covering
manifold is a complex projective space CP™* or a complex space C™2,

The purpose of the present paper is to prove the following theorem cor-
responding to Theorems A and B, replacing the vanishing of the Weyl conformal
curvature tensor or Bochner curvature tensor by that of C-Bochner curvature
tensor (See [1]) in a Sasakian manifold.

THEOREM. Let M™ be a Sasakian manifold of dimension n with constant
scalar curvature whose C-Bochner curvature tensor vamshes. If Ricci tensor is
positive semi-definite, then M™ 1s locally C-Fubinan.

§1. Introduction.

Recently, in an n-dimensional Sasakian manifold M", Matsumoto and Chiiman
[1] introduced the C-Bochner curvature tensor B,;;" defined by
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where ¢, is the structure tensor, 7* the structure vector, g;; the positive definite
metric tensor, 7,=g;;%*, K.;;* the curvature tensor, K;; the Ricci tensor, K the

scalar curvature, S;,=¢,'K;,, S;'=S,,g’* and k= Kﬁf‘l—

They proved the following theorems.

THEOREM C. Let M™ be a compact Sasakian space M™ of dimension n (n=5)
with vanishing C-Bochner curvature tensor of constant scalar curvature. Suppose
that M™ satisfies one of the following conditions:

i) 0>—2, where 6 denotes the smallest eigenvalue of the Ricci tensor,

i) Kyt Kyt > — 52— 521/‘) (especially Z(KZ,,+KM*)>—3),

if) M™is p- holomorphzcally pinched with ,u> 2(n ’?i)
Then M™ is locally C-Fubinian. (A locally C-Fubinian manifold was defined in
[41)

THEOREM D. If a Sasakian space M™ with vanishing C-Bochner curvature
tensor is a C-Einstein space, then M™ is locally C-Fubinian. (A C-Einstein space
was defined in [2].)

In §2, we shall recall fundamental properties of a Sasakian space with
vanishing C-Bochner curvature tensor and in §3 prove that the Laplacian
A(Z;;Z7%) of the tensor Z;; defined by

1.2) Z;=K;— —‘_—1)8';14'( n—1 _n)771771

is zero in a Sasakian manifold with constant scalar curvature whose C-Bochner
curvature tensor vanishes.

In the last § 4 we prove the main theorem stated as before by using Theorem
D and the Laplacian 4(L;;L?*) of the tensor L;; defined by

Ljiszi‘l‘(—,‘lgT_")’?f’?i '
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where Li'=L,g%g"
§2. Properties of a Sasakian manifold with vanishing C-Bochner
curvature tensor.

Let M" be an n-dimensional Sasakian manifold (n=3). If we denote by F,
the operator of covariant differentiation with respect to the Riemannian con-
nection of M?”, then the following relations hold:

Sji':—si_n Vksjk:—%_géjkaK‘l‘(K—n‘{‘l)’]] ’
Vijizijik_(n_l)gjkvi"}'¢Jt‘7thz ,

¢]t’7tsik=_771'Skj+(n'—l)¢ij7/k+¢JT¢isVrKsk,
VkKji—Viji:_¢irVrSlzJ—zskj7]1+(n—1)(¢ki7];—¢ji77k+2¢kj7/1,) ,

2.0

because the differential form S=(1/2)S;;dx’ Adx* is closed and K;7*=(n—1)7,
(See [2]).

Differentiating (1.1) covariantly and using (2.1), we have
2.2) (n+3W By
=42V K ;i—V ;K)— 35" 3,"V K~V K7 )+ 2834V K,
+ 9" (9l K=,V K ) —(n4-2)7,S ;04 19,8+ 2(n+1)1:S,,

1 .
+'7l:—§_l—(gki7]] —gjﬂ]/e)ﬁ VrK

+2(nT——;—11—)_— {(gln‘—Wkﬂi)VjK—(gji_%m)VkK
H(PriB,"—P P+ 20407 W K}
+(n+1){(n+2)7ik¢ji—nﬂj¢ki"‘2<n+1)’7i¢k1‘} .

Transvecting (2.2) with ¢,*¢,’ and adding the resulting equation to (2.2), we
obtain

VtBlmzt+¢lk¢mj7tBkjit:(Vlei_VmKli)—¢lk¢mJ(VkKji-Vijt)
+(”—1)(ﬁz¢mi—’7]m¢zi)—‘7]LSmi+7]mSli
1
+m (&um—Emin)0'V K.
On the other hand, using (2.1), we have

¢lk¢mjVLBkjit:_Vmelit s
from which,
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VkKji—"Vijz—¢kr¢;s(VrKsi—VsKn)—Uiji‘l'??jSkz
1 .
+WW (gkﬂ];_g;ﬂ?k)ﬁ VTK+(n'—1)(77k¢ji—77]¢kz):0 .
Contracting the last equation with 7* and 7*g’, we find respectively
(2.3) 7'V .K=0, 9V .K;=0,
from which,
*Zt—%‘VtBkjitZVkKﬁ—Vij‘ﬁk{Sji—(n—1)¢ji}
+7, {Ski—(n—1)¢ki}+27]i{sk1_(n_1)¢k]}
1
+—ml—)‘ {(8ri—nn:)0, —(gj:— 0,100,
+Gud, — 0,0 +2040.HV K.
Thus, in a Sasakian manifold with vanishing C-Bochner curvature tensor, we get
(2‘4) Vlszi—VjK’”
=0:{Sji—(n—1¢;:} —7, {Ski—(n—1)¢ki}—zﬁi{sm—(”—l){ﬁm}
“"Tnﬁ_‘l_)—{(gki—vkvi>5]t_(gji_”jﬂi)ékt+¢ki¢]t_¢ji¢kt+2¢kj¢il}VLKy
1
(2.5) Viji:ﬂij_%ka*“—zm_‘l—)‘ {¢jlz51t_¢ik51t+2¢ji5kt

+(gzk—77i7]k)¢1t_(gjk_vjﬂk)qsit}VLK ,

which have already proved in [1].
In the rest of the section, we are going to compute V,K;; by using (2.3),
(24) and (2.5). Differentiating covariantly S;;=¢,’K,, gives

Viji::(njakt_”tgk;)Ktz+¢]th n—_—'%Kki—(n—l)ﬂigk;+¢JszKny

which together with (2.5) implies
1
26) 0,7 o= (=107, 80— 7uf s, + gy (B0 —usd’
+20;:0, +(Giv— 0P, — (81— 1m0 9.}V K .
Transvecting (2.6) with ¢, and using (2.3) and (2.4) give
2.7 VkKji:—% {Ski—(n—1)¢ki}_Ui{sk;‘(n‘l)ﬁﬁkj}
—W}m‘{(—gjk+7]]77k)5it_¢ik¢_7t+2(’_gj1,+ﬂ]7]l)5kt

—(gik_77i77k)5)t—¢jk¢it}VtK ,
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which together with (1.2) implies

@8 Piz=—ndSu (G Ut n{S— (55 Dgn}
~n—ll—(VkK)gjz+n—il 7 &E)m,7,

_{ 2(n%{-1) (—8rjt17im,)0: — 0,

+2(—g5u+ 77j7]z)5kt —(gik—ﬁmk)ajt _¢jk¢it}VtK .

§3. Laplacian 4(Z;;Z7%).
In order to calculate the Laplacian
3.1 ‘%_A(Zjizji)zgk](VijZih)Zih‘i_(Viji)(VkZﬁ) ,
where the tensor Z;; defined by (1.2) and Z/*=Z,,g%’g", in a Sasakian manifold

with vanishing C-Bochner curvature tensor, we first consider the term
ng(VijZih_)Zih. USing (2.5) and (2.8), we obtain

32 T, Zu
¢m{5m —1)¢;n} ¥ k{ i niil _1)¢jh}

—¢kh{Sji ( n—1 1)’]::} naV {Sn 1)¢n}
1 (VkV K)gzh+ 1 (VkV KO +—— n— 1 (V K)(¢kz77h+7]z¢kh>

——zmﬁ—rl—) (@re 7,900 — (0 81— 1,80
— (008 =1 &) T2 Print7:P )0,
+ (e, + 000800, (0181, —188) 0" — i (104" —1'Gri)}V K
R CEo v ek L T Y IR N
—(8ny—1n7)0. — ;"W WV K.

Transvecting (3.2) with g#Z* and making use of Z;,7'=0 and Z;'=0, we can
easily verify

(3.3) gk](VkVJZih)Zih——2¢sstth+ {Zle +¢hk¢ttZ”L}VkV K.

On the other hand, taking account of the skew-symmetry of S;;=¢,'K,,, we have
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¢si58hzih:KmZm

=Kk "—( nfil ~1)K+(n—1)( nfil —n)

and
¢hk¢itZih=Zkt .

Substituting the last two equations into (3.3) implies

B4 NI 22 = 2K K 2 1) K2t 1) (K )

2 2T )~ 2K .

Next we consider the second term in the right hand side of (3.1). Taking
account of the definition (1.2) of Z;;,, we have by a strightford computation

(VkZJi)(Viji)z{VkKji_Ti—I‘(VkK)gji"*'"n_l_—l(VkK)nJ"yi

+(GE )@t ) KL e

K
n_—

t O K+ (B —n) @ et}
which reduces to
35 TWZ)T 2= KT K~ L 7O LK)

K
n—1

(K —m) (K- D+ 2t D(E )

because of @,;7,(F*K7*)=—K+n(n—1) which is a consequence of K;;n'=(n—1)y,.
On the other hand, we find from (2.7)

B6) )T KI)=] 9,{Su—(n—Dgui} +7:{Se—(n—1gu;}
gy (@t 03— Puad + A=yt 7,104
~(@ur—7w)0, —$5x8: IV K |- (S —(n—1)$*)
S M= (1= DM} + gty (g g - g
+2—g+ 7y —(g—n'n g — 7¢I K |
= 2K, K —A(n— DK+ 2n(n— 1)+~ 20 K)PK),

where we have used (2.3), S;;S/*=K,;;K’*—(n—1)* and ¢;;S/*=K—(n—1). Con-
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tracting (2.8) with g* and using (2.3), we get

3.7) (VkZ’z)VfK:;n;fl)(VtK)(V‘K) .
Substituting (3.6) and (3.7) into (3.5) and (3.4) respectively and substituting the
resulting equations into (3.1), we obtain

A Z 2 =B T (2K,

which implies
LEMMA 1. In a Sasakian manifold with constant scalar curvature whose C-
Bochner curvature tensor vamishes, we have A(Z;;Z7%)=0.

§4. The proof of the theorem.

In this section we assume the scalar curvature K is constant and define a
tensor field L;; by

1) L= (S —n)pm:.

We prepare some equalities to get the Laplacian 4(L;;L’%). From (4.1) we
have
4.2) L:L;=7§—1— K—n,
Substituting (4.2) into (4.1) implies
4.3) Li=Kt(Ev1-n)nm.,
and consequently
(4.4) Lji"]l:%— 7,
Using (2.4) and K=const. gives

<4.5) Viji_VjL’n
L L L
=Sy uif=n{Su—— =20 Su—-ou}
Moreover, from (4.1) and (4.4), it follows that
Sji:qs;tLu ’

(4.6)
¢ki¢]thiji: _LjiLji+

Swidh,"La* L= —L{ Ly L9+

L? L?
ns ’ nz .

Now, because of (1.1) and (4.6), the following equalities are easily verified:
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4.7) K ,,Ji"Lh”Lf'

T a3 n-|-3 [ZK’”LhkLm_ZLKHL]I'I'SMZS;thkL”“i‘¢k S,PLy L
+2S,;0." Ly L7428 ,;S," L, * L7 — Z(n -1) L*+ LK;;L”]

k4+n—1 i i i
A (600 L L 4 20, L |+ (L, L7~ L]

__2k _Lz__ﬁ]
n+3 L n? n

_|_

1 in, 21— » —1)2
- T3 [——4L,~thL hy ( - n)LLﬂL’ + z(nn‘i'l) s 2<nn2 1) Lz]

3(k+n—1) 5i ji 2An—1)
e R ]+n+3 CLyl?* =L+ gy R L7
On the other hand, applying the Ricci formula to L;; and using (1.1), (4.5)
V,L,*=0, we get

3 —_
g9 7 L) L= LA Ly, L9 — Kot L L —3L oLy A1 pa

N . . . n—1
Substituting (4.7) into the last equation and making use of b= —r =+ EICES) L+

l(g_l—fll)—, we can easily verify

1 i\ __ n—l_ ih__ 2(71—1) 4 ii
48) G ALal)= g L L~ L Mol

(n—1)* 4
n*(n+ 1)(n+3) T oa(n+1)

Next we compute (V,L;)(V*L?*) by using V,L;;=V ,Z;;, (3.6) and (3.7). Sub-
stituting (3.6) into (3.5) and taking account of (4.2), (4.3) and K=const., we find

+ L Ly )(P*LY) .

(7 oLy )7 L= 2K, K7+ 4( 2 —n) (— K (1))

—n) —4(n— DK+ 2n(n—1)*
.2
=2L; L — L*,
which together with (4.8) implies

. 2An—1) 2n—1) .
Lula L~ oD L fenl’

AL, L=

(n—1)2 3 2(” 1 ;.
R R e a Sy ey uE
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Taking account of 4(L;;L?)=4(Z;;Z’") and Lemma 1, the last equation gives

n—1 = VI

trin 2(n—1) 2(n—1) P
(4.9) g Ll L~ gy L Lk

(n—1)* s 2n=1) .,
+ n*(n+1)(n+3) L T a(n—1) L=0.

The following lemma was proved by Yano and Ishihara (See [6]):

LEMMA 2. In a Riemanman mamfold of dimension n, for

s T 2 _“1 B 1
P=nL L L'— nn-—-l LL;L +7;_1_ L®,
we have
_ 1 _ .
P=="9 2 Z A&~ A=),

L= - 22, bang eigenvalues of the tensor L,;,. Moreover, 1f L;; 1s positwe
semi-definite, then P=0.

Using P given in Lemma 2, we have from (4.9)

n—1 1 ¢ 3n—1 L . L _
(410) o P e gy L 2= D (L 50) (L —58) =0.
If Ricci tensor K;; is positive semi-definite, then (4.10) give L;=(L/n)g;;, that
is, Z;;=0 because the positive semi-difiniteness of K;; implies that of L;,. Thus,
combining Theorem B and the above result L;;=(L/n)g,;, we have completely
proved the theorem stated at the end of the first section.

BIBLIOGRAPHY

[1] M. MaTsuMoTO AND G. CHOMAN, On the C-Bochner curvature tensor, TRU, §
(1969), 21-30.

[2] M. OkuMURA, Some remarks on space with a certain contact structure, To-
hoku Math. Journ., 14 (1962), 135-145.

[3] P.J. RyaNn, A note on conformally flat spaces with constant scalar curvature,
to appear.

[4] Y. Tasuiro AND S. TAcHIBANA, On Fubinian and C-Fubinian manifolds, Kodai
Math. Sem. Rep., 15 (1963), 176-183.

[5] K. Yano, Differential geometry on complex and almost complex spaces, Perga-
mon Press, New York, 1965.

[6] K. Yano anD S. Isnmiara, Kaehlerian manifolds with constant scalar curva-
ture whose Bochner curvature tensor vanishes, Hokkaido Math. J., 3 (1974),
297-304.

Tokyo INSTITUTE OF TECHNOLOGY, JAPAN
KyuncrPook UNIVERSITY, KOREA,





