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1. Introduction.

It will be shown by a potential theoretical method that a positive Radon
measure ¢ on a locally compact abelian group G is a unit Haar measure on a
compact subgroup of G, if the convolution o+c is well defined and verifies the
relation oxo=0c. This is an easy consequence of (§)?)=@&, & being the Fourier
transform of o, if o is bounded or of finite total mass. In order to show the
compactness of the support of o, we shall make use of potential theoretical

properties of o.

2. Resolvent.

Let £ be a positive (Radon) measure on a locally compact abelian group G.
We shall denote by D*(x) the totality of positive measures g for which the
convolution x£*¢ is well defined. Here x*x is the positive measure defined by

rxp(p)= f fgo(x+y)d/c(X)dﬂ(y)

for every non-negative continuous function ¢ with compact support. This is
well defined if and only if the above integral converges for every ¢.

A family {£,; p>0} of positive measures is called a resolvent associated with
«, if for every p>0, £, belongs to D*(x) and

(1) E—Epy=DpE*k,

and if /c=li11n £, (vague limit). In this case we shall say that £ has a resolvent
plo

{'fp}.

It is known that if {#,} is a resolvent of «, then for every p>0

) p(r+—e)= 5 (b,
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where ¢ is the unit point measure on the origin 0 of G and (p&,)’=¢, (Pr,)"=
(PEp)*(pEp)""'. The positive measure of the right hand side of (2) is called an
elementary kernel. From (2) it follows that the resolvent is uniquely determined
by k.

Let w be an open subset of G and g be a positive measure in D*(x). A
positive measure p,<D*(x) supported by @ (the closure of w) will be called a
balayaged measure of p to w with respect to x, if the following three conditions
are satisfied :

D) ErppSerp in G,

il) k*py=r*y in o,

iii) if v is a positive measure in D*(x) and if k% dominates k*y in , then
r£xy dominates kxg, in G.

PROPOSITION 1. If k has a resolvent, there exists uniquely the balayaged
measure for every peD¥(k) and for every open set w.

This is proved by using the existence of balayaged measures with respect
to elementary kernels and by the relation (2). For the details we refer to [2],
[3]. The following proposition is also known.

PROPOSITION 2. If & has a resolvent, it satisfies the domination principle,
that is, if p and v are positwe measures in D*(k) and kxp<k+v in a neigh-
borhood of the support supp (u) of p, then gxpu=<gxv in G.

3. Two lemmas.
We shall need the following convergence lemma.

LEMMA 1. Suppose that & has a resolvent. If a net {ua} of positive measures
in D*(k) converges vaguely to p and 1f there exists a positive measure y<D*(k)
such that k+v dominates every kxp, in G, then {gxp,} converges vaguely to rkxp.

Proof. Let ¢ be a non-negative continuous function with compact support.
Assuming that £#0, we shall prove

3) wxp(@) = lim sup £*pe) .

This gives the required vague convergence, since it will be immediately seen
that
exp(@)<lim inf £xp (@) .

Let % be a positive integer. Then we have by (2)
(Pﬁp)k*ﬁ*[«laé(l’ﬁp)k*(lc—{-%e)*v

=%§k(p/cp)”*u§x*u .



POSITIVE IDEMPOTENTS 183
Hence by a convergence theorem in [3]
) (D) % il p)=lim (Prp)* ol p) .

On the other hand, we have
L had n —_ k _L o n
5 3 (R e =(pry) 53 (P, 5t

=(prp) xkx pa < (php)**£xy

_ 1§ ey
e

n=

Therefore for a given positive number 7, there exists a positive integer %k such
that

%n;::ﬂ(pxp)n*#a(ga)é—fl;n:i):ﬂ(pﬁp)n*u(‘}’)<77 ,
so that by (4)
k
(bt—-e) i) 23 ()" 5 (o)
.1 &
=1}xm —p—g;)o(p’fp)n*ﬂa(ﬁw
:liam {%éo(pﬁp)"*,ua(go)——;—njj:ﬂ(pf:p)"*,ua(go)}

glimasup (H—%E) *toQ)—7.
Hence

(/H—%s) *(p) = lim sup (€5 1)(9)

which proves (3), and the proof is completed.
The following lemma is due to M. It6 [4].

LEMMA 2. Let k#0 have a resolvent and o+0 be a positive measure in
D*(k) such that kxo=r wm G, and a be a pont of the support supp (o) of o.
Then for every open neighborhood w(a) of a, the balayaged measure Euqy 0f €
verifies kxeyy=k in G.

Proof. The positive measure pt=k—£*¢,y vanishes in a neighborhood @
of 0. In fact, if supp (¢) contains 0, it contains absurdly a, since

U=E*OC—E*0*Eyqy=[%0 .

Consequently £*e=k*¢g,¢, in ® which contains supp (¢), and hence by Proposition
2, EZK*€yqy. This proves £=r*eyq).
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4. Positive idempotents.

THEOREM. Let o0 be a positive measure such that oxo is well defined and
oxd=c in G. Then ¢ is a unit Haar measure of a compact subgroup of G.

Proof. First we shall show that supp (o) is compact. Setting for p>0

_1
=i,

Jp

we see that ¢ has a resolvent {o,}. Hence we can balayage & to open neigh-
borhoods of points in supp (¢) with respect to o. If supp (o) is not compact,
there exists a net {¢,} of balayaged measures of &, which converges vaguely
to 0. By Lemma 2, oxp,=0 in G and by Lemma 1, {g*py,} converges vaguely
to 0. Hence o=0 which contradicts our assumption.

Now o being supported by a compact set, the equality oxo=0 gives

A

T~
(8)*=0%0=6 and hence & has 1 and 0 as its values. We denote by I" the dual
group of G and set

I''={yerl'; é(y)=1}.

Then & being a positive definite continuous function, I/ is a closed subgroup
of I'. It will be seen that o is the unit Haar measure of the compact subgroup

'={xeG; (x,7)=1 for every yel'}, where (x,7) denotes the value of the
character 7 at x. In fact, I'/ is the annihilator of G’ and & is constant on every
coset of I'/, and hence ¢ is supported by G’ (cf. [5]). We note then that & is
the characteristic function of I/ to conclude our assumption.

5. Some consequences.

Let £#0 be a positive measure with resolvent. From (1) it follows that
{pr,} is vaguely bounded. We note that as p—oco, {p£,} converges vaguely to
a unit Haar measure of a compact subgroup of G. In fact, let ¢ be a vaguely
adherent positive measure of {px,}. Then for every p>0

(5) Ep=0%Ek,,
since by (1) and by Lemma 1
/cp=li;n (kp—kKg)
=li£n q/cq*/cp—li;n DEg*Ep
=0%Kp.
Hence for any adherent measure ¢’ of {px,}

o=0%0'=0'x0=0".
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Thus {px,} converges vaguely to a positive idempotent o+#0. Hence by our
theorem it converges to a unit Haar measure of a compact subgroup of G.
First we consider the case o=¢.

LEMMA 3. Suppose that r has a resolvent {k,} such that {pk,} converges
vaguely to ¢ as p—oo. Then £ satisfies the unicity principle, that 1s, kxpu=r+y
holds 1f and only 1f p=y.

Proof. 1f ¢ and v are positive measures of D*(x¢) and k*u=«+y, then by
(1), prpxpu=pry*v. Hence p=c*p=lim pr,*py=lim pr,*v=y,
D p
A positive measure # is called a Hunt kernel, when it has the following
integral representation

x:f:a‘dt ,

where {a;;t=0} is a vaguely continuous semigroup with a,=e. The resolvent
{£p} of £ is given by

o - ~pt
/cp—fo e Pta,dt,

and {pr,} converges vaguely to ¢ (cf. [3]). Conversely if £ has a resolvent
{rp} such that {px,} converges vaguely to ¢, then it satisfies the unicity principle.
Hence we can construct the representing semigroup as in [3]. Thus we have

PROPOSITION 3. Let & be a positive measure with resolvent {,}. Then 1t is
a Hunt kernel 1f and only 1f {pr,} converges vaguely to & as p—co,

COROLLARY. Suppose that G has no other compact subgroup than {0}. Then
a positive measure £k#0 1S a Hunt kernel 1f and only 1f ¥ has a resolvent.

Now we consider the case o+¢, 0 being a unit Haar measure of a compact
subgroup H of G. We denote by G/H the factor space and by 7 the canonical
mapping G—G/H.

PROPOSITION 4. Let £ be a positwe measure with resolvent. Then there exist
a compact subgroup H of G and a Hunt kernel & on G/H such that for every
continuous function ¢ with compact support on G

(6) go’d/:‘:jagp de,

G/H

where ¢* is the continuous function on G/H defined by
b, — d .
Pa(0)={ glx+s)do(y)
These H and k' are uniquely determined by k.

Proof. We suppose that {px,} converges vaguely to o, a unit Haar measure
on a compact subgroup H. For every point y=H,
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KE*Ey=K*0*&y=K*0=K, Ep¥&y=FKy.

Consequently there exist positive measures &', £}, such that
q P

j‘G/ng‘d/r"=J'Ggo dk, L/Hgo“dx‘;,zfago de

(cf. [1]). It is easily seen that {«%} is a resolvent of &' by using the fact: for
a continuous function f with compact support on G/H, (for)=f. It is also seen
that {p«%} converges vaguely to € on G/H, so that #* is a Hunt kernel on G/H.
In order to verify the uniqueness we assume the representation (6) by a compact
subgroup H and a Hunt kernel «#* on G/H. Then

lim p { ¢ di,=lim p [gan,
=@ (=(0)=] _¢(3)do().

Hence {px,} converges vaguely to the unit measure on H. Thus H and &’ are
uniquely determined by x. This completes the proof.

For a positive measure ¢ on G, let Toy be the positive measure on G/H
defined by

J Jdwom=[fa(x)dp().

We remark that under the same assumption of Proposition 4, it holds that
expu=rxy (u,veD*(k)) if and only if ropg=moy. In fact, if k*p=r+*y, then by
the convergence theorem in [3], o*p¢=0*v and hence

[fdmomy={ (fom)dy
=[[(fom) a+y)dp(x)da()
=0 p(fom)=osu(fom)= fd(wov)

for every continuous function with compact support on G/H. Conversely suppose
that rog=moy, Then (f*p)=(D*p) and £*u(p)=r*v(p).

We shall also remark that with respect to £ of Proposition 4 every positive
k-excessive measure s (pr,*s<s for every p>0) is decomposed as follows:

S=Kk*xputv,

where p=D*(k), veD*(k,) for every p>0 and pr,*v=y, and wou and v are
uniquely determined by s.
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