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MORSE FUNCTIONS ON SOME ALGEBRAIC VARIETIES

By Kazuo MASUDA

1. Introduction.

For any n-tuple of integers a=(a,, -, @,) (a;=2) Brieskorn variety X(a) is,
by definition, a real algebraic variety given by the following equations in z=
(zly Tty Zn>ECn:

ZP+ e F200=(),

2,2+ o +2,2,=1,

>(a) is known to be the boundary of some parallelizable (2n—2)-manifold while,
if n=4, any homotopy (2n—3)-sphere being the boundary of the parallelizable
manifold becomes diffeomorphic to some Brieskorn variety. Moreover, in case
where X}(a) is the homotopy sphere, E. Brieskorn [1] and H. Hirzebruch and
K. H. Mayer [3] have shown that the diffeomorphism type of >}(a) can be com-
pletely classified in terms of a=(a,, --) using the famous theory due to M. Ker-
vaire and J. Milnor [2]. In the present paper we shall show that two Brieskorn
varieties

2((12: Ag, *+-, an) and E(aly as, **+, an) (ngg)

are cobordant and this cobordism is realized by a real algebraic variety W
defined by the following equations in (z, 1)eC”*x[0, 1]:

(1) [z)=z01+ -+ +23»=0,
2) g(z, t)y=tz;+(1—1)z,=0,
(3) Mz)=|z|*~1=2z2,+ - +2,2,—1=0.

Besides, in many cases the real valued function { on W becomes a Morse func-
tion, hence the study of the function ¢ gives us the information on the homotopy
type of W. More precisely, we shall prove the following theorem.

THEOREM. In case n=3 and a,>a,, W is a smooth (2n—4)-manifold which
gwes a cobordism between >3,=3(a,, as, -+, a,) and 3,=3Na,, a,, -+, a,). If
10=a,>a,=2 or a,>a,>2, then t is a Morse function on W. The Morse index
at the critical point (z,t) is given by
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(n—2)—{the number of i’s such as 1>2, a,>2 and z;=0}
and the number of critical points of index k 1s given by

(az_al)zauatz e Ay

where [=k—{the number of i’s such as 1>2 and a;=2} and the summation 1
taken over the subsets {a,,, -+, a;} of {as, -, a,} such as a,,>2 (J=1,2, -, D).

COROLLARY. If n=5, a,>a, and X, and 3, are homotopy spheres, then we

have
Ho(W):Hzn—a(W)ZZ ,

H,_J(W)=a free abelian group of rank (a,—a,) Il (a;—1),
123
H(W)=0  for 1#0, n—2, 2n—5.

For the cases omitted in the statements of Theorem above, we shall obtain
the following facts.

In case a,=2 and a,>10, if a;=a;=2 for some 1#j>2, then ¢ has degenerate
critical points which form spheres, but we can modify f so as to be a Morse
function having two critical points near the sphere. In case a;=a,, if a; and a,
are even, then W is diffeomorphic to X;xX[0, 1] since ¢ has no critical point,
while if a, and a, are odd, W does not become even a topological manifold.

2. Proof of the theorem.

We shall first prove that W becomes a smooth manifold. It is well known
that W is a smooth manifold if the following matrix has the maximal rank
everywhere on W:

2R f 11000 f
29m f —1 1 0 0 0 i
- 0 _ 0 0(z, 2, 1)
Eeg | 2Re|=| 001 1 0555y 8oy
2dng 0 0—1 1 0 I
h 00001

where z=x+1y denotes a complex n-vector. Note that E does not attain the
maximal rank at (z, t) if there exists a non zero real vector v=(a, b, ¢, d, ¢) with
0=vXE
P _—— 0 P I 0(z, 2z, t)
__(a 7.b, a+lb, Cc ld, C+ld, é)-—a(zy 2’ t) (f,f, g 4, h)w‘,

=3(Taf,t)—(—af—a_f+ﬂg+/fg+eh)ggi_itt))’
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where we put a=—a+1b and B=c—:1d. Assume that such a non zero vector v
exists. Then substituting (1), (2) and (3) into this, we have the following equa-
tions :

4) aa,z=ez,+pt,

) aa,z8r ' =ez,+p(1—1),

(6) aqz0'=ez,, 1=3,4, -, n,
@) Re B(z,—2,)=0.

Note that v#0 means |a|+]|8]+|e|#0. It is easy to show that {0, 1. Then
it follows readily that e+#0. (In fact, if e=0 then clearly «=0 does not occur.
Now by (6) z;=0 for :>2 so that by (1), (4), (5) and (2) we have

0=a(zf1+28%)=ptz,/a,+ B(1—1)z,/a,= ptz,(1/a,—1/a,) .

As t#1 it follows from (2) and (3) that z,#0. So we have =0 and z,=z,=0
from (4) and (5), which contradicts (3).) Hence we may assume without loss of
generality that e=1. Then we have

O=aXzi=X2z,/a;+Btz,/a,+ B(1—1)z,/a,
=Xzz,/a;+ Btz (1/a,—1/a,) .
Note that Xz;%,/a,>0 and 1/a,—1/a,>0. Thus we have
® Bz, <0 and Bz,>0,

which contradicts (7). Hence we have proved that W is a smooth manifold.
On the other hand, in case where a,=a, and they are odd, the equations
1), --+, (7) have solutions :

z=(—e"//2,¢"%/~2,0,,0), t=1/2, e=0, f=ie ", a=pt/a,z*.

Hence the matrix E does not attain the maximal rank at such point (z, t)eW.
Actually, in this case W does not become a manifold. This is proved as follows.
For sufficiently small >0

Wﬂ{(‘zy t)EC"X[O, ]-:”Z328+ A +zn5n§5}
is homeomorphic to the quotient space of
{(z4y =+, 2,)=C 2| 288+ - 4207 s real, 2,2+ - +2,2,=¢} X[0, 2]

with (2s, -+, 2,) X0 and (e~??"%2/%z, ... ¢~ ¥™%/%z Y 1 identified. The homeomor-
phism is given by

(Zly "ty Zny t) _ (e—tagﬁglagzs, ] e-tagﬁg/anzn) ’

where 0,=arg (2,).
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Moreover the first component of this space is homeomorphic to a cone C on
D={(z,, -+, 2,)C" ?| 283+ .-- +-22n is real, 2,5, -+ - +2,Z,=¢}.

Hence we can consider CxX[6—0, 6+0] as a neighbourhood of (z, t)=(—e"/+/2,

e/ +/2,0,-+,0,1/2)e W for some small 6>>0, and this is homeomorphic to a cone
on the suspension of D. If n=3, then D consists of 2a,(=4) points so that W
cannot be locally homeomorphic to the Euclidean space at the point. In case
n>3, let

F::Df\{(z3, R zn)ecn—212g3+ R +ZZH=Z=0} ’
then F. is diffeomorphic to F. and H,_,(F.,)#0 (see [4]) so that H,_,(D)+0.
Hence W cannot be a manifold in either case.
Now we shall seek the critical point of the function t. Let (2, ¢) be a critical

point of t. Then (z,t) is characterized by the condition that the rank of the
matrix

W’aﬂ)-t(zgzef,wmf,zgzeg,wmg, h, 1)

is less than 6 (see [4]). By the argument similar to the above we have the
system of equations in z, { with parameters «a, j, ¢, ¢’:

*) 1),---,(6) and
4 Re fz1—2)=¢',

where @, § are complex and e, ¢’ real with |a|+|8]+]e|+|e’| 0. We proceed
to solve these equations. As in the above case, we may assume e¢=1 and we
can also get the inequalities (8) in this case. We shall express the complex
numbers z,, « and 8 by the polar coordinates:

Zi=—Tw, Z,=T,W, z;=r;w; 1=3,4, -+, n), a=ae, f=bw.
Since by (5) and (8)

aa,z82=aeca,r o™ =2,7,+p(1—1)z,>0,
we have
©) cw=1,
The equality (6) is rewritten as
aca;r o =0, ,
whence we have
(10) if 7,#0, then ew?*=1 and r»* *=(aq,)™ (1=3,4, -, n).
From (1), (9) and (10) we get
(=Mo" %2rfitriz+ oo frin=0,
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whence the following equalities can be obtained:

(11) wh=(—1)n*,
(12) rit=rgr4 .o fyin,
By (2) and (3) we have

(13) t=ry/(ri+1,),

(14) rit+ri+ - Fri=1.

On the other hand, from (4) and (5) it follows
aca,(— 1)y}l l=—y @+ bt ,
asar§r o  =r,o+ba(1—1t),
so that by (9) and (11) we have
aa, ¢ t=—r,+bt,
aa,r§ri=r,+b(1—1t).
Using (13), we can solve these equations with respect to ¢ and . We have then
(15) a=(ri+rd/(—ari+ari?),
(16) b=rry(ri+r)(a, i1 i a,r§r?) /(—a,rfi+a,rge) .

In conclusion, the system of equations (*) can be reduced to the following one
in (r,, a):

(**) (10), (12), (14) and (15).

In fact, if 7, and a are obtained, the other unknowns ¢ and b are determined by
(13) and (16), while », ¢ and w; are obtained from (11), (9) and (10), thus finally
¢’ from (7). To solve (**) we shall use the following lemma, the proof of which
will be given later.

LEMMA 1. In case n=3, if 10=a,>a,=2 or a,>a,>2, then we have neces-
sarily a>1/2. Hence 1f a,=2 (1>2), then r;=0 by (10).

Let J(r,, a)={i|7,>0, 1=1, 2, ---, n}. From (8) and Lemma 1 it follows im-
medicately that

a7 J(r, @)=1,2 and a,>2 for i€ j(r,, a)—{1, 2} .

The condition (17), however, suffices to assure the existence Of our solution.
Actually the following proposition holds.

PROPOSITION. Given a subset J of {1,2,---,n} satisfying (17), then there
exists a unique solution (r,, a) of (**) such that J=](r,, a).
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Proof. 1t is sufficient to prove in case where a,>2 for every i>2 and J=
{1,2, -+, n}. From (15), (14) and (10) we have

—aritargi=a(1-Sr)=a"~Sars,

where the summation (here and in the following) is taken over only the indices
1>2. This equation, combined with (12), yields

rit=(a,—a,) (@ '+ Z(a—a)r),
ri=(a,—a,) (e + (e —a)re?).

Putting 4 for a™!, from (10) and the above equalities we can regard 7,’s as func-
tions of 4. Note that every 7, (i>2) is an increasing function of A. Hence if
7, and 7, are proved to be also increasing functions, then the proposition follows
from (14). Differentiating 7¢2 and "% by h we have

ayr§2iri=(a,—a,) 1+ (a,—a)a;ry'ry),
(ai=2)rpri=a",
so that we have
a,r§2 7 ry=(a,—a,) "1+ X r¥(a,—a,)/(a;—2)) .

Suppose 75(h)=0 for some h. Let h, be the first zero of 73(h). Then at h, we
have

I+, 3 rite—a)/(a—2)= 3 ria—a)/(@—2).

Since a,=2, we can get
1= X rihy).
ai>u.1

As ri(h)=0 in [0, A,], it follows that 73+73+ --- +72 increases in [0, A,] and is
greater than 1 at %, by the above inequality. Hence there exists a unique
h,e[0, hy] such that the equality (14) holds there. On the other hand, if A=h,,
we have

ritrit i > 3 riz 3 ri(hg)=1,
a;>aq a;>a1
which completes the proof.

From (10) and (11), it follows that the solutions (z, ¢) of (*) corresponding
to (7, a) are (a;—a,)Ile,, in number, where the index of a,, runs over all
1;€J(r,, a)—{1, 2}. This proves the last part of the theorem.

Next we shall calculate the index of the function ¢ at the critical point (z, t).

LEMMA 2. Putting z;=x;+1y,, we can take (X, -, Xn, Vs, =+, ¥n) as local
coordinates near the critical point (z,t).

Proof. Assume the contrary, then there exists a non zero real (2n+1)-vector
0,0, xs, -+, Xy, ¥s, ***, Yn, 0) which is a linear combination of the row vectors of
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the matrix E at (2, ¢). It follows that there exist complex numbers «, 8 and 7;
(1=3, -+, n) with 2|7,|+#0 and a real number ¢ such that these satisfy (4), (5),
(7) and

(6)’ aazr=ez;+7, 1=3,4, -, n.

Note that a, 8 and e should be understood to be irrelevant to those taken in (*).
It follows easily that e+#0. (In fact, if e=0, then clearly a#0 and S+#0. Hence
from (4) ann (5) we have

a,2{1/a,282=12,/(1—1)z,.

Taking the absolute values of both sides we have
017111/(127'%2:1 ’

which contradicts (15).) Hence we may assume that e=1. As a,z{"'(1—t)
—a,2§?7't+#0, we can solve (4) and (5) with respect to « and B and obtain S=b®
(which is equal to B8 in (*)). Hence we have Re B(z,—2z,)=—0b(r,+7,)#0, which
contradicts (7).

We shall take these coordinates. Next we replace (z, ) by (—wz,, 0z, @z,
-ee, Wy2Z,, t), then the equality (1) is transformed into

(1)/ —z{1fzg24 ... +Z%"=0 R
and the critical point (2, t) is transformed into (7, 75, -*+, 7, ). Moreover we put
zlzueto ’ 22:Uei0 ’

and for brevity, set
a.l:py 02:Qy 7’1:7’, 7’228,

ou ou 0%u

Tx T TGy Tl gy Tt and so on (i, 7>2).
Then from (1)’ and (14) we have
—uP cos pO+v?cos gf=—Re > 22+,
—uP? gin pO+v? sin g0=—Im > 2%+,
wtvt=1-2(xi+y}),

where the summation is taken over the indices i>2. Differentiating these equ-
alities we have

—puP~* cos pb u;+pu? sin pO 6;+qv?™* cos g6 v;—qv? sin g6 6,
=—Rea;z2r7?,

—puP~! cos pO uy.+pu? sin ph 0;+vg** cos g0 v, —qu? sin g 0.
=—Re a2,

17 —puP~ sin pO u;—pu® cos Pl 6;+qv?~* sin q6 v;+qv? cos g6 4,
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=—JIna;zt,
—puP~' gin p6 u,— pu® cos pf 6;+qv?* sin ¢f v,+qv? cos g6 G,
=—Ym a;z237',
Uu;+vv,;=—1x,,
Uy +vvp=—y;.
At the critical point we have
—puPtu,+qutly,=—ar®t,
—puPup+qutlv, =0,
—puPl;+qvi6,=0,
—puPly+quif=—ar
YU+ SU;=—7,,
ru+sv, =0,
From these equations we have at the critical point
ug=—r(— a7 +gst ) /r(priTi4gstY),
vi=—ri(air @ pro7?) /s(pr-i+4gst?),

ui’:() 1)
Ui’:O 1)
0i:O ’

Op=—a;r ! [(—prP+qs?).

By (10) and (15) we have
u;=—rr,/(r*+s%),

(18) Vi=—s1,/(r*+s?),
Op=—r,/(r*+s%).
Differentiating equalities (17) at the critical point, we have
—p(p—1)r?*ugu;— prP-u, ;4-g(g—1)s**v,w,+ ¢4,
=—a;(a;—Dry~%0,,,
—pr? U, b gst =0,
—pr?tupu;+pre6,0 4t v 5 —qs1760,.0 5

=a,(a;—1)riv %9, ,
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U+ TUy V0, + 50, ;=—04,
TU, jo+50,;,=0,
TUgojitSUp i=—04, .

Then we have
Uy j=(—Au,+ B ;q507%) /r(prP=24-qs?7?)

Vo =(Ayj—Bi, pro=*)/s(prP=*+qs7%),
(19) u, =0,

v,;0=0,

Uy p=(—A,+ B},qs?%) [ (prP-24qs?-?)

Ve = (A= By br ™ s s,

where
A,,=—aa;—Dr3 20, +p(p— 1)7p_2uiuj‘_‘I(q—1)5q_2viv;

=—a(a;—1)r{0,+(p(p—1)r?—qlg—1)s)rir;/(r*+s?,
B,;j=0,+uu,+vv;=0;;+r7;/(r*+s%,
Aj;=a(a;— 1), +(—p*rP4-¢%s9)0,.0 ;.

=a(a;— )20, + (=D r*+q’sD)rir;/(r’+ s%)*,
Bj;=4d;,.

Here we have used (18).
Now from #(u+4v)=v we have at the critical point

t=(—su,,+rv,;)/(r*+s?).
Substituting (19) into this, we have
by =(Ay 89+ B (— proHgs0)rs(r+ s (17 +45172).
Hence for any real numbers ¢, c,, -+, ¢, we have
Scit ¢, Xrs(r4s) (pro-t4-qs17%)
=2 (—ai(a;—Dri*(r*+s")+(—pri+gs?))c?
FH(P(P—=DrP—q(q—1)s)+(—prP+gs))(r*+s") (Xric.)”.
If .>0, then from (10) and (15) we have
—ai(a;—Dri (r*+ ") +(—prP+qs?)
=—(a;—1)a " (r*+s)+(—prr+qs?)
=—(a;—2)(—pr’+qs").
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Hence the above Hessian form is equal to
—(2(r*+s)—(—prP+¢s?)) Zici+(—prP+gs) Xyl
—(—=pr?+¢s)3s(a;—2)ci—(—p(p—2)rP+q(g—2)s)(r*+5°) " (Zsric.)?,

where the summation X; takes over the indices ?’s such as a;=2, >, ’s such
as a¢,>2 and 7,=0, X, i’s such as a,>2 and 7,>0. Smilarly we have

t,;=0,
ity i, Xrs(r+8)(prPi4-qs??)
=21+ 5+ (—prP+gs)) Zici+H(—pri+gsh) Zct
H(=prP+gs) Zsa:ici+H(—prP+¢*s0)(r*+5°) " (Zsric)”
Now from (15) and Lemma 1, it follows that
—prP+qsi>0, 2(r*+s®)—(—prP4+qs1) >0,
moreover as p<q we have
—p(p—=2)r?+q(q—2)s*>0,  —prP+¢’s?>0.

Hence the function ¢ is a Morse function and the index is as mentioned in
Theorem. This completes the proof of Theorem.

3. Proofs of the corollary and the lemma.

We shall first consider the case where 10=a,>a,=2 or a,>a,>2. Then by
Theorem the function ¢ is a Morse function with indices <n—2, so that W/X,
has the homotopy type of a (n—2)-CW complex. Hence H, (W, Z,)=H, (W/Z,)
is a free abelian group and H (W, 3,)=H;(W/>,)=0 for 1>n—2. From the
exact sequence of the pair (W, 33,) it follows that H,(W)=H,(Z,) for i>n—2
and H,(W)=H,(W, 3, for 1#0, 2n—5, 2n—4, which proves the corollary for
i=n—2 except for the calculation of the rank of H,_,(WW). Next we shall use
the Morse function 1—¢. As the indices of 1—f{=n—2, W has the homotopy
type of what is constructed by adjoining cells of dimension =n—2 to X, so
that the map 7;(3,)—n (W) is surjective for :<n—2. It follows that W is (n—3)-
connected, which proves the corollary for i<n—2. To calculate the rank of
H,_ ,(W) we shall use the Morse equality which means that

2(_1)kRk:E<—1)kcky
where
R,=the rank of H,(W, >, and
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C.=the number of critical points of index %.

In our case
R,=the rank of H,_,(W) k=n—2,

=0 otherwise,
Cr=(a,—a,)2a,, - a;.
It is easy to get the rank of H,.,(W) as mentioned in the corollary. Before
considering the case where a,=2 and a,>10, we shall prove Lemma 1.
Proof of Lemma 1. Put

ri=x, ri=y, a,=2l, a,=2m.
Moreover, we set

Dri=A, >ri=8B, >ry=C
where the subscript 7 runs over such i’s with @;=2, while the subscript j such

7’'s with a,>2. Suppose the contrary, so that we assume ¢<1/2. Then from (12),
(14) and (15), we can get

(20) x=y"+A+C,
(21) x+y+A+B=1,
(22) —lxt+mym=x+y.

(20) and (21) yield
x4+ x+y+B=y"+C+1

which, combined with (22), leads to the following inequalities :
(23) yzm(1—B+C)/(m—1)—x—x(m—1)/(m—1)=f\(x),
29 y"2(1—B+C)/(m—1)+x'(—1)/(m—1)=/fy(x),
Also, we need a supplementary inequality

(25) Yy=1—-B—x=f(x),

being obtained from (21).

Now it is clear that the graphs y=f,(x) and y=f;(x) inrersect at a unique
point (x;, ¥;) and the graphs x=x, and y=f,(x) at a unique point (x,, »,). Acutu-
ally we have

(1 B+mC w (1 B+C v

X = , n=1-B—x,, Y=

Since there exists a point (x, y) which satisfies (23), (24) and (25) we can easily
conclude that y,=y,. Hence we have
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1—Bg< l—nlfi-lmc )1/t+< 17”3_41_(; 1/'m,

so that
l_B 1/1 l_B 1/m
(26) 1—Bz< m—I ) + m—1 .

Thus we have arrived the inequality
1Z2(m—1)"""(m—1)"""=f(l, m).

The condition of the lemma means that [ and m are half integers such that
5zm>I[=1 or m>1=3/2.

In both cases, the inequality above, however, is impossible. In fact, f(l, m) is
increasing in ! when m>[=1 and by estimating the first and second derivatives,
we can show that the behaviour of the curves f(1, m) and f(3/2, m) are described
as follows:

m 1 51 13, e 0
1, m) o N, 1N\, 09093 1

m 3/2 44 37-.- o0
£(3/2, m) o N\, 10004 7 1.0036-- N\, 1

This completes the proof of the lemma.

Now we return to the proof of the corollary in case where a,=2 and a,>10.
In this case, (**) has solutions (7,, @) such as a=<1/2. For such a solution, we
have that r;=0 if a,>2. (In fact, if 7,>0 for some a,>2, then it is easy to see

that
B2r} =(aa,) "2 (1/2-3)10-9=4/9,

and using this inequality, we have

1-B )1/’"’

1~B<( m—1

which contradicts (26).)
If we put a=1/2, then we have a set of solutions of (**):

27 ri=y=(m—-1)"",  ri=x=(m/(m—1)—y)/2,
ri=A=x—1/(m—1), r;=0, a=1/2,
where we used the same notations as in the proof of the lemma. Note that
ri>A=1—1/(m—1)+(m—1)""™)/2=(1—f(1, m))/2>0.

Hence the solutions above exist if and only if there exists some i>2 such as
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a;=2. Next we assume a<1/2, then from (10) we have that 7,=0 if a;=2. So
the proposition applies to the case where /={1, 2} and for this solution we have
acutually a<1/2. Because, from (12) and (14) it follows that

fA, m)=2/(a,—2)+(2/(a,—2))**2<1=ri+ri=ri+(r}*,
so that 7}>2/(a,—2). Hence we have
a=(ri+r/(—2rita,r§?)=1/(a,—2)ri<1/2.

Now the critical points corresponding to the solutions (27) form (N—1)-spheres
which are (¢,—a,) in number (where N denotes the number of i’s such as 1>2
and a;=2). At these points the Hessian form of ¢ is given by

Zest ¢, Xrs(r+ )% (pro-*+qs?7?)
=—(p(p—2)r"+q(g—2)s)(r*+ ") (Z7:¢.) +(—prP+gqs) Zuci,

t;=0,

ity jiC, Xrs(r+5)%(pre-t4-gs??)
=Q2r*+s)+(—prP+gs)) Zici

F(=prP+¢*s)(r*+5") H(Zhric)* +(—prP+gs?) Zscs .

Hence t is not a Morse function if N=2. We can, however, modify ? near each
critical sphere so as to have only two nondegenerate critical points of index 1
and N respectively. To see this, note first that we can take local coordinates
(X3 ***, Xn, ¥, -+, ¥o) in some small neighbourhood of the sphere. Next we take
new coordinates (@, R, Y,, -+, Yy), where (O, R) are polar coordinates of the
N-plane containing the sphere and (Y) are coordinates of the orthogonal
(2n—4—N)-plane. Then for any fixed O, ¢ is a Morse function of (R, Y) and
the Hessian from at the critical point (R,, 0) is given by

Ecittjcj:—acg"{’bz(:%—i_CZC%_!"d(Edej(@))Z ,

where we denote R=Y, and a, b, ¢ and d are positive constants and d;(0) is a
function of ©. Hence we can take new coordinates (@, R’,Y’) such that
O, R, y)=—(R' —R)*+Y*+ -+ Y32 Let (X/, ---, X}) be orthogonal coordinates
corresponding to the polar coordinates (@, R’), then it is easy to see that
WX, Y+ o(| X' |P—R3)e(] Y’ |*)X{ has the desired property for a suitable function
¢ having its support in a small neibourhood of 0. Now the index of the critical
point corresponding to the solution of (**) such as J(7,, a)={1, 2} is equal to 0
since a<1/2. Note that in the first case of the proof, the index of such critical
point is equal to N and that the contribution of three critical points of index 0,
1 and N respectively to the right hand side of the Morse equality is equal to
one of a critical point of index N. Hence using the modified Morse function,
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we obtain the same rank of H, ,(W) as in the first case. This completes the
proof of the corollary.
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