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ON THE LOWER ORDER OF AN ENTIRE FUNCTION
By TADASHI KOBAYASHI

1. Introduction. Let f(z) be an entire function and let 7T(r, f) be its
characteristic function in the sense of Nevanlinna. Then the lower order p(f)
and the order A(f) of f(z) are defined by the relations

T

log T(r, f) =o(f),

lim inf

oo logr
lim sup%ﬁ —(f).

If f(2) is of finite order, the concept of genus ¢(f) can be defined. For con-
venience we say that ¢(f) is infinite if f(2) is of infinite order.
It is well known that the growth of f(z) is closely related to the distribu-

tion of its zeros.
Indeed Edrei and Fuchs proved the following

THEOREM. Let f(2) be an entire function of finite order having only nega-
tive zeros. If the ovder is greater than one, then

o(N=p(NH=Af)=e(/)+1.

In this paper we shall be concerned with the relation between the growth
of an entire function and the distribution of its zeros.

THEOREM 1. Let f(z) be an entire function whose zeros lie in the sector
{z'largz]§ﬁ<%}v

for some B. Then q(f)=1 implies p(f)=1.

From Theorem 1, we have

THEOREM 2. Let f(z) be an entire function of finite genus q(f)=1. If its
zeros {a,} lie in the sector

{z||arg2[§7 <%—}
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LOWER ORDER OF AN ENTIRE FUNCTION 485

for some 7, then

aN=p(N=AN=q(NH+1.

THEOREM 3. Let f(2) be an entive function of infinite order having only real
zeros. Then
p(N)=A(f)=+oo.

In Theorem 2, the value 7/2q is best in the following sense.

THEOREM 4. For each integer q=1, there exists an entire function g(z) of
genus q whose zeros lie in the sector

{zl |arg zl§—27—;—}

and
o(8)<g=A(g).

The above results can be generalized to meromorphic functions with some
modifications. For instance, a rather more detailed discussion leads to the fol-

lowing theorem which we state without proof.

THEOREM 5. Let f(z) be a meromorphic function of infinite order having
only negative zeros and positive poles. Then f(z) is of regular growth.

Finally, it should be remarked that the results of this note remain true

even if infinitely many zeros and poles have unknown arguments, but are suf-
ficiently rare.

2. Proof of Theorem 1. In order to prove Theorem 1 we need some pre-
liminary facts.

LEMMA 1 [4; p. 235]. Let f(2) be an entire function of finite genus q. Then
T(r, f)=o(r**").

LEMMA 2 [2; p. 50]. If g(2), h(z) are transcendental entire functions and

A(2)=g(h(2)), then
3T(r, )=T(r ", g)

for arbitrarily fixed positive integer N and sufficiently large r.

We may suppose, as we may do without loss in generality, that f(0)+0.
If its zeros {a,} satisfy
E _1_< +oo ,

= laal

then
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J— z _z
f@=e > T (1—2-),
where g(z) is a non-constant entire function. Hence by Lemma 1, we have
T(r, f(2))=T(r, e*®)+o(r) .
Therefore Lemma 2 gives
T(r, f)
p +0,

lim

7—00

which means that the lower order of f(z) is at least one.
Next we consider the case that

S =t

w la.l

By a well known formula [2; p. 22],

rRe (—/;%)))— - —%—j:ﬂloglf(fe“) |cos t dt

a, 4
+!a§<rRe( r - an>
for each positive . Since
larg a,| £B< —ij—

we have

170, HzCrt+ 3 (L~ )eos p,

a, |<r ‘anl 7

with C=Re (—f]:((—é)))—) Further from

Ia§<r( |a:l - larnl )

—2N, 0, )+ NG, 0, (=)t

we obtain

4T(r, /)=Cr+cos B :N(t, 0, ) — L)t

Hence

T 7/2
_4% > C+%cos ﬁfo N(t, 0, f)’?]é‘ dt.

Therefore we conclude that

tim L0 S) = oo

700
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This completes the proof of Theorem 1.

3. Proof of Theorem 2. Firstly, we suppose that

S <t (=g,

[a,|*
Then
f(2)=ePPE(z, {a,}),

where P(z) is a polynomial of degree just ¢ and E(z, {a,}) is the canonical pro-
duct formed with the {a,} as zeros. Since the genus of E(z, {a,}) is at mest
¢—1, Lemma 1 yields

T(r, f(2))=T(r, e&®)+0(r?) .
Hence we have
tim 0L =c=0,

r—c0

which gives p(f)=q.
In the case that
1

_'q_._—_--{—oo ,

z
we consider the auxiliary entire function F(z) defined by
F@)=]1f@*¥7),
where
_ . 2w
@ =€Xp (l —q—) .
Evidently the zeros of F(z) are {a,%} and
T(re, F)=qT(r, f)
for each positive . Hence the genus of F(z) must belat least one and
gp(F)=p(f).
Therefore by Theorem 1, we obtain

o(f)=q.

On the other hand the inequalities

p(N=ANH=e(NH)+1

are well known. Thus we have the desired fact.
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4. Proof of Theorem 3. In the first place we assume that the zeros {a,}
satisfy

1
z la,]® <o

n

for some finite positive value of s. Then
fz)=e"?E(z, {a,}),

where E(z, {a,}) is the canonical product formed with the {a,} as zeros and
h(z) is a transcendental entire function. Thus by Lemma 1, we have

T(r, f(2))=T(r, **)+o(r*).
Applying Lemma 2 to e*®,
3T(r, (NZTT Y, e*)+o(r*)
for arbitrarily fixed positive integer N and sufficiently large . Hence we deduce

p(f)=zN

for all N>s. Therefore the lower order p(f) must be infinite.
It remains to prove the case that

> 1

n laal’

=400

for every finite positive value of s. In this case, for each positive integer N,
let us consider the auxiliary entire function Fy(z) defined by
2N _
Fy(2)=I1 f(w**"V/2),
where
w=exp (1—]@—) .

Since the zeros of Fy(z) are {a?}, the genus of Fy(z) is not less than one.
Hence from

T(r*", Fy(2))=<2N T(r, f(2)),
we have
1= p(F ) S5k p(f)
Thus we deduce
2N=p(f)

for every positive integer N. Therefore p(f) must be infinite. This completes
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the proof of Theorem 3.
5. Lemmas. Before proceeding with the proof of Theorem 4, we need the
following lemmas.
LEMMA 3. Let q be a positive integer and let by, b, -+, by be

1§b1§b2§ §bN .
Then

o[ B(f5m )E (55 )

=Nlog (1+7? q=1,
[ = quVl cosec 27:1 ret =2

for each positive r. Here E(z, q) is the Weierstrass primary factor of genus q
and

Wo=exp (1—272—) .

Proof. 1t is sufficient to prove the result for ¢=2. Let us denote the
counting function of the finite sequence {b,}3~; by n(¢#). Then by a simple cal-
culation we have

X _Z _ w1 n(t)
Blog B( 0) == ‘—aippy ot
excepting real positive z. Hence
d r r
2108 (5 )E (5, 9)

—opait gy (7 n(t)
=2r?* sin 2 fo w7 dt.

Since
_ .
|wet—r|=|t—W,r| =7 sin 3¢

we have

= tog| (5 0)E(l5 )
<2r?7! cosec z—z‘f:oth dt,

which gives the desired result.

LEMMA 4. Under the same notations as in Lemma 3, set



490 TADASHI KOBAYASHI

F(r, x)=log | E(w,re**, q)E(W,re**, q)|

=%log L,(r, x)+ nzi‘,l —2— r™ cos nx cos n—zi:]—,
where

L,(r, x)=1—4r cos —2”4— cos x—2r2+4r? cos®x

+4r? cosz%;-—@’s cos -%cos x+rt.

Then there exists R,>1 such that

Fo(r, )= Fy(r, 0)
for each r=R, and 0=x=m.

Proof. From [3; Lemma 1], we have

Lo(r,x) d

e+ _d‘]'c_FqO’, x)

=—(cos (q——l)TZ-sin (g— 1)x>1'2+(sin Z—sin qx) r

+cos <q+1)7’2—sin (g+1Dx.
Hence

Ldnn 4 pr,

=—sin 2—’;[1’2 sin (¢—1)x—2r cos 2—’2 sin gx+sin (¢ +1)x] .

If ¢=1, it is clear that
Fi(r, )< F(r, 0)

for each x and each positive . If ¢=2,

LD 4 R0,

=— \éz sin x(r*—2+/27 cos x+3—4sin’x) .
Since
B 2
r:—24/27 cos x+3—4 sin2x=<2 cos x—%z—) + rTz_l ’
(d/dx)Fy(r, x) is non-positive for 7= +/2 and 0=<x=m. Therefore Fy(7, )< Fy(r, 0)

there.
Next we consider the case that ¢=3. Evidently there exist 0<y<z/2(¢—1)
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and A>0 such that
1—cos (g—2)x=A>0

for
lx_- k n‘< (k=1,2, -, q—2)
q_l =T y &y ,q .
Hence
Fy(r, 0)~F (r, 1)=—5-10g Ly(r, 0)——5-log Ly(r, 2)
a—1 rn T
—}-2721 —n—(l—cos nx) cos an—
= 0(r)+—279%(1—cos (q—2)x) cos 92 =
= qg—2 2q
=o(r)+ 432 Ar??cos qézlz T
for

k
|e—trlsr  =12,,0-2).
Then we can fix R,(¢)>1 such that
Fo(r,0)=F(r, x)

for r=R,(¢) and |x—(k/g—Dr|=7y (k=1,2,---,¢g—2). On the other hand
sin (¢—1)x never take zeros on the following intervals

_I_k k+1 _
L=[ St 2prr]  k=L2,,0-3),

-2
Iq_2=[ g—l T+7, ﬂ),
Therefore we can write (d/dx)F (7, x) on these intervals such that

d . .
L_zﬁ%lx_)_?x_ Fy(r, x)=—sin —zﬂq— sin (¢—1)x H(r, x),

where
e m singx sin (g+1)x_
Ho(r, x)=r*=2r cos 5~ 00—y T sin (g—Dx -
Since
sin gx sin (¢+1)x

sin(¢g—1)x °’ sin (¢—1)x
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are both bounded on the intervals I, (k=0,1, ---, g—2), there exists R,(¢)>1

such that, for each r=R,(q),
Hy(r, x)>0

on these intervals. Hence (d/dx)F,(, x) has the same sign as —sin (g—1)x there.
Thus for each r=R,(q)+R,(q),

max (Fy(r, 0), Fy(r, m))ZFy(r, x)
on these intervals, so that for every x. Further from
Fo(r, )= Fy(r, m)
for sufficiently large 7, we can fix R,>1 such that
Fy(r, 0)=F(r, x)

for =R, and 0=x=n. Thus the proof of Lemma 4 is complete.

6. Proof of Theorem 4. Let p and 2 be
g—1<p<g<i<g+1.

Set
s=p—q+1>0
and set an integer N satisfying
24
N >2+m.

Next, with this N, define the sequence {Z,} by the relations
Zy=2, Z,=Z,+1 (n=2,3,-).
Further from this sequence {Z,}, we construct the sequence {a,} such that
aG=a,=az,=2"%,
Azpir= " =0z, =Z{h (k=1,2, -).
Then the counting function n(¢) of the sequence {a,} is

n(t)=2,

for
Z},Mét<Z}¢/_f.11 (k=17 2’ '“))

and hence the order of {a,} must be 4.
Now we consider the entire function g(z) defined by

g()= QIE( quan ’ q)E( qua,, ’ q) ’
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where E(z, q) is the Weierstrass primary factor of genus ¢ and

we=exp ()

Since the order of {a,} is 4, this function g(z) will be well defined and the
order and the genus of g(z) are A and ¢, respectively. Put

X,=Z\s (k=1, 2, --+).
Then

oz
lim X, =0,

k—oo

since 1/s—1/4 is positive. Therefore for sufficiently large %, we have
R, ZP<X,,

where R, is a positive constant of Lemma 4. Hence from

Xy

Rq

an,=Z0= (n=Z2y),

Lemma 4 gives

loglE< X"e ,4> ).(,"ew J])‘
X
=3, F(gw)

%Qﬁ(% 0)

1og|E(

— 0B ()

for sufficiently large 2 and every u. Further using Lemma 3, we obtain

‘nSZk

2 loglE( Xke“‘ ! ) Xkelu )I

=Z,log (1+X3)
for ¢g=1, and if ¢=2,

log!E( Xke ,q)E( Xke ,q)’éAqZng_l,

nélk

where A, is an absolute constant. On the other hand from

log| E(z, )| =B,|z|**,

we have
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> loglE( X,,e )E( X,,em ’q>‘

n5Z,
a+1

with a positive constant B,. Evidently by the definitions,

( X ) <X%” EZI —@DA |

n/Zk

Since
log Zy.;=2 N7 log Z,= j(N—1)log Z,,

we obtain

ZRgas(zh (=12, ),
where

r=(N—-1(1—21)<o.

Then

- Y4
,Zgl Zi @A TL;_ <271
for sufficiently large k. Further from

g+1+sy<g—1,
we deduce

1og|E( e ) ( X"ew —9)|
<4B Xi"Z}
<4B,X{*.
Therefore for every u and sufficiently large %k, we obtain
log|g(Xet*)| = X% log (1+X ) +4B,
in the case that ¢=1, and if ¢=2,
log|g(X,e") | S A Z X +4B X ¢!
=(A,+H4B)X%.
Thus the lower order p(g) satisfies

o(9=p<q,

which yields the desired result.
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