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A NOTE ON THE TRANSFINITE DIAMETER
To Professor Ytsaku Komatu on the occasion of his 60th birthday

By NOBUYUKI NINOMIYA

In this note, we shall try to extend the notion of the transfinite diameter
taken with respect to a symmetric kernel to the case when a kernel is not always
symmetric. In a locally compact Hausdorff space, let K(P, Q) be a continuous
function in P and @, +o for P=Q, finite for PxQ and symmetric: K(P, Q)=
K(Q, P). For any compact set F of £ containing an infinite number of points,
put

> K(P, P))
Wo(F)=inf *<{————,

()

where inf is taken with respect to pairs of n distinct points P;, P,, -+, P, of F.
Owing to the hypothesis for the function K to be continuous, the inf is attained
by a pair of n distinct points @Q,, @,, ---, @, of F, and so the inf can be replaced
by min. K being symmetric, we have

. %K(Pu PJ)
W,,(F)=m1n ——n(T_:l—)——
An important fact is that W,(F) increases with n. Any compact set F is said
to be of K-transfinite diameter zero if

W(F)= lim Wy(F)=+o0,

and said to be of K-transfinite diameter positive if W(F)<+oo.

The notion of the transfinite diameter was obtained for the first time by
Fekete for sets on the plane (to see [1]), and next by Pdlya-Szegd for sets in
the ordinary space (to see [6]). According to PSlya-Szegé, for any compact set
F of the m-dimensional Euclidean space R™ (m=3) containing an infinite number
of points and n variable points P,, P,, :--, P, of F, put

2‘ ITPJa-m
{D(F)}* ™=W,(F)=min < (0<a<m).

(%)
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Then, D,(F) decreases when n increases. When we put

lim D(F)=D(F) and lim Wn(F)=W(F),

we have naturally
0=D(F)<+oco and O0<W(F)<4oco.

D(F) is called the a-ordered transfinite diameter of F. According to Pdlya-
Szeg6 and Frostman, W(F) is equal to the minimum of the a-ordered energy
integral of positive measures g supported by F with total mass 1 (to see [6],
p. 15 and [3], p. 46):

W(F)=min [ PQ*"dpu(Q)d(P) .
©

This fact is assured to be also valid in the case of K(P,Q) and W(F) as stated
on the beginning.

The following theorem is well-known as the Evans’ theorem (to see [2]):
Given any compact set F in R™ (m=3) of Newtonian transfinite diameter zero
(equivalent to say “of Newtonian capacity zero”), there exists a positive measure
¢ supported by F with total mass 1 whose potential

UH(P)={ PQ*"du(Q)

is oo at each point P of F. This theorem is assured to be also valid for the
potential taken with respect to a kernel K(P, @) as stated on the beginning (to
see [5]).

The hypothesis of continuity and symmetricity for a kernel K seems to play
an essential role in the statements so far discussed on the transfinite diameter,
the capacity and the Evans’ theorem. In this note we are going to introduce a
notion of the transfinite diameter taken with respect to a non-symmetric kernel
and to extend the Evans’ theorem.

In a locally compact Hausdorff space £, let K(P,Q) be a lower semi-conti-
nuous function in P and @, may be +co for P=Q, always finite for P= and
bounded from above for P and @ belonging to disjoint compact sets respectively.’
It is not dssumed for K to be symmetric. For any compact set F of £ and a
non-negative number f, consider the quantity®

' ZZ, K(P,, P,)+ti§ K(P,, P,)
Wn(F)Z inf n(n—l) ’

where inf is taken with respect to pairs of n variable points P,, P, *--, P, of F,
admitted to be overlapping. W,(F) will be finite or positively infinite. Owing

*) Nakai has studied the transfinite diameter in his paper (to see [4], p. 222). His
idea is the case of =0 in the quantity. The Evans’ theorem is obtained there, but
no relation between the transfinite diameter and the capacity is discussed.
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to the hypothesis for 'the function K to be lower semi-continuous, the inf is
attained by a pair of n points Q,, Q,, -, @, of F which may be overlapping,
and so the inf can be replaced by min. W,(F) coincided with one as stated on
the beginning if K is symmetric and f=1. Then, there holds

THEOREM 1. For any compact set F of £2 and a non-negative number t,
Wa(F) increases with n.

Proof. First of all, we should like to show that the value of W,(F) is really
attained by a pair (@, @, -+, @,) of n points of F. Let (P, Pss, -+, Pnz) be a
sequence of pairs of n points of F, admitted to be overlapping, such that

2 K(Pik’ ij)+t2 K(Pik: ij)
1<) 1>y

Tt | Wal(F)

when k—4-oc0. Let Q,,Q;, -+, and Q, be the limiting points of P, P, -+ and
P,, respectively, if necessary, by extracting their suitable subsequences. The
function K being lower semi-continuous and ¢ being non-negative, we have

2 K(Q‘Ly Q])+tt§ K(Qi’ Q])

Wa(F)=2 A(n—1)
2 K( Py, Piw)+t 2 K(Piy, Pjp)
< lim =
= n(n—1)
=Wﬂ(F.) ’

and so

K@, Q)+ T KQ, Q)
W(F)= n(n—1) ’

whose right hand side will be denoted by
Un

n(n—1) °

Although the pair (Q,, Qs, -+, Q.,) outght to be written strictly by (Q%, Qz,+--,Q%),
we shall go ahead without doing so, since n is fixed. Some of Q,, @,, - and Q,
may be overlapping. Then, we have n following inequalities :

1= 3 K@, Q)+ IKQu Q)+ T, K(Qs, Q)+ T K@, Q)

1,J#1 i,J¥%1
gjgzK(Qh Q;)‘l‘tl—__z:gK(Qu Q)+vn-y,
1= EK(Qu Q)+ EKQ, QK@ QHK(@s Q)
+ E K(Qs, @)+t ;} KQ, Q)
1,592

2,092
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n

= B KQy Q)+ K@, Q)+K(Qs, Q+K(Qs Q)+vas,

7=3
72 3 K(Qu Q)+ ZK(Q,, Q)
+K(Q,, Qs)+K(Q,, Qo) +1K(Qs, Q) +1K(Qs, Q3)+vy-y,

...........................................................................

02 ZK(Qu-sy Qu)HK(Qu, Quo+ SEQuy Qo)+ T KQnosy Q)+
and finally
12 Z 2 K(Qu, Q)+ ZK(Qn, Q) 400
Summing up these inequalities, we have

NV 2V +Vn+N0s-y .
Thus, we have
Wa (F)SWL(F).
DEFINITION. Given any compact set F of £ and a non-negative number
t, F is said to be of (K, t)-transfinite diameter zero if

W(F)= li£n W (F)=o00,
and said to be of (K, f)-transfinite diameter positive if W(F)<--oo.

Consider the potential and the energy integral of positive measures g taken
with respect to a kernel K and its adjoint kernel K:

K(P, )=[K(P, Q)du(Q),

K(p, P)=[ K(P, Q)dp(@)=[ K(Q, P)d(Q)
and

K(p, )={[ K(P, Q)dp(Q)dp(P)=[ [ K(P, Q)dp(@)dpx(P).

Then, there holds

THEOREM 2. Let t be a non-negative number. Given any compact set F of
2 of (K, t)-transfinite diameter zero, there exists a positiwe measure p supported
by F with total mass 1 such that

K(P, #£)+tK(y, P)=+co
and
K(ge, P)+tK(P, p)=+o0

at each point P of F.
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Proof. Once for all, denote by (Q7, Q%, -+, Q2) a pair of n points of F where
the value of W,(F) is attained. They are admitted to be overlapping. Then,
we have for any point P of F

Wo(F)SWhu(F)
SK(QrH, Q)+t X K(QF, QF)
< 1<j 1>
= (n+1)n
SKP, Q)+ ZKQ, P+ K@, Q)+ ZKQr, Q)
= GRS

K(P, Q3)+1 33 K(Q, P)+n(n—1)W.(F)
(n+1)n :

3

J

A

Accordingly, there holds
2W(F)< {3 K(P,Qn+13 K@z, P}
1=1 =1
and similarly holds

2WA(F)=—+{ BK @1, P)+HZKP, @D}

Let # be any positive number and W,.(F)>2* for some large number n. Let
2 be the measure with the mass n7'-27* at each point Q7. It is a positive
measure supported by F with total mass 27%*. Evidently, we have

2=K(P, pp)+tK(py, P)
and

at each point P of F. Then, for the measure

oo
b= Eim.
there hold
K(P, p)+1tK(y, P)=o0
and
K(y, P)+tK(P, p)=-+o0
at each point P of F.
THEOREM 3. Let F be any compact set of Q and t a positive number. F is

of (K, t)-transfinite diameter positive if and only if there exist positive measures
of finite K-energy supported by F.

Proof. Let p be a positive measure of finite K-energy supported by F with
total mass 1. For n arbitrary points P, P,, ---, P, of F, we have
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E;K(Pu P,)+tiZ>)JK(P,, P)
Wa(F)= n(n—1) !

hence, regarding the right hand side as a function in n variable points P,, P,,
-««, P, and intergrating the inequality by the positive measure

dp(Py)dp(Py) -+ dp(Pn)

whose total mass is one, we have

()8 13 K@ ) 1y,
n(n—1) 2

Wa(F)= <Aoo

and so
2W(F)=(A+0K(p, p)<+c.

In the next, suppose that W(F)<-+4oco. We are going to find a positive measure
p of finite K-energy supported by F with total mass 1. Take n points Q,, Q,,
-+, @, of F such that
2 K(Q,, Q)+t XK@, Q,)
Wn<F): 1< 1>
n(n—1)

Let p, be the measure with 1/n at each Q, (:=1,2,:--,n). It is a positive
measure supported by F with total mass 1. Suppose that {u,} converges
vaguely to a measure g, if necessary, by extracting its suitable subsequence.
Then, p is a positive measure supported by F with total mass 1. Let {f.(P, Q)},
k=1,2, -+, be a sequence of finite and continuous functions that increases mono-
toneously to K(P, @) and C a positive number such that fi(P, @)+C>0 for all
the points P and Q of F. Putting

K'(P,Q)=K(P,Q)+C and [fi(P, Q)=f«P, Q)+C,

we have
Lt DEQ,QHTE(Q, Q)
WulF) == C= n(n—1)
SK'(Q., Q,)
=min (1, t)i:f]—n(—n?l)—

E f;z (Qu QJ)

>min (1, t)l—w’w

2 f1(Qy, Q;)—n-max fi(P, P)

. 1,J] F
=min (1, ) 2(n=1)

=min (1, )52 { S F4(Qu Q) 75— max fi(P, P)}

=min (1, )50 { [[ £4(P, Qdpna(@dpn(PY——%- max 74(P, P)).
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Fixing # and making n—+oco, we have

W)+ Czmin (1, 1) [[4(P, Qdu(@du(P),

hence, making k—-o0, we have

W(F)+—2— 1+t ——5—C=min (1, t) ij’(P Q)dp(Q)du(P),

that is,

2W(F)+(1+1)C

K, )==—9 nin (L, B

—C<+o0.

DEFINITION. Any compact set F of £ is said to be of K-capacity positive
if there exist positive measures ¢ supported by F whose potential K(P, p) is
bounded from above on all the compact sets of . Owing to the hypothesis
for a kernel K, a compact set F is of K-capacity zero if and only if

sup K(P, pr)=-+oc0
for every positive measure g supported by F.

DEFINITION. A kernel K is said to satisfy the continuity principle if there
holds the following property: Given any positive measure g with compact
support F and its potential K(P, ), every continuous point of K(P, ¢) as a
function on F is also a continuous point of K(P, ) as a function in £.

The following is an important fact in that it expresses a relation between
the transfinite diameter and the capacity.

PROPOSITION. Any compact set F of K-capacity positive always supports
positive measures of finite K-energy. The converse is also correct if a kernel K
satisfies the continuity principle.

In fact, given any compact set F of K-capacity positive, take a positive
measure p supported by F whose potential K(P, ¢) is bounded from above on
all the compact sets of £2. It is evident that g is of finite K-energy. Conversely,
suppose that a kernel K satisfies the continuity principle and that, given any
compact set F of £2, a positive measure p supported by F is of finite K-energy.
Then, the set

{P; K(P, p)=-+oo}

being of p-mass zero, there exists a restricted measure g’ (50) of ¢ such that
K(P, p) is finite and continuous as a function on the support of g¢’. By the
lower semi-continuity of the potential and the continuity principle, it is easily
seen that K(P, p’) is finite and continuous at each point of the support of g’.
Hence, by the hypothesis for a kernel K, it is also. seen that K(P, ¢’) is bounded
from above on all the compact sets of £.
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When a kernel K satisfies the continuity principle, any compact set F of
K-capacity zero supports no positive measures of finite K-energy. Therefore,
such a compact set F is always of (K, t)-transfinite diameter zero for any positive
number t. Thus, we can extend the Evans’ theorem in the following form.

THEOREM 4. Suppose that a kernel K satisfies the continuity principle. Let
F be any compact set of K-capacity zero of Q. Given any positwe number t,
there exists a positive measure p supported by F (naturally depending upon t) such

that

and

K(P, i) +K(, P)=+c0

K(p, P)+tK(P, p)=-+oo

at each point P of F.

QUESTION. Is the above theorem also valid for ¢t=07?
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