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§1. Introduction. Any complete Riemannian manifold admitting a regular
K-contact 3-structure is a S*(1) or RP3-principal bundle over an almost quaternion
manifold, where S*(1) denotes a sphere of curvature 1 and RP*=S%1)/{£1} (See
Tanno [7]). If the contact 3-structure is Sasakian, then the manifold is Einstein
space and the base space becomes a quaternion Kaehler manifold with positive
scalar curvature.

On the other hand, every quaternion Kaehler manifold M admits a principal
bundle P over it, whose structure group is SO(3) (Sakamoto [6]). In this note,
we construct in P, 3-structure which is canonically associated with a given
quaternion Kaehler structure. That is, we shall prove Theorem 2 in §4, which
is corresponding to the theorem for a compact Hodge manifold, i.e.,

THEOREM 1. Let M be a compact Hodge manifold. Then there exists a circle
bundle over M, which admits a normal contact metric structure (Hatakeyama [1]).

§2. Sasakian 3-structure.

Let (M, £) be a Riemannian manifold and & be a unit Killing vector. Define

a tensor field of type (1.1) by ~
o=re,

where 7 denotes the Riemannian connection. Then we call & a K-contact struc-
ture if ¢ satisfies

2.1 PP=—I+a@¢,

a being a 1-form defined by a()?):g(é, )?). Next we denote by N the Nijenhuis
tensor of ¢ and by @ the 2-form defined by @(X, Y)=2(¢X, Y). If the tensor

S=N+20Q%
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vanishes, we call & a Sasakian structure.
Next we consider a set of mutually othogonal unit Killing vectors {&, 7, {}
satisfying

(2.2) 0§, n1=2¢, [ &I1=2§, [ &1=2q,
which is called a triple of Killing vectors. We put
o=re, ¢@=Fy, 6=FC
oK)= X), pX)=40X), rX=2 X).
If each of &, » and { is a K-contact structure and satisfies
Pp=0+aQyn, OP=0+pAL, PI=9+7RE,
Pp=—0+pRE, Pl=—9¢+1Qn, Op=—¢+a@,

then {&, », {} is called a K-contact 3-structure. For a K-contact 3-structure, if

each of & 7 and { is a Sasakian structure, then {&, 7, {} is called a Sasakian
3-structure.

and

(2.3)

§3. Quaternion Kaehler manifold (See Ishihara [3]).

Let M be a differentiable manifold of dimension n(=4m). Assume that there
is a 3-dimensional vector bundle V consisting of tensors of type (1, 1) over M
satisfying the following condition.
a) In any coordinate neighborhood U of M, there is a local base {F, G, H}
of V such that
Fe=—7T, G*=—1, Hi=—1I,

HG=—GH=F, FH=—HF=G, GF=—FG=H,

I denoting the identity tensor field of type (1.1) in M. Then the bundle V is
called an almost quaternion structure in M and (M, V) an almost quaternion
manfold.

In an almost quaternion manifold (M, V), we take two intersecting coordinate
neighborhoods U, U’, and local bases {Fy, Gy, Hy}, {Fy., Gy, Hy.} satisfying (3.1)
in U, U’, respectively. Then they have relations in UNU’ as

Fyi=5,Fy+s5,:Gy+s,,Hy
(3.2) Gy =5,Fy+5::Gy+ 5, Hy
Hy =531 Fy+53.Gy+ 83, Hy

(3.1

where s;; (j,i=1,2,3) form an element syy =(s;;) of the special orthogonal
group SO(3) of dimension 3.

Let P be the associated principal bundle of V. That is, P is the bundle
whose transition functions and structure group are the same as V, but whose



196 MARIKO KONISHI

fibre is SO(3) (=the real projective space RP® of dimension 3). Then the Lie
algebra 20(3) of the structure group of P admits a base {e,, e;, ¢;} such that

0o 0 0 0 0 —2 0 -2 0
e,={0 0 2|, e=(0 0 0, e=|2 0 0
0 —2 0 2 0 0 0 0 0O

and hence they satisfy
(3.3 [ey, es1=2e,, [e,, es1=2e, , [es, e;1=2e,.

In any almost quaternion manifold (M, V), there is a Riemannian metric
such that

g8(FyX, Y)+g(X, FyY)=0, g(GvX, Y)+g(X, GyY)=0,
g(HyX, Y)+g(X, HyY)=0

hold for any local base {Fy, Gy, Hy} and any vector fields X, Y. Assume that
the Riemannian connection V' of (M, g) satisfies for any local base {Fy, Gy, Hy}

VyFy= —2ry(X)Gy—2qy(X)Hy
(3.4) VxGy=2ry(X)Fy +2py(X)Hy
VXHU=2¢IU(X)FU—‘2PU(X>GU

where py, gy and 7y are certain 1-forms defined in U. Then (M, g, V) is called
a quaternion Kaehler manifold and (g, V) a quaternion Kaehler structure.

For each neighborhood U in a quaternion Kaehler manifold (M, V), we define
a 80(3)-valued 1-form on U by

wy=pye;+que,+rye;.

Then, by virtue of (3.2) and (3.3), in the intersection of neighborhoods U and U’,
we find

0y (X)=ad(syy ™) 0p(X)+(syy)s(X)-spy ™

for every vector field X on P, where ad denotes the adjoint representation of
SO(3) in 80(3), and (syy.)x denotes the differential of the mapping syy : UNU’
—SO0(3). Hence there exists a connection form @ on P such that

(3.5) ro=wy

where 7 is a certain local cross-section of P over U (for detail, see p. 66 in
Kobayashi-Nomizu [4]).

We denote by £ the curvature form defined by the connection w. Then 2
is the 80(3)-valued 2-form expressed by

2%, y=do(X, ¥)+5-Lo(X), o))
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where X, Y are vector fields in P and [,] denotes the bracket operation in
80(3). Then we have

(3.6) t*Q=(dpy+qu Ary)e,+(dqu+ry Aby)e,
+(dry+py Ngy)es

for each cross section z: U—P and 1-forms py, qy, 7y on U.
On the other hand, since any quaternion Kaehler manifold is an Einstein
space (See Theorem 3.3 in Ishihara [3]), we have following relations

3.7 dpy+qu NTy=cAy, dqy+ry ANpy=cBy,
dr+py Ngy=cCy ,

where 4m(m+2)c is a constant equal to the scalar curvature of (M, g), and
Ay(X, Y)=g(FyX,Y), By(X, Y)=g(GyX,Y), Cy(X, Y)=g(HyX, Y).

§4. Construction of Sasakian 3-structure.

Let (M, g) be a quaternion Kaehler manifold of dimension n=4m, and P be
3

the associated RP®-principal bundle over M. We denote by w=> w, the
1=1

infinitesimal connection in P defined in the previous section. We define a pseudo-
Riemannian metric g in P by

(4.1) F=cmgt B oQo,

where ¢ is the constant appearing in (3.6). If the scalar curvature of M is
positive, then g is a Riemannian metric and if negative, g is a pseudo-Riemannian
metric of signature (3, n). In both cases, (M, g) is necessarily irreducible (Ishi-
hara [3]).
We put
o,=a, w,=8, W=7,

then «, B and y are l-forms in P. Let & 7, { be fundamental vector fields cor-
responding to e,, e,, ¢,;, respectively. Then we have from (3.3)

L& n1=2¢, [ ¢1=28, [ &1=2y,
and
a§)=1, a(p)=0, a)=0,

B&=0, BH=1, BL=0,

7&=0, (=0, 7(=1.
Hence we have

PROPOSITION 1. In the associated principal bundle P over a quaternion
Kaehler manifold, there exists a triple of Killing vectors {&, , {} with respect to
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the metric defined by (4.1), i.e. & 7 and { are mutually orthogonal unit Killing
vectors satisfying

(4.2) L& n1=2¢, [nC1=2¢, [§ &1=2n,
Proof. It remains to prove that &, 7, { are all Killing vectors with respect
3
to g in (4.1). This is clear from the fact that Z{wl@“’i is invariant under the

action of SO(3).

PROPOSITION 2. The triple of Killing vectors {€, n, {} defined in proposition
1 is a K-contact 3-structure, if ¢>0.

Proof. We define
43) p=r¢, ¢=ry, 0=,
4 being Riemannian connection formed with . Then we have
$6=0, ¢7=0, 6C=0,
Op=—¢l=¢, Pl=—06=7, Pé=—¢1=C,

since &, » and { are mutually orthogonal unit vectors. Denoting by T;"(P) the
the tangent space of a fibre at =P and by T;7(P) its orthogonal complemented
space in T;(P), we see from (4.4) that T;"(P) and T;#(P) are invariant under
the actions of the linear endomorphisms ¢, ¢ acd 6 of T;(P). Hence we can
put

(4.3)

g=¢"+rQ@n—PRL, =9 +aQL—rRE,
0=0"+pRE—a®r,

where ¢#, ¢¥ and 67 denote the restricted actions of ¢, ¢ and 6 on T;#(P) for
each p.

On the other hand, taking account of (3.5)~(3.7), for each neighborhood U
in M and a local cross section 7: U—P, we have

(da—BA7)(zeX, Y )=cAy(X, V),
(dB—yNa)(zxX, 74Y )=cBy(X, Y),
(dr—aAP)zsX, t4Y)=cCy(X, Y),

74 denoting the differential of z. Since the curvature form is horizontal, we
have

(p—7@n+ LR (zxX)=(rFy X)?,
(p—a@L+71RE)(rxX)=(r+Gy X)?,
(0—BRE+aQ@n)(t+X)=(rxHy X)¥,
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PexX)=(t4Fy X))+ (e X)n— Bz X)C
P X)=(r5Gy X )+ a(csx X) —7(zxX)E,
O(r4 X)=(sx Hy X )"+ Bz X )é—a(z+X)7,

where (7xFyX)¥ denotes the projection of 74xFyX to Trp,P(P). Next we show
that ¢, ¢ and @ satisfy (2.1) and (2.3). From (4.4) and (4.5) we have

P X)= (74 Fy XD+ (7 X)n— B2 X)Q)
=(t4Fp? X )T —y(c4 X)— Bz X))y
=— (72X ) =Bz X)n— (v X)C

=—rx X+ a(re X)E.
and
(Pt X))=(r4Gp X))+ a(rx X)L —1(z+ X)E)

=(txFyGu X)) +a(zxX )y
=—(csxHy X)"+a(c X )y
=—0(t: X)+ Bz X)E,

PPz X)) = ((exFy X )+ 7 (e X)n— Bz X))
=(exGy Fy X)"+ Pz X )&
=(cx Hy X )7+ B(z4 X )&
=0(c+X)+a(r+X)y

because of (3.1). Similarly we obtain the other relations in (2.3). That is, {§, 7,
{} defines a K-contact 3-structure.

Going through the process of having induced quaternion (Kaehler) structure
from regular K-contact (Sasakian) 3-structure (cf. Ishihara [2] and Konishi [5]),
our construction of K-contact 3-structure {&, 7, {} is quite natural. That is to
say, we have obtained a fibred Riemannian space (P, §) with K-contact 3-struc-
ture {&, », ¢} which induces the given quaternion Kaehler structure in the base
space. As shown in [5], such a K-contact 3-structure is necessarily a Sasakian
3-structure. Thus we have

THEOREM 2. Let M be a quaternion Kaehler manifold of dimension n=4m.
Then there exists a canonically associated RP*-principal bundle P over M. If
the scalar curvature of M 1s positive, P admits a Sasakian 3-structure and if
negative, the induced metric by (4.1) has signature (3, n).
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