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DEFICIENCIES OF AN ENTIRE ALGEBROID FUNCTION
OF FINITE ORDER

By Tsuneo SATO

§1. Recently Niino-Ozawa [1], [2] has established some curious results for a
two- or three- or four-valued entire algebroid function. A typical theorem is the
following:

THEOREM. Let f(2) be a two-valued entive itranscemndental algebroid function
and ai, az and as be different finite numbers satisfying

o(as, f)+o(as, f)+d(as, £)>2.

Then at least one of {a;} is a Picard exceptional value of f.

This result discloses the remarkable fact that the condition only on the
deficiencies implies the existence of a Picard exceptional value in the two-valued
case and there is a big gap between the distribution of deficiencies of entire alge-
broid functions and that of one-valued entire functions.

In this paper we shall relax somewhat the condition on the deficiencies as
follows:

THEOREM 1. Let f(2) be a two-valued entive transcendental algebroid function
of finite ovder by an irreducible equation

F(z, f)=r*+Aif+A,=0,

where A, and A, are entire functions in |z|<oco. Let ai, as and as be three dif-
ferent finite numbers satisfying

Aas, f)+06(az, f)+o(as, £)>2,

where 6(a, f) and d(a, f) indicate the Nevanlinna-Selberg deficiency and Valiron
deficiency of f at a rvespectively. Then at least one of {a;} is a Picard exceptional
value of f or more precisely it occurs either

() ¥an F)=1,  aay )= @y )>5 o
(b) 8an £)=1, A(dx,f)=d(as,f)>—;—.
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Further if there is another deficiency of f at as then
(@) d&as f)=1—d(as f) or
(b)Y 8(as, F)=1—4(ay, f) corresponding to the cases (a) or (b).

THEOREM 2. Let f(2) be a three-valued transcendental entire algebroid func-
tion of finite order defined by an irreducible equation

F(z f)=r*+ A2+ A1 f+A4,=0,

where Az, Ay and A, are entire functions. Let @i, as as and a, be four different
finite numbers satisfying

Kas, )+ ; 8 F)>3.

Further any two of {F(z, aj;)} are not proportional. Then one of {a;} is a Picard
exceptional value of f

THEOREM 3. Let f(2) be the same as in the above theorem 2. Let ay, as, as, a4
and as be five different finite numbers satisfying

A(d;, f)+5(azr f)+5(a3’ f) +5(a4) f)>3r
A(aly f)+5(a2, f)+6(da, f)+5(a5yf)>3'

Then at least two of {a;} are Picard exceptional values of f or more precisely it
occurs either

(a)  day, f)=0(ay )=1 and &as, f)= 6(as, f)= das f) >

(b)  oay, f)=d(as, )=1 and &a,, )= é(as, )= d(as ) >

[ o] o]

(C) 6(@2, f)=5(d4, f)=1 dnd A(d;, f)=A((13, f)=A(ds, f)> 2 or

() &aw £)=6s £)=1 and Na, f)=Aas, f)=4as, f)>% or

(e)  &aw f)=das f)=1 and A(ahf)=A(az,f)=A(as,f)>%-

Further if there is another deficient value as then
(ay o(as, )=1—d(as, f) or
(bY aas, f)=1-4d(ar, )

corresponding to the cases (a), (b) or (c), (d), (e).
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We need the following Lemma which is quite analogous to the expository
Lemma in [1].

Here the author should like to thank sincerely Prof. M. Ozawa for his kind
suggestions.

LEMMA. Let g1, g2 be two transcendental entive functions of finite order satis-
fying agi+pg.=1, apf=0. Then

4(0, g1)+3(0, g2)=1.

Proof. Suppose that 4(0, g;)+45(0, gz)>1. Therefore we have
300, 0+ 45, 03) +000, 20>,
which contradicts the Nevanlinna defect relation
dew 1)+ 3 0e =2

where the ¢, are any ¢ (=3) distinct complex numbers.

§2. Proof of Theorem 1. Niino-Ozawa’s argument does work in our case.
We firstly have

F(z, a;)=yg,, 7=1,2,3

and
4
(1) 2. aigi=1,
=1
where

1 1 1

NE —a)ai—a)’ T (@—a)a—as) O (Gi—as)a—as)

Now we suppose that all g¢,(z), =1, 2, 3, are transcendental. Differentiating both
sides of (1) we have
’ 17

S g 5 gy
(2) 2a;—2g;=0, > aj—¢;=0.
J=1 g] =1 g]

Assuming that gi, gs, gs are linearly independent, we have

_ Al _ Ag
g1= L‘t'lA’ g2= azd’

where
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1 1 1

/ / ’

g1 g2 Js

d=| ¢ gz g |=0,

A S 4

g1 [}] gs
g= 09 0 9 1
gz Qs gs Q2 g1 03 g1 Qs

Let

2z
2u(r, A)=—2—1; So log Ads, A=max(l, |Ai|, |A:).

By Valiron’s theorem [3]
| T(r, [)—plr, A)|=0(Q).
Further we have

2/‘(7‘: A)=2/,!(7’, g)+0(1)1 g=max (1’ |gll: |92|)

Hence
4 4
1
=log*|4,|+log*|4;| +log™* W +0(Q1).
Thus

2u(r, g)=m(r, dy)+mlr, Az)+m(r, %) +o)

= Z:N (0, gf)'l-o(]—zi:l mr, gf))

without exceptional set. Further for j=1, 2

m(r, g =m(r, 0)=2ur, g)
and
m(r, gs)=m(r, g1)+m(r, g) +0(1)

=dp(r, 9)+0Q).

Hence

i m(r, 95)=8(r, 9)+O(1).
J=1

37
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Then we have
3
2u(r, g)= j_Zl N7 0, g5)+o(u(r, 9))

3
ie. 1=y, M09

=1 /l(r’ ) +0(1)

without exceptional set.
By the definition of Valiron deficiency

s 2un9) i ©, 9) == I, f)
=1"A(ahf):

N(?’, O gl) hm N(Ir; dlyf) — lim N(T; al)f)

we have

N(r; 0, g1) +fﬁn N(r; 0, g5)

1<lim
T e 2u(r 9) Siee  2p(r, 9)

=1-d(a, )+ Zal (I—a(as )
=2
which implies
A(ah f)+ i: 5(0’], f)éz-
=2

This is absurd. Therefore g, gs, g5 are linearly dependent. Thus we have
Brg1+ Page+ Bsgs=0.

The above equation together with (1) gives

(A) 701+70:=1,  7ir2%0,

(B) 7202 +730s=1,  7ars=x0.

In the first place we consider the case (A). Now

m<r, gl)é m(r’ g) =2ﬂ(r) g)

A

[ 1og* max(iragl, 1+Ia:Dd+0C0)

1
pr
1
2z

IIA

2
S log*|g:]d0+O(1)

=m(r, g1)+0(Q).
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Hence

(7, g1)—2p(r, )] =O(1).
Further evidently

lm(r, g1) —m(r, g2)] =0(1).
Therefore

N(r; a1, f)

lim =lim = lim

N(T; O’ gl) J H N(?’; O’ gl)

oo T, 1) me 2p(1, 9) 5w m(7, g1)

This implies
Ay, )=4(0, g1).
Similarly we get
oy, £)=0(0, g)-
Hence we have
400, 91)+(0, g2)=4(as, )+ (@, £)>1.

By virtue of Lemma we have a contradiction.

Secondly we consider the case (B). Similarly with the case (A), we have

6(aj) f)=5(0’ gj), ]=2) 3.

Hence
(0, g2)+0(0, gs)=0(as, f)+d(as, £)>1,

which gives similarly a contradiction.

39

These contradictions give that one of {g;}3-, must be a polynomial: ie. (1A) ¢:

is a polynomial, or (1B) g, is a polynomial.
Consider the case (1A). Assume that a;g:=1.
From

o202+ asgs=1—ag,

we get

’ 4
s L gotay L gs=—aygl.
g2 gs

Thus, noticing that ¢; is a polynomial

m(lr’ gz)§N(7’§ O; g2)+N(1'; Oy gﬁ) +0(/,!(7’, g))'

Then
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1=tm Y M60.9) - 5154, 1)

700 3=2 m(r, gz) J=2
by virtue of |m(r, g;)—2u(r, g)]=0(log »). Hence we have
5(“% f)+5(a3: f)——<—"1;

which is a contradiction. Hence ¢. and g; are linearly dependent. Consequently
we have that ¢, and ¢g; are polynomials respectively. Thus A, and A, are poly-
nomials, which is absurd. This leads us to the following fact: aig:=1. Hence

as F)=0as 1)> 5

and 4(a,, f)=d(as, f)=1. This is the desired result (a). Next consider the case
(1B). Assume that a,g.%1. Then we can obtain similarly to the case (1A)

m(r, g)=N7; 0, g1)+N(; 0, gs)+0(p(r; 9))
without exceptional set. Then we have
d(as, )+o(as, £)=1,
which is a contradiction. Consequently we get a.g.=1. Hence we have

Han f)=0an ) and M@y =4y >,

which is the desired result (b).
Assume that there is another deficiency d(a, f) satisfying

A(as, f)+(az, f)+o(as, £)>2.

Then we have
(@2—ag)g1+(@i— ar1)ga+ (@1 — a5)gs= — (@2 — @1) (@ — a1)(a1 — a@2).
By the above discussion we have in the case (a)
(az—as)g1=—(a:—as)(@s—a1)(@1—a),
which shows
(@s—a1)g2+ (a1 —as)gs= — (@2 — as)(@s— as)(@1— a2) %0.

This implies a contradiction. Hence

oas, £)=2— My, f)—d(a 1)

=1-d(a., f)-

In the case (b) we have
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(@s—a1)ga= —(as—a1)(a:1—az)(@:—as),

then

0@y, £)=2—May, f)— (e, £)=1-May, f).

§ 3. Proof of Theorem 2. We put
g]=F(Z’ aj)y j=1y 2’ 3’ 4’
and assume that all ¢,, j=1, 2, 3, 4, are transcendental. Now we have
4
(3) 2 aig;=1,
J=1
where

4
a,=1/ [ @—a), =123 4.

k=1
kxj

Assume that g¢i, g2, g; and g, are linearly independent. Then the Wronskian does
not vanish identically. By differentiating (3) we have

4 ()
(4) Sy Y g=0, =123
=1 g

We can solve (3) and (4). Then we get

n="t, i=L2,34,

where
0 G O
4o 1 A A/

1
” Z " ”
n g;| v 92 095 G
meo o

0 [ Js Js

and 4, is a polynomial of

gl(/‘) g‘(j“—)l gy:l?l gfl‘) __1 2 3
0 i e g PTRBS

Then
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log g =1log max (1, |g4l, |gl, lgs))

3
=log* + 23 log* |4;]4+0(Q).
j=1

1
14|
Hence

1 (2=
3ur, 0)= 5 | 1og gdo=m(r, )

< m(r, %) + zj;1 mir, 4;)+0(1)

4 4
= N30, 0)-+o( 5 0 09)
I= J=
without exceptional set. Further we have

32 m(r, 6 S6m(r, g)+O()

and
p(r, A)=p(r, 9)+0(D),
where
A=max (1, |Aol, |Ail], |Azl).
Therefore

. N»0,¢) & _-— N»0,g9,)
1=lim 0 20 | S 2 99
e T aIm s

4
=1-4(ay, f)+ Zz(l—ﬁ(apf))
=
by virtue of Valiron’s theorem. Thus

Mas, )+ z‘, 8ay F)=3,

which is a contradiction. Hence we have the linear dependency of g, g2, gs and
04, that iS,

M-

Big,=0

Il

J=1

with constant {8;} not all zero. Here at least two of {;} are not zero. Hence we
may assume that
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(I) Bsfsx0 and Bi=ay,

(II) ‘B1ﬁ2=‘F0 and /31=a1.

We divide the cases (I), (II) into several subcases as follows:

Case 1)
(i) ar1xpy,

(i)  ai¥py,

(I
B1Ba=0.
as> Pz, oas¥Ps,

az#ﬁz, az= ﬁ&)

a1 azp,

(iii) Ch#ﬂl,

az¥ P, az=ps,

al,82=a2,817

(iv) a1=py,

Case 2)
(1) awxp,,
(ii)  aspy
(i) aw=ps,

Case 3)
(1) as*ps
(ii) as=ps.

az=Ps as=ps
Bi=0, B;=0.
as™ P,

as=fs,

as=fPs.

pr=Fa=0.

Case 4)

(II)
BsBa=0.

(1) 2P asxPs, asps,

(ii) 0(2=‘Bz,

a:;#ﬂa, (1'43\:,84,

asBaxasfs,

(iii) Az = ‘Bz,

as¥fs, i ps,

03,34 = a4ﬁs;

iv) ae=ps

Case 5)
(i) ae=p,,
(ii) az=ps
(i) @2=pe,

Case 6)
(1) asfy
(ii) ae=ps.

as¥Ps, as=ps.
Bs=0, Bix0.
as = By,

s By,

ay= P4

Bo=Bu=0.

43

The cases 1), (iv); 2), (iii); 4), (iv) and 5), (iii) give trivially the desired result.
The cases 1), (i), (ii); 2), (i), (ii) and 3), (i) lead to an identity of the fol-

lowing type:
(A)

7191+ 720217303 =1,

7172730,

The cases 4), (i), (ii); 5), (i), (ii) and 6), (i) also lead to an identity of the fol-

lowing type:
(AY

(B)

(©)

72927395+ 700 =1,
The cases 1), (iii) and 4), (iii) lead to
7101+720:=1, 713gs+749:=1,
The cases 3), (ii) and 6), (ii) lead to

rersra 0.

agitasgz=1, asgs+asgs=0

rirersrs 0.
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and
(cy a101+a20:=0, asgs+asgi=1

respectively.

By our assumption the cases (C) and (C)’ may be omitted.

In the first place we suppose that (A) occurs. Assuming the linear independ-
ency of g, g2, g3, we can apply the same method as in the above and then we
arrive at a contradiction. Hence g, g2, gs are linearly dependent. This and (A)
imply

(a) 0191+020:=1, 85,50, or
(b) 0sg2+0sgs=1, 020s0.

Considering the cases (a) or (b), we arrive at a contradiction in either case by the
Lemma. Hence we can say that one of {g;};-1,2,s is a2 polynomial.

Similarly consider the case (A)’, we can obtain that g, gs, s are linearly de-
pendent. This and (A)’ imply for example

0sgs+019s=1, 0:040.

In this case we have the same desired result.
Secondly we suppose that (B) occurs. Let G=max (1, |gi|, |gs]). Then

m(r, g)=m(r, G)+O0Q1)=m(r, g)+0().
Further
m(, g)=m(r, G)+0Q1), j=2,4.
Hence

m(r, G)=m(r, g1)+m(r, gs)
= 3 N3 0, 0)+0(m(r, G)
without exceptional set. This leads to the following contradictory inequality
A(ay, f)+éa(aj,f )=3.
Thus either ¢i, g2 or g¢s, g« are proportional, which is absurd.
§4. Proof of Theorem 3. We set also

gj"—_F(z: aj)y j=1y t 5:

and
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(5) B1g1+B292+ Bsgs +ﬂ505:1

and suppose that all ¢;(z), =1, .-+, 5, are transcendental. Therefore the reasoning
in the proof of Theorem 2 leads to the following cases:

(i) (C) and (5), (ii) (CY and (5).

Since the case (ii) can be handled quite similarly, we only consider the case (i).
Since a1f:F fivs, We have

(1B —a21)gz+ a1fsgs + a1 Bsgs=a1— B0
or
(21— a1f2)g1+ asPsgs +azfsgs =z — P2 0.

Thus we obtain a desired contradiction in either case. Hence one of {g;} is a
polynomial.

Consequently we have the following fact: At least one of {g;}5-, must be a poly-
nomial, that is

(3A) ¢; is a polynomial, or (3B) g¢. is a polynomial, or (3C) g, is a polynomial.

Firstly we consider the case (3A). Further assume that the other g, are trans-
cendental. If a;g:31, then the identity (3) implies

asgz+asgs+asgi=1—aug:.

By the same method as in the proof of Theorem 1, this case gives a contradic-
tion. Thus we have the existence of a polynomial among g¢s, gs, g« In this case
we get

(a) olas, f)=ola,, f)=1 for example or
(b) ¥ai, f)=d(as, f)=1.
The case (a) leads to

szt augs=1—a19:—asgs,
,33!]3 + ,3595 =1- ,31(]1 - [3292-

By virtue of the argument in the case (1A) of Theorem 1, we have the linear
dependency of ¢; and g4, gs and g5 respectively, that is,

1
5(03’ f)=5(d4, f)=5(a57 f)> ?'
The case (b) leads to
azgz+asg3=1—algl—a4g4=0,

Baget+ Bags+ Bsgs=1—Bugs,
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which yeilds also
as, S)=ilas, F=das, )>

by virtue of our standard method. If a;g;=1, then we have

ﬁzgz‘l‘ﬂz.gz‘l‘ﬂsgs: —“‘@1‘
251
by (5), where
fi= 1
o (a1—az)(a1—as)(a1—as) )
Hence
R el )

Therefore we can prove the existence of another polynomial among g., gs, ¢s.
Also we have

(a) &ay, f)=d(as, f)=1  for example or
(b) o(ay, f)=0d(as, f)=1.
The case (a)’ leads to
asgst o= — o2,
_1_ B _
Bsgs+ Bsgs=1— —— — Pag2=0,
a1

which is absurd.
The case (b)’ also leads to

ags+asgs+a.g.=0,
_1_ B -
Begz+ Bsgs=1— — — Bsg5s=0.
a)
In this case we obtain a part of the desired result:
1
oas, )=das, /)=d(an )> -
Secondly we consider the case (3B). Further assume that the other g, are

transcendental. If a.g.%1, then we have the existence of a polynomial among
g1, gs, g+ from the identity

o191t asgs+augs =1 — Q202
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by the standard method. Thus we get
(¢) o(as, f)=d(as, f)=1 or
(d) d(as, f)=0(as, f)=1 or (a).
The case (c) leads to
191+ asgs=1—azgs—asg.=0,
Brg1+Psgs+ Psgs =1— g,
which yeilds
@y, f)=0o(as, f)=o(as, f) or

Mas, )=Has, £)=das, > 5

The case (d) leads to
191t ags=1—axg.—asgs=0,
B191+ Psgs=1— Bag2— Bsgs =0,
which provides

5(@1, f)=5(a4! f)=5(a5r f) or

Hay 1)=Hau )= das, >+

If azg.=1, then we have only the following case, that is,
(c) a(az, f)=d(as, f)=1
by virtue of the argument in the above case: a;g;=1. In this case we get

5((21, f)=5(a3’ f)=5(a4’ f) or
M, )= das, N)=dao F)> 5

Finally we consider the case (3C). If a.g.31, then the reasoning in the above
cases leads to the following cases:
(b) or (¢).
If asg.=1, we have

g1+ azgz+asgs =0,
,3101 +ﬁzgz+ﬂags +ﬁsgs =1.
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Hence we get
7191+ 7305+ 7595 =1, 7173750 or
7e02t 708+ 7505 =1,  rarsys=0.

Thus by the standard method we have the existence of a polynomial among
g1, s, s OF g2, g3, gs respectively. These cases give

(b) or (cy &(as, f)=d(as, f)=1 or
(e) oas, f)=das, f)=1.

For example the case (e) leads to
7191 + 73gs= 1- 7595 =0,

a1g1+azgz+asgs=0,
which yields

6(“17 f)=5(a2’ f) =5(C13, f) or

1
Aay, f)=4d(as, [)=Ad(as, f)> 5
Thus the proof of Theorem 3 is complete.

§5. Applying the method in the proof of Theorem 3, we have the following

THEOREM 4. Let f(z) be the same as in the theorem 2. Let a,, as, as, a, and
as be five different finite numbers satisfying

oa, f)+0(az, f)+0(as, 1)+ d(as, £)>3,
oay, f)+0(a, f)+0(as, )+ d(as, £)>3.

Then at least two of a; ave Picard exceptional values of f or more precisely it
occurs either

(a) olay, f)=o(a., f)=1 for example and
Has, f)=Mao )=Mas, ))> 5 or

(b) oay, f)=0(as, f)=1  for example and
s, F)=0(ar, )=das, /)> 5 o

(c) olas, f)=0o(as, f)=1 and

5(al:f)=6(a2; f):5(03, f)> —%*.
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