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ON THE CAUCHY PROBLEM FOR THE SYSTEM OF FUNDA-
MENTAL EQUATIONS DESCRIBING THE MOVEMENT
OF COMPRESSIBLE VISCOUS FLUID

By NosutosHI ItAavA

Since the preceding century, a great many studies, classical and modern, have
been made on the movement of non-viscous fluid, whether compressible or incom-
pressible, (cf. Lichtenstein [29], Bers [2], Bergmann [1, bibliography], Goldstein [15]).
As seen from a methematical point of view, the boundary layer theory by Prandtl
[34], [35] is only a variation of the above-mentioned studies.

In early thirties of the present century, Leray [26], [27], [28] began strictly
mathematical discussions on the non-stationary problem for incompressible viscous
fluid, inventing a concept “solution turbulente”, which corresponds to the concept
“weak solution” in the present day. About twenty years later, Hopf [16], Kiselev-
Ladyzhenskaya [22], and Lions [30], [31] proved the existence of a “generalized” or
“weak” solution of this problem, each independently. (Kiselev-Ladyzhenskaya and
Lions proved the uniqueness of the solution in a space of functions). In Japan, Ito
[17] showed the existence and uniqueness of a classical solution of this problem,
and Kato-Fujita [20], [12] improved these results above by the method of functional
analysis, utilizing the theories of fractional powers and semi-groups of operators by
Glushko-Krein [14], Krasnosel’sky-Sobolevsky [23] (also, cf. [36], 37]), Cattabriga [23],
and Kato [18], [19]. They proved the existence and uniqueness of a solution in a
certain space of functions. The stationary problem for incompressible viscous fluid
was treated by Finn [7] [8], Fujita [11], etc.

As for the stationary and non-stationary problems for compressible viscous
fluid, so far as the author knows, there have been very few studies on them,
probably, because of the complexities enjoyed by the system of equations describing
the movement of this kind of fluid.

In view of these circumstance, we dare to find a way of solving this problem
firstly from a classical point of view, restricting the spatial domain to R® only.
The whole discussion consists of two parts: §1~8§4 and §5~§6. The former
introduces the problem to be discussed and treats linear equations connected with
it. The latter discusses on the original problem, trying to demonstrate the existence
and uniqueness of a solution. In the last stage, Tikhonov’s fixed point theorem [39]
plays a very important role. The proof of the uniqueness of the solution requires
very delicate techniques and considerably lengthy calculations.
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§1. Introduction.

1.1. Introduction and main theorems. The movement of fluid is described by
a system of five differential equations corresponding to the laws of conservation of
mass, momenta, and energy.

i) Conservation of mass.

1.1) Z—’; +div pv=0, (o, density; », velocity).

ii) Conservation of momenta.

D .
1.2) pF;)-' =pf+Div P,

D 0 . 0
(ﬁ == +(-F); f, outer force; P, stress tensor; Div P= o Pik>.

In isotropic Newtonian fluid, P is expressed in the following way:
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1.3) Pip=— <p+ %#@>5ik+ﬂeik’ (p, pressure; p, viscosity),
where
avi avk 1 .
’ — —_— = - =
1. 3) eir o P 2] 5 ewx=div o.

From (1. 2), by (1. 3), we obtain the so-called Navier-Stokes equation:
Dv 2 . .
(1. 4) °r =pf—grad <p+ T div v) + (V- pVyo+Div (42 grad v).

a) If p4 is a constant, (1. 4) has the form:

Dv

4
(L. 4) o

—pf—7p+ d1vv+;zAv

b) If ¢ and p are constants, (1. 1) and (1. 4) have the forms:
1.1y div =0,

Dy

7’

= =pf—=Vp+pdv.
c) If =0, (1. 4) has the form:
Do s .
(1. 4y O F =P f—rp, (Euler’s equation of perfect gas).
iii) Conservation of energy.

DE lPikeik—l—div (¢ grad 0)=¥ —p div v+div (x grad 0).

@5 =y

(E, internal energy; x, heat conductivity; 6, absolute temperature),

where ¥ is the function of dissipation defined by
1

(1. 6) U=pO+ 5 Puew=p 3, ¢ht = 2 (eu—e5)*(20).
2 W<k 6 5

DE _9E Dp | oE DO

WD =% ot or

____< ) —p>( pleU)-f—Cv< o Vo)

(Cy, specific heat at constant volume).

Thus, we have

1.5y 0Cy %?— =div (¢ grad 0) + ¥ — ‘b d1v v—Cypv-I70.
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If we assume that p is virially expanded, i.e.,

1.8)  p=032 dn", (0<p<p*=radius of convergence of the power-series< -+ o0),
n=1
then (1. 5) has a form,
, a0 . .
1.5) pC,,—a—t— =div (x grad 0)+¥ —p div o—C,pv-F0.

When p, £, and C, are constants and p is virially expanded, the system of
equations to be considered is as follows:

op .

1 S— —d

1.9 pr +div pv=0,

1.9)? ___av —pf— 170— 0p Vp—}—udl)—l—ﬂr divo—p(-F)y,
. v — =kd0+T —p-divo—C,ov- V4.

(1. 9)® oC. g(; A40+V di Coov-V

Hereafter, we shall consider a Cauchy problem of (1.9) in which the initial
condition is given by

(1. 10) oz, 0)=0vo(x),  O(x,0)=00(x)(=0), oz, 0)=po(x)(>0).
As final results for the Cauchy problem (1.9)-(1.10), we have the following

three main theorems. (As for notations, see 1.2, 5.1, 5.5, and §6).

TuEOREM 1. For some T'€(0, T, there exists (v, 0, p)e Hy:* X HE#* X B (0=0 and
+00>p*>p>0) such that (v, 0, p) satisfies (1. 9)-(1. 10), where (vo, 0., po)€H2 e H2 %
H'* (0<po=po=p0<p*, Do and p, are constants) and feH.

THEOREM 2. For (vo, 0o, po)e H**EX H* X H**L (0<po=pe=po<p*<+c0) and
feH$, if there exists a solution (v,0,p) of (1.9)-(1.10) in

[ %““ﬂ{u(x, ) : Dru(|lm|=3) are continuous, 3, ( |D”‘u|‘°>—l-|D"‘ul(L))<+00”

|m|=3
X H%* X B,
then the solution is unique there. (“L” indicates that the Holder exponent a=1).

THEOREM 3. If (vy, 0o, po)€ HA** X H** X HHL (0<pe=po=p0<p*<+0c0) and
FeH%*, then, for some T'€(0, T, there exists a unique solution (v, 0, p) of (1.9)-(1.10)
in HE X Hit* X Bi® (0=0 and p*>p>0).

1. 2. Preliminary surveys. In connection with (1. 9)?, we consider the following
linear problem:
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ov 1
v _ 44 —TF di , , 2=R3x(0, T)),
- & own(+3 mﬂww (@, e Ry=R*x (0, T))

v(z, 0)=vo(z), (xeR?),
where
(1.11) o, feHy, 0<oo=o(r, t)=01=|o|P<+oo0, wvo(x)eH**,  (ac(0,1)).
For ac(0,1), H3** (n, integer =0) is a Banach space of real functions g(x, #) defined

on R% such that

1.12) llglig*2=_ > |DiDzglP+ 2. IDfD’é‘gl§?¥)+2+|Z|_nIDZD';TQI%'37<+00,

2r+|m|=0 2r+|m|=n—1
where, for A(z,?),

|7, £)—h(w, 1)

|k = B (=, )], |h|5P = SUp g
(1. 12y o
igi= sup PHEOZREOL i< gl
(z-esx')
and, for m=(m;) (m;=0),
(L. 12y mi=Xm,  Di= E'Faa%;"_

For a vector function ¢(z, #)=(gs),

(1.13) =2 la:l?,  lolP=X e, llollF*2=EllgdlF*, ete.

H™t* is a Banach space of functions #(x) defined on R* such that

(1. 13y lul o= 35 1DB|O+ 5 | DRul® <o,
|m|=0 [m|=n
where
() —nu(x")]
7 0) — (@) = —_ -
1.13) lul @ =suplu(@)],  |u|= sup T2 "
(xx2’)
We put
(1. 14) Po(D¢)EA+%VdiV.

LemMmA 1.1. The system (1.11) is wuniformly parabolic in Petrowsky's sense,
i.e., there exists a number 6>0 such that
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(1. 15) max ﬁ}lg Re {2;(¢; z, H} = -4, (Y(z, )eRY),
7 lel=
(5's are the roots of det [¢(x, 1) Py(i€)— I2]).

Proof. For |¢]=1, 2, (j=1, 2, 3) satisfies

(1. 16) det [o(x, ) Py(i8)— I = 1>+ —43— 0?2+ a® (% - —2?,7 5‘;’8%&%) =D(2; 0; £)=0.

P TPV I ¢ S 4 N7 LT, 1
ED(Z,G,E)—?)X + 3 gl-t+ 30 —3<2+§o> +§o 2—3—0, (for 2eRY,

d 11
’ . e —
(1. 16) - D(0; 0; &)= =5 a2,

35

4 2 242 22
D(0; o5 5)=03<§——27$15253>§'2_7‘03>0-

By (1. 16_5)’, D(2;0;6) has one negative root 2, and two complex conjugate roots A;
and A3=1,. 4, A, and 2; satisfy

21"‘22'{‘13: ol %—0‘.

D% & 0)=(d/dA)D(} & o) increases monotonically in [—44/9, +co), and

4 \_A[ 36\, 2 4 18
D( 30,0, 5)—- 3 (1 'ZZS‘)G - 27 03(515253)2§-‘§' _ZE03<0'

Therefore,

— G TSRS DA G O D0 5 = — 1y o5 — - i)

9 T11\3
3 4 2 35 35
(1. 17) é—ﬁ0(§~ﬁ>§—“®d§—§§ﬂ'o<oy
4 4
Re 4,=Re 3= —;—{ - —%o—ll}éé{— %—a‘{—-g—a‘ =—35° =— §¢IO<0
Thus,
35
(1. 18) max sup Re (& z, )= — —=ao.
7 1= 929

This shows that the system (1.11) is uniformly parabolic in Petrowsky’s sense.
Q.ED.

In the same way, we can relate (1. 9)® with the following linear equation:
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06

—5‘“——&(1" 140+, (3, 9€ H3*”, 00 =6=6,<+00),
1.19

0(zx, 0)=0,(x).

It is obvious that this equation is uniformly parabolic in Petrowsky’s sense. So,
we can treat (1.19) in parallel with (1. 11).

§ 2. The fundamental solution of a linear problem.

2.1. Parametix Z(z—¢,4y,7). In connection with (1.11), we consider the
following system of ordinary differential equations in #

WV oy, POV ), (CeCY),

@.1) dt
V& t;y, Ole=e=I  (unit matrix).

V can be solvéd directly from (2. 1), ie.,

2.2 V&, t,y, r)=exp {t —)o(y, 7) Po(i0)}.

We define the parametrix Z=(Z%(x—¢&, ¢, y,7)) of (2.1) in the following way:

2.3 Z(x—¢ by, )= et @OV U(gy, by, 1)dbs,  (,7=1,2,3).

?2_177)—3 SRa

We note that the following relation holds between the roots 2, (7=1,2,3) of
det [o(z, 1)Po(i{)—2I] and the roots A of det [Py(il)—AI]:

2.9 4G 2, )=z, D7),  (G=123).

For 2 (i=1,2,3), we have

(2.5) max sup Re 20(8)<— ﬂ,
7 lEl=1 99
2.5 PEH=2200Q),  (©=0,LeC?).

The following two lemmas are taken from Friedman ([9], [10]) with some
modifications.

LemMA 2.1. If f(2) is a continuous real-valued function on C", satisfying

fvz)=1?2f(2), (=0, 2eC™ p, positive integer),
@6) {

f@)=—0dlz?”,  (zeR", 5>0),

then, theve. exists a number a,>0 such that
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@67 flati)=—ClalPtaly?, (@yeR),  (f. 19, CH. IX, §2)
LEMMA 2. 2. For the matrix %" Py(il),
- 0mO 52 /3 (L+oly, I PO| +aty, I E) exp | ¢ max Re foa, SIG]

(¢f. [10], CH. 7, 2),
where, for the matrix A=(ay;),
@7 [Al= X laigl.
7

(N.B.: ZL/—%QIAH (norm as an operature)=(3 Iaijlz)”zélAl).

By Lemma 2.1, we have:
LeMMA 2.3. There exist 5 and a>0 such that
2.8 Reloln DC=e+in)Sots, 0|~ gleltalrl* |, (=129
Proof. We have only to put,
(2. 8y fiQ)=Re {oly, 1)AP )}, do=0= % Q.E.D.

If we define for {eC?

2.9) (ALY ke S (Y S S [
then
2.9 | PG| =41¢)%

By the lemmas 2. 2 and 2. 3, we have:

LeMmMAa 2. 4.

(2 10) | V(C’ t; Y, T)I —_ Ie(t—r)u(y,t)Po(iC)‘
§Co exp { (t—T){ — %UOISIZ'*" (_% +5)01 |7]I2} ] Ecoe(t—r)Qu($.v).
Proof.

0 0 [/ 0
= S lerralnl == 121t = S+ (S
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o, =K exp |~ § t-s k| =(5) K0, (K@b=(755))
Hence,

|V 9, 0| SCo-exp {(t—r)a(y, )= g e+ (a+g) W} =Coeto0%em,  QED.
LEMMA 2.5. For the index-vector m (lm|=0),

m 77 . m —(m|+3)/ |x_$|2 = _§_>
(2. 11) D,zZ J(x—é‘,t, Y, 2‘)§C§l "(l‘—z') (ml+3) zexp‘—m}, (dl—d‘i’ 1)

Proof. By Cauchy’s theorem, for »eR?,

. 12) Zi(x—&, by, 7)= erCotr @=OV15(8, iy, £ y, T)dbo.

1 S
(2r)* Jro
(2.13) D3Z(x—¢&, Ly, 7)= (—21”)—38 (#(o+-in))mer Cotin - @=O U (E -1y, t; y, T)dEo.

R3

[(Eotan)™ = (& + )™ =21™=2(|&| ™4 [5] ™).
Hence,

Cozlml—l

G LT @0 WD |y 2(f )
7

|DRZ i (x—&, ty, 7)| =

XS (|&o] 114 || )~ @0 Griewmlel’ g,
R

We choose 7 such that

777/:]771| sgn (xl'—Ez)y (i=1, 2) 3):

2.14) 3 lz—¢|
= 8 Basay, i=2)"

—p =9zl 255,

—p-(@—&)+aio(y, D)E—1)|y|?

=—|gl- IJZ/—gl +(t—1)ao(y, 7) 5> =— W“I:(:y_i](ﬁ

Thus,
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|DzZ(x—§, 8y, 7))

oimi-1 4\ Cml+3)2
(2 ) a(y, T)—(lml+3)/2{<g> ’ I(|m|+2)
215
{58 oot (5 oo oo |
SCLm(Con, @t —0) 2 exp| = 57 2,
@. 15) ([(,1)5 So r"e‘“dr). QED.

LemMA 2.6. For m such that \m|=1,
@. 16) S DiZu(n—8, by, D=0,  (t>7).
R3

Proof. Using the preceding lemma, we can prove this by means of direct
integration; e.g.,

|, Dezia—e b0, 9300= tim { dedn” Do 2008, 10, 000,

N—+oo

@.17)
=S dnydes lim (Z5(@—&, £, DY, y} =0, QED.

No+o

CoroLLARY of Lemma 2. 6.
2. 18) S DZ¥(z—¢&, by, r)dx=
R3

Proof. This is obvious from the fact that Z satisfies

(2. 18y D:Z=4(y, ©)P(Dz)Z. QED.
2.2. Some calculations. The difference

2.19) W& Ly, oh=VE Ly, )—VEtyth)

satisfies

%;V—— -0(1/, T)PO(ZC) W""‘ {a(y, T) U‘(y—i"h T)}Po(iC) V(C) ’ y+h T))

Wl==0,  (¢>7=0).

(2. 20)

Hence
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t

(2. 20y W& syt h)=g et IR gy, Ty —a(y 1, DV P V (&, 7o y+A, 7)drs.

From (2. 20)’, we have:

LEmMmA 2. 7.

) 3
W b, W) =[h]Cr exp ((t—ﬂ— 2 ulelt(a+ 50l
2.21)
= |h|“C2e“")Ql(e"’).

Proof.

W& 8y, 75 A égzcﬁ-exp {(t—10)Q0(&, M} - 0| P | 2% - 4]|?- exp {(To — 7)Q0o(&, D)}dTo

4
@ 22) < |h|"-(Cor-d—— K (1, 0) exp {(t—r) [— ‘5—¢70|5|2+(d+§5>01]’7|2H
50'0 8 8
=[] Coet-o0um, QED.

LemMa 2.8. For m (|m]|=0),

1D';Z7'j($—$, t; Y T)_D?Zij(x—&?} t; y+h’ f)l

(2. 23)

< Ih]“é('m') exp { — _1_ . W_—ﬁt (t—7)-Ami+ar2 <42=a+ ig)

= ! 24a,0, t—7 ’ 8

Proof.
D’;Z”(@'—E, t; Y, T)—D?Z”(x"'éy t; y+h7 T)
2. 23)
=(2ﬂ)"38 (i(Gotim) et Gt iD @O Wii(E +in, 8 y, 7; h)dé.
R3

From this equality we obtain (2. 23) as we did (2. 11) from (2. 13). Q.E.D.

In the same way we have the following lemmas.
LEmMMmaA 2. 9.

|DRZi(x—¢&, by, ©) =D Z%(x’ —&, by, 7)
2. 24) 1 |
_ z—¢|?
<Clml+1)(¢— ml+4y/2, —_—— —x
=Cf¢ t—1) exp TP . le—x'|,

(Zexx’ =convex hull of {x,x'}).

LEMmMA 2.10. For t>¢ >t
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|DEZi(x—&, by, ©) = DRZH(x—&,¢; y, 7)
(2. 25)

§4'ch§'ml+2)(l‘—t')(t'—r)‘('m'”’)/z-exp[._ 1 . |x——§|2 }

24(110'1 t—7
Lemma 2. 11.
|D.D3Z%(z—¢, b y, 1) — D DRZ (2 — &, ; y+h, 7)|

-
24a.0, t—7 |’

(2. 26)

é ]hIaC§|m|)(t_T)‘-‘(|m|+5)/2 exp

LemmMma 2. 12.

]DtZij(x*E’ t; Y, T)"—-DLZU(J;__E’ t; 'y” T)I
@. 27)

@)1 .| @ @V 00| —5/2 |z —&|?
=2{CP?|o|P+0.C PHy—y'|"(t—7) €xpy— .

246120'1(t - T)

2.3. Construction of the fundamental solution. It is known that the system
(1. 11) has a unique solution in H%, (cf. [24], [6]). [More generally, (1.11) has a
unique regular solution (cf. [6], Ch. 2 and 3)].

As shown in §4, v(x, ?) is expressed as

@2 awd=u@+| | 1ese et arDane

where I'(x, t; & 7) is defined by

(2.29) I, t600=Z(x—¢§, 16, T)-I-Szdrogmz(x-y, 5y, 7))y, 70; & )y, (E>70=0)
and @ satisfies a Volterra-type integral equation,

2.30) Oz, t;&0)=K(x, t; &)+ SidroSRa K(z, 8y, 7)P(y, 70; &, 7)Yy, t>7=0)

(K(.Z‘, t; 3 T)E{O’(.I’, t)PO(Dz)—IDt}Z(x_“Sy t; 3 T)
2. 31
@30 ={o(z, t)—0(&, N Po(D2)Z (w—§, 15 §, 7).

I'(x,t;& 1) is the unique fundamental solution of (1.11) (f=0), so far as solutions
in H%* (more generally, bounded regular solutions) are concerned. It will be
known from the Holder-continuity of @ in x to be shown in §3 that I'(z, £ ¢, 7)
satisfies

(2. 32) O (016 9=0@, OPDI @, 56,9), (E>0),

and it is obvious that
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. 33) limS I'(z, t; & 0)0u(€)de =vu(x).
N0 JR3

Thus, I" has all properties as a fundamental solution.
We give some formulas here.

LEmMmaA 2.13.
”
(2. 34) e <K (p, b)e ", (K(,;, b)= ’E(T&—T)} , =0, be[0, 1)).

LemMA 2. 14.

_a =yl s ly—sﬁ}
Smexp{ a P— }exp{ a p— dy

=(%) {(t—rﬁr:—r)} exp{—a%), @>0, t>7>7),

(2. 35)

I'()I'(B)

t
’ a1l \8-1 —(f— )81
(2. 35) Sr(t O O N G N rews S0}
LEmMMA 2. 15.
13 B Iw_él2 o Cen _ -
S (t—z'o) "’zexp —h P dz.oés /G 2)/2,[1;_£:| ﬂ+2cu 3 ch
T ] 0
(2. 36)
=2k 22| g — &2 (n—3), (=3, h>0).
@ is given in the form,
@.37) O, 1,6, 9)= 3, Knlw, 5, ),
m=0
where
Ka(z, t; ¢, T)Egldrog Ki(z, t; y, 7o) Kn-1(y, To; )y,
2. 37 ‘ B3
KQEK
IK(x’ t; Ey T)l = ]G(J/‘, t)_o'(&y T)I * ]Po(D;;)Z(JU—E, t; E! T)]
(2. 38)

§C4(t—r)‘5/2+"’2exp[—h1 'j_az}, <h —1—>

1=
-7 48[110’1

Inductively,
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T 3/2 a m+1
i) er(z)]
< hl ) ) 2 (t_r)—5/2+a(m+1)/2

F((m—{—l) %)

1

[ K, 5 €, T)| = (711— ) e

(2. 38y
.exp[—};1 Iv”;:fl }’ (m=0,1,2, ---).
—3/2 T—alz{ (L) N C4F<-ﬁ) T2 ‘mﬂ
| Kz, 85 &, )| = (-%) 2 2 (t—r7)-5/2var2
(n15)
(2. 38)""

— 2
-exp{ —hlm—é]—}, (m=0,1,2, --).
t—r7

By (2. 38), the righthand side of (2.37) converges uniformly for #>7=0, and by
(2. 38)’” we have:

LEeMmMA 2. 16.

o () (@)
|O(z, 8 &, 7)| = mZ=:0 <E>‘3’2T"”2 1 - (t—7)-52+er2
F<§(m—{—1)>
(2. 39)

-eXp{—hx IJ;_E'Z }Eca(t—r)_5/2+"/2 exp ‘-—hl lo=¢l® }

—7 t—r
ReEMARK. The linear equation connected with (1. 9)*

%Z— =d(x, 1)40+g, @, geH%, 0<60=0(x, 1)=61<+0),
(2. 40)

0(z, 0)=0,(x)(e H?+),

is, of course, uniformly parabolic in Petrowsky’s sense, so that we can treat (2. 40)
in parallel with (1. 11). The corresponding constants and variables will be denoted,
e.g., by 'Cy, '®, etc.

§ 3. Estimates for the fundamental solution.

We want to know concrete ways of estimate the solution »(x,?) of (1.11), for
a later use in demonstrating the existerice of a solution of the original problem
1.9-(1.10). It will be shown in §3 and §4 that, by utilizing lemmas of §2, we
can estimate I" and #(zx, ) almost along the line of [24], Ch. IV, which treats the
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case of a scalar dependent variable. Practically, we need too lengthy calculations.
For this reason, we make it our general principle to give rough outlines.

3. 1. Holder-continuity in z of @(z, ;& 7) (I).
[K(z, 8 & 1)~ K(&', 1, §, 7))
Gy =l{o(w, )—o(a’, I PAD)Z(x—E, 8 &, 7))
+lo(@’, ) —0(§, o) |Po(Da)Z(x—¢, £ €, ) — Po(D2 ) Z(z" =, £ 9, 7).

l{o(z, ) —a(@’, O} - | Po(Dx)Z(z—§, 8 §, 7))
3.2)

(a) /@ (2) —5/2 I.’E E'Z
=lo|P|e—a’|*-36CP(—1)"52 exp { — 2/, -

We denote by z’/ the nearer of z and z’ to & if |x—¢&|x|2’—¢], and 2’ if |z—§|
=|z'—¢&|. By Lemma 2.9, we have

[Po(D2)Z(x—§, 8§, 7)— P(D2)Z (z"—§, 8 §, 7))

3.3)
=36CP(—7) exp{ 2p, 2= } o—a'l,  (2eT).

i) If 44,(¢—7)"x—2'|2<1, then
(3. 4) exp [ 2}‘1 |$ él } <e—2h1(5—f)"1(|9.‘—-.t’[—[.t'—€”2§e.e—hl(t—r)—1]1'_5|2.
Thus,
3.5) |PA(D)Z~ Py(D)Z | £36+eCO(t—1)3- |x— ' |e~¢-nla" =412,

i) If 4h(t—1)"Yx—2'|2>1, then

[PO(D.E)Z(-Z'_S; t; E’ T)I

3. 6) <36C P {hy(t— o) — ! [t — 7)==

=T2C O (hy) VAt — 1) S 2T a8 | g /|
Hence,
(3.6 | PA(D2)Z — Py(D2)Z | S44C P(h)V 2t — )|l — 2’ |e~ -0 T a7 =12,
From i) and ii), we have

|Po(D2)Z (x—§,t; &, 7)— Po(D2)Z (&' —§, 8§, 7))
3.7

|x/1_612)
- .

§36{eCf”+4C§”(h1)1’2}Ix—x’[(t—r)"sexp{ Ay 7
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Thus, for ye[0,1],

1 __ g2
.8 IADIZ-ADLZISCl—0 o e T exp |~ 52,
Putting y=a in (3. 8), we obtain the inequality,
lo(@’, )—a(§, 7)| - | P Dr)Z— Py(D2)Z |
3.9
(@ « a2 e ~(Bray/2 | —&|2
=Colo|P{lz—&|" it —<| e —2'["(t~2) eXp |~

When &/’ =z’,
lo(x’, 8)—0(&, )|+ | Po(D)Z— Po(D ) Z |

lx;’:flz }

(3. 10)
=Co(t—1)"52||z—2'|* exp l — Iy

For the case that #’’=x, we can estimate in an analogous way. Therefore,
we have:

LemmMma 3. 1.

1 __ g2
8. 11) IK(x,f;f,r)-—K(x',l‘;E,T)|§C6.1|$—x'l'x(l‘—f)_5/2eXp{-—h,li——-él—}.

t—r

LemMma 3. 2. For y€[0,1],

g2
3.12)  |K(x, t; & 0)—K(x', t; €, 1) =Co,o|lx— ' | (6 —7)"¥2+eU-1"2 exp { - |xt_f| }
LemmA 3.3, For Bel0, a),
g2
(3.13) |D(x, t; €, T)—D(x', 15 &, )| =Cs,slx— 2 |f(E—7) 32+ =82 exp { — J_-’_'J'?:_;EL }

Proof. This lemma follows directly from (2.30) and the lemmas 2. 14, 2. 16,
and 3. 2.

3. 2. Holder-continuity in x of @(z,t;&,7) (II). We show that we can improve
(3. 13), i.e., that @ is Holder-continuos in x with the exponent a.

t
Vo) (G, b2~ K@ 3, 000000, 758, 9y
t t
3. 14) =S droS K(z, £, 9, 2o)0(y, 70} & r)dy—g droS K@ t; y, w0)0(y, < &, 2)dy
T 2o T Zo

t
-I-S dTOSRB N {K(x, t;y, 7o)~ K@@', &y, 7o)}y, 10; &, O)dy =L+ LI,
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where X,=21—23,,2: is a closed ball with z/(§) the center and with the radius
2|z—z'|, and X, is a closed ball with & the center and with the radius (1/2)|z’'—¢&|.
1°) Estimate for I,.

|z’ ¢

P ’ (ye2oc R2—23,).

ly—&l=

¢ — a2 _gl2
ILIZCC 4=y =0srg— )02z, exp{—h,‘lx oy e gy

Zo t—1o To—7T

fe o\ —Gha _ ~
sccf | ad" (55" )/z(ro—f)-w-a)/zexp{_ "l =gl , 1o svH e
Zo

a1 . 2 2(to—17)  4(t—7)
@. 15
+ SZQ dy St(lt+r)/2(t—TO)_(G“‘Z)/2 ( t;T >-(5—a)/2exp { —hl L::z)’z - %L |x;/—'_z'$|2 ]dTO]
=Crilz—2'|*"(t—1)~%2+% exp { — % —lx;—/_:fﬁ]
2°) In the same way, we have
By |27 =g

3. 16) || =Ch |z —a’|* (¢ —1) =52 te2 exp{— ], (Cr,:=Cr ).

4 t—z

3°) For clearness’ sake, we assume that z’/=z'.

¢
n=\'da| o 0-o, DIADAZ (=1, b, 7000, 7 6 )y

+ S‘drog (00", ) =0, OHPADRZ@—1, ;9 70)
- R3-3,

3.17)
—Po (Do) Z (5" =, 8y, 1)} D(y, 7o; &, T)dy
Els.rl—ls,z-
t+o)/2 ¢
3.18) 13,1=S droS ~--dy+8 dfog cedy=TntTpn e
B R3—3, t+1)/2 R8—3,

—£l2
(3.19) |Ls,1,1| Crs,1.1l@—a’|(E—7)""2** exp { _h,——";_f' ]
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t

Bos=lote, =0, 0 dn  PUDIZG@—0,59, 7000, 7,9

@+)/2
—O(x, 7; &, T)}dy
t
e, 0=o@, 0 del  (PDIZGv, 50,70
+0)/2 R3—-3,
(3. 20)
—Po(ch)Z(x—Z/: t; Zo, TO)l.to:J:}@(x, TO; 67 T)dy
t
o =o', 0 drl  PDIZ =0, b0, 7y Do 6, )y
Y, Re-3,
=Is,1,2‘1+Is,1,2,z+Is.1.2,3-
(PADz)Z (2=, b; 0, T)| 2=z =Po(DpZ (x—y, t; 2, T)).
By (3.13),
—£l2
(3. 21) II3,1,2'1! §C7,3_1,2,1|x—x']“(t—z-)‘5’2+"/2 €xp « —_ % —I%l.
i _ hl I.Z'—flz
(B.22)  |L1,2,2|=Cr,5,1.2,0l2— 2 |*(t—7)%2"2 exp | — -5 = (cf. Lemma 2.8).

For Py(Dz)=(a}!D:,D.,), we define

(3. 23) ﬁo(Dz, v)=(waiiDy), (v, outer normal to the furface Sr, of 2i).

Lors=lo(@, O)—o(a, t)}S dToS BUDy ) Z(y—2, 7, c0)B(z, 70; & Sy

t
@+)/2 2,

Hence, by Lemma 2.5 and Lemma 2. 15,

—£l2 t
[Is,1,2,5| =|a|$-36C:C |z —a'|" exp [ -—hl_]ﬁ ] S (E—10)~2(zo—7)~5/2+*/2dz,

t=7 JJe+on
lz—yl? |z—y|?
(3. 23y X{S exp{—hl——— dsy_|_S expi —/ ds,
5 ) Sz t—7o
/| —5/2+4a/2 |z —&[? _ ol
=Crs,1,2,5l2—2|"(¢—1)""2exp{ — /I -z |’ (Sl—Szl—Z'z, Sz—ng ).
Thus,
|2
(3.24) |Ls1| =Crgalm—a |"(t—1) =522 exp[_% lf‘_f' ]

4°) Estimate for I ..
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t t
(3~ 25) [3.2=S dTogR "‘dil/'l‘S dToS "'dyEIS.2,1+IS,2.2-
T 83— 31 T

ZiNZy

us,z.llélomcﬁce[g

(t+1)/2
3

a2
(f—To)_(5+“)/2(To—T)“5/2+"/2d2'og 2exp{— ﬁl_ |'!/ x | }

2 t—To

R3—3,

_ |y—€I2 r__ ol — a/2 |
rexp | = It o =y ||| *|o—a|dy)
(3. 26)
t

+ Ix_x./|g (t_z.o)—s(z.o_T)—5/2+a/2dfo
t+1)/2

|2 —_ 2
{2t —air el exp{— f‘z—'—yt—ﬂ] exp[—hlu}dy |
R3—X, —7To

From (3. 26), we have

(3.27)

A ' a2
13.2.1| =Crs,20|0—2'|*(¢—1) 722 exp l_ ﬁ—[xt__f—l}’

(N.B.: %]x’—ylélx—yl é—g—lx’-—y], for yeSzo).

If yeZ,, then

1 1 1
3.2  pl-y=gl—Esl-yl,  fo—ylzg eyl

t
|[3,2,2| = ]0 ] (Tq)csce . 28 (f—— To)""’/z(‘ro — T)"5/2+"/2d2'o

T

(3.29)

« hy |2’ —yl*? | Iy—$|2H
. ’_ a2 15 —_
Szlmz{lx Y|+t —70| }exp‘ {9 P dy

r_g|2
§C7.3.z.2]x—$lla(f_f)_5/2+a/2eXp[—';Lzl |$l"—f| }

From (3. 26) and (3. 29), we have

72 t—c

g2
(3. 30) ]Ia,zl§C7,s,zlac---:c’]"(t—r)"5’2+"/2-e)<pl—h1 2" —¢] },

(Cr.3.2=Cr.3,2,1+Cr.3,2,2).

We obtain analogous results in the case when z’’=z. Thus, we have:
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Lemma 3. 4.

13
IS dro Sm {K(z, t;y, 0)— K&, 4 y, o)} D(y, 70; &, f)d?/{

3.31)

7| —5/2+a/2 by @' =€ —
=Ci/la—a'|*(t—1)"%2*2 exp B R P (Ci=Cr,1+Cr,2+Cr5,1+Cr s.2).

From this lemma follows:

LemMmAa 3. 5.
|@(x, t; &, )= D(’, ; &, 7o)

éIK(x) 5 ¢, 70)_K(xlr 5é, TO)I

t
@3- 33) +| S deRs (K (2, £;9, )= K&, £ 9, e} 0y, 70} &, r)dyl

1 _gl2 _
ééﬂx-—x’]"(t—r)‘m exp { - % l%;ﬂ}’ (Cr=Co 1 +C T

3. 3. Holder-continuity in ¢ of @(z, ;& 7).
1°) We assume that t=¢#>r and t—¢ <({f—1)/3, (=0).

LemMA 3.6. For t=t' >t=0, t—t' <({t—1)/3,

__£l2
(3.34)  |K(z, 6 7)— Kz, t'; & )| =Cst— ')’ — )% exp { —hl%].

Proof.
|K (2, 15§, 7)—K(x, 25§, 7)|
=|o(z, £)—o(@, )| - |[P(Da)Z (=&, 15 & 7))
+lo(z, #)—a(é, )| - | PDa)Z (=&, t; §, ©) = Po(Dn) Z (x—§, '3 &, D).

From this follows (3. 34). Q.E.D.

LemMA 3.7. For t=t >z, t—t'<({t—1)/3,

. ’. INa/2( 41 —5/2 2 I:L'—Slz
(3. 35) O, 1; &, 0) =Bz, /&, )| SColt =)t —2) ™" exXp | — {41 ra—

Proof. We estimate the difference
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t £’
Vel Kt 0000, w6 0ay =" de| Ko #0000, 78 0y

¢ py
@l K tuca0w i oay - anl K tiy, w0 g0
R3 2t -t R

2t —t

2t —t
t

(3.36) H+{o(z, t)—o(x, t’)}S dfoSmPo(D:c)Z(x“yy £y, TP, 0; €, 7)dy

28—t
+ " aal ot =0, cMNPDIZ =, 3,70

T

—Py(D2)Z(x—y, t'; y, P, 7o; &, T)dy

Il
-
b

—£|2
3.37) | LI =Coa(t— 1)y 2(¢ )2+ exp [ —~ h1~———|"';_f_| ]

|2
3.377 L] ZCo.st—#)"2(t' —)5/2+/2 exp l —h [f, _"i' }

2t —t

Li=tote, )=o) " de PADIZ(—0, b3, )00, 76, 9~ i & Ny

W+r)s2

2t —t

o=@t} " dal PDIZG—y v w0 w6 0y

t+1)/2

(3. 38)
@+r)/2
+{O'($, t)—a(x, t,)}S dTOS Po(Dz)Z(x—y’ t; Y, TO)Q(y) To, E) T)dy
T R3

=L+t 1.

_£l2
(3. 39) ]Ia,l[§C9,3,1(t_tl)a/2(tl—T)_5/2+a/2 exp‘— 7 !.’L‘ £ ]

2:72 t—r

[s.2| S ol P@—2)"2

2t —t
X S d‘l‘oS {Po(D)Z (x—y, t; y, o) — Po(Dz) Z (x—1y, t; o, To)lwo=z}
R3

& +1) /2

(3. 40)
O, 73 &, )y |

I\as2( 41 —5/2+a/2 lz—§&|®
éCQ‘s,z(t—t) (t —Z') exp _hl—t-—_‘r~ , (2k12h1).

MNas2(4! —5/2+as2 lz—¢&[?
(3' 41) I[3.3|§C9.3.3(t—t) (t -"T) eXp _}ll*T_-—T—" .
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Thus,
(3.42)  |L|=Cos(t—2')/¥t —7)~5/2+e2 eXp[—L |z—&2 (c =Ta/2ZC >
=G, 272 i—¢c |’ R
2t —t @42
3. 43) 1= " aal ay+ (a0 car=natn
W+e)s2 B3 * B3
__ &2
(3. 44) IIA.ll§C9,4.1(t—t’)“’z(t'—-r)‘s’““/zeXp{——hél— |-§_§l }

W +ey/2
Lal=lolf G dn (lo—al 41 =l PDAZ =, 13,70

—P(Dn)Z(x—y,t'; y, o)|"*
(3' 45) X {IPo(D:p)Z(.Z"'"y, t; Y, To)l

sz
FIPADRZ (1, #'; gy 7o) 1= D (eg— ) 24/2 exp [ _p el ]dy

To—7T
2
=Coa ot — )" (F —7)¥*+2 exp { Iy '—";—_—f]—} (t/—@ % (t—f)>.

I lo—gP
2 t—r

(3. 46) | L] =Cy,a(t— 1)t — )52+ exp { - }, (Cy,4=Cy,4,1+Cs,4,2).

Hence, we have (3. 35), where

C9Ecs+(cs.1+Co.z+cs,3+09,4)T“/2- QED

2°) For t>t'>rt, t—t'=(~1)/3,

(l‘— T)—5/2+a/2 §3"/2(t— t')"/z(t' _ T)—s/z,
(3.47)
(! —7)-Sr2tarz< 20/2(f — 1) — )52,
Thus, directly from Lemma 2. 16 it follows that

|z —¢?
t—r

(3.48) oz, € 0)—0(z, 1§, 1) = CB2 427t — /)"t —7)~** exp { —

3°) After all, from Lemma 3.7 and (3. 48) we have:

LemMmA 3.8, For t=#'>7=0,

h |.1:-$|2}
272 t—7 |

(3.49) |0, t;£0)—O(x, 1'; &, 7)| =Colt =22t — )" exp { WY

(Co=Co+-Cs(32+2%).

|
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3. 4. Estimates for ¢(x, ). We define g(z, t) as follows:

t
(3. 50) q(x, z‘)zg (ZTS D(x, t; & 7)dE.
J0 n3

LemMmAa 3. 9.

3. 51) (B!, D) =Cunlw—a'|".
Proof.
o, D—q(a, 1) :S dsS‘ Do, £ 2, 2o — S dsgt O, 1,8, )dE
o £ o
(3.52) - Sm_ . dES;{(/)(x, LE )=, b & )de=L+L+1,
Cx)={g [e—a/ | =2]x—2'|}).
|1.|f<:cﬁgrlmdfgS;(t—f)M 2 exp —/zl—‘f;{f-‘i}df
(3. 53) éCs-Zh,‘““””I(Z—a)SE( le—egfr s
1
=Cronlo—a'|"
(3. 53y

|[2| :<,-Cm_2|:c—x'|".

13
Iszg dES {K(z,t; &, 0)—K(2/, £, &, 7)}dr
R3— 3 (z")

0
(3. 54)
t
+S dsg drg d:og (K (@, £y, 20)— K&, 9, <) 0, 70,8, Ddy= o1+ I .
R3— 3 (x") 0 . R3
t
Ln=lola, O)—o(a, mg drg PUDZ(5—E, t; )dE
0 R3—-31(x’)
+S dfg (0@, ) —a(&, DN PoDZ (w2, 2, 7)
0 R3= 3 (")
(3. 55)

—PO(DJ:')Z(x/—S, t; fy T)}d‘::
=hLaatlsae.
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[0, = o|P|e—2' |

t/2
S drS P(Dn)Z(5—6 1 &, 7)de
0 R3—3y(x’)

t
+S d‘rS P(Dz) Z(z—&, ¢, )dy I
/2 R3-3,

t

(3.56)  =|o|®|z—2'|" [36C1"-" -log 2-(2h,)~327%
t
+ lS dTS {Po(Dx)Z(Jf—S, t; x, T)—PO(Dw)Z(x_'fy t; Loy T)|x0=$}dgl
t/2 R3— 3,227)

t
+|S e PO<D$)Z<x—s,t;x,r)del]écm,g,l.llx—x'l".
t/2 R3—-3

a7 Ix”—$i2
113'1'2|§CGS drS |lz—2'|*@t—1)~%? expl—h,*—-]df
0 R3-3, t—7
(a) ¢ ’ -3 |x,,_$12 ’ a Jo\ &
(3.57)  +lolPCe\ dr |e—a"| (t—7)""exp | — I (l#" —&|"+|t—<|P)dé
t/2 R3-3, t—r
§C10,3,1,2]w—x’|“.
Hence,
(3. 58) ][3,1]5010,3.1|x—$,la; (010,3.1=c10.3.1.1+C10,3.1,2)'
t |2
IIs,z[§C7|x—ac’]"S (t—r)‘5’2+”’2drS exp{—ﬂ'—”—él ds
0 Ri=3, 72 t—<
(3.59)
=Cio,s,2lx—2']%, (cf. Lemma 3. 4).
From (3. 53), (3. 53), (3.58), and (3. 59) follows the lemma. Q.E.D.

LemMma 3.10. For t=t'>0,
(3. 60) lq(x, £)—q(z, )| =Cu@—t')".

Proof. For t=t'>0,

q(x¢ t) "Q(x, t,)

t

@ oo

ov (et —t)

de Bz, 1 &, 0)dE
R3

oV (2t ~1)
SOV (€128 5]

t
de e [S draS K(, 89, 70y, 70} & )y
R3 T R3

0

(3. 61) —St d‘l'og Kz, Vs y, 7o) D(y, 703 &, r)dy]
T R3
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oV (2t —t

+olz, B)— oz, t’)}S ’drgm PADR)Z(w—& €, )dE

0

0 oo NPDIZ 6 15,0~ PADIZa 6,18, e

.
= 21 T (V@ —t")y=max [0, 2/ —1]).

(3. 62) 1| =Cu, 1~ )2

3. 63) T =Cy@rrem —1)a‘1<7l7%>3/2(t—t’)“’25 Coralt—t'y".

Next, we note that, for {=¢>r=0 and t—¢ <(t—7)/3,

3 o
S dTOS K(xr t; Y, 70)®(y’ 70; E; T)dy_ S dTOS K(JL‘, t,; Y, 70)@(?/’ TO; E} T)dy
T R3 F R3

h lz—gP }

4
- Y2 __ 2)=5/2
(3. 64) =<lZ=1C9,z>(t F)E =) exp | = 5

(cf. (3. 35), (3. 36), (3.40), and (3. 45)),

and that, for ¢t—¢=@—1)/3,

(3. 65)
¢ _ |z —&|
Vel KCet 000026, 90| 53 C ety s —eyomem exp| - BZER ),
T R3
v _ |z—¢&|?
S dToS Kz, t';y, 70)@(y, 70; &, r)dyléZ“/2C4C5(t—l")"’z(t'—z') 5/2+a/2 expl — /M I
T R3
Thus,
4
(3. 66) |73l g[z Cg,i+C4cs(3“’2+2“’2)] T2t — ¢y 2=Cyy 5t —1')"2
1=1

ristlee-ee| (" a DIzt 60— RDOZE— 1 N

(3.67)
écll ,4(t_ tl)a/Z’
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ov (2t -t)
=l fla—elt@ - PDIZ @8, 14,0
—PO(DJ:)Z(J;_E; t/; & T)ldg

ov (et -1)
(3.68) =lo|g [2«/21{(52'—, %) +1}11201054>S dTSR t—t)(t — )2t
0 3

Ix 2

-exp l r }d&
{O, 0=2¢ —1p),

B Cus(E—1')2, <2t —1b),

3/2
(cu,s =0 |<;>{2af21< (% %) 41 ] 1%, C022 (hi) o a)‘1>.

Thus,
(3. 69) |Js| =Cu,sE—2")2
From the above follows the lemma, where Cyi1=25-; Cis,1e Q.E.D.

3.5. Estimates for I'(z,t; ¢, 7).

3.70) I'(x, b6 0)=Z(—6 68 )+ S‘drog Z(a—y, t; 3, )0y, 70, & dy=Z+ .
T R3

LemMa 3.11. For 0=2r+|m|=2,
@1 |DIDE (e, b8 AISCIm (=)ot exp | — oy ) 5=2 |
Proof. i) 2r+|m|=

3/2
|F|§|Z|+IF0|§9C§°’{1+C5<hi> -%T«&}(t-w”exp[—h
1
.72

|z —¢&? }
R —

_ g2
=cpou—rrenp | -a0 0 2L,
i) 7=0, m|=
t
D211 =1D221+ de{ |DE2—u, 5020|100, 8,

(3.73)
lx gI?

=CH (¢—1)"? exp { —-d0,1) }, @0, 1)=ry).

iii) |m|=

85
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|Dzl’| = | D3Z |+

[(ZRIY4]
S droSR3 DEZ(z—y, 9, 7o) Dy, 70} & r)dyl

T

t
+ |S drogm DEZ(@—y, by, <) By, 20 & ) — D, 70} & )y

(t+e) /2

3.74)
13
+ IS dToS D3Z(x—y, b, y, 00)0(x, 70; &, r)dy|
(b+e) /2 R3

:<:Cl(g,z)(t_7)—5/2 exp { —d(0,2) [«Z'—E|2 }, <d(0, 2)= %)

t—7

iv) r=1, |m|=0.

i)/2

DI b, f)=DLZ+DLz"0=DLZ+«1)+S dfog DZ(z—y, &y, <)B(y, 70} & )y
R3

T

[2
(3.75) +{dal DZG—u b w00 26 - i Ny

t+)/2

t
+S dr, Sm {DiZ(x—y, t;y, 1) —DiZ(x—y, t; 2, 10)} D(2, 70; &, T)dy.

tit)se

From (3. 75), we have

3. 757 ID,F[§C§§'°’(t—1)‘5’2exp{—d(l,O) 'j:f'w, (¢0.0=7).  QED.

LemMa 3.12. For |m|=2, and for ¢ and y€[0,1],
]Dg:llj(x) t; Ey T)"'Dg:t'r(x’ t; E: T)i

’ e ’ - 21— o o A
B.76)  =Cullw—a/[[(t—1)- 1/ |g— g/ [#(t—7)-5/* 200} exp | — By dZ 1|

t—r

- hl
<hx= 7—2)

Proof.

t+r)/2

Drr— ’:J‘={D’;‘Z—D’$Z}+S dfog (DnZ— D Z)bdy
R3

3.77)
¢
+S roS (DRZ— D2 ZYbdy={D3Z— D% Z}+ 1+ .
R3

ie) /2

It is easy to estimate {D%Z—D%Z} and I,. I, is transformed into:
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13
IFS dfoS DrZ(x—vy, t; y, co){D(y, 705 &, 7)— (&, 705 &, 7))y
t+) /2 Si={py—ar<2jz—z'|}

t
—S dToS D3Z (& —y, by, tol{D(y, 7o; &, 7) — P2/, 7o; &, T)}dy
7)/2 P ‘

Ct+
t
3. 77 +S droS (DnZ(z—y, £ gy 20)— D —y, & 9, <Ny, <53 &, 2)
U+ /2 R3—-3,
— 0, 202, D)y

t
+S dTOS D’;Z($~y) t; Y, To){([)(‘f, To; 5) “-)_(l)(‘l',: To; 5) T)}d!/
D3]

b+ /2

¢
+ S dry S (D2Z(x—y, t;y, To)— D Z(x' —y, t; y, co)} 0@’ t; £, T)dy.
Pt

(t+2)/2

We have only to estimate I, on the basis of (3.77), utilizing lemmas of §2 and
the Holder-continuity of @ in x. As a result, we have (3. 76). Q.E.D.

Lemma 3.13. For Be[0,a] and y€[0,1],

]D;F(&L‘, t; S) T)_Dtlv(x/; t; Ey 7)]

(3 78) 1 __#|2
SCusllo—a/ |t =539 a2 P 2 exp | =Ry =51,
Proof. We have only to note that D,/ satisfies
D,;F(x, t; S; T)=0‘((L’, t)PO(DZ)F(xy t; '5, T)' Q-E-D-

LemMa 3.14. For t=t' >t and 2=|m|=0,
| DRI (2, t; €, 7)— Dl (2, 5 &, 7))

(3. 79) écﬂml){(t—t,)(t, — T)— (G ]m[)/2} _I_(t_t/)(z—]ml-! zx)/Z(t/ —_ z.)—5/2 exp

-Ri=E,

(m|=1,2),
DT, 18, ) Da, 7. 9| SCRU— )0~y exp| — G- L2250,

Proof. i) For t=t,>r and t—¢ <’ —1)/4, we utilize the expression,
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Dzlo(x, t; &, 7)— D3l o(x, ¢; &, 7)

@ +7y/2
=\, 012y, 5 = D220, 50, 2000, 256 Dy

t

2t -t
+S dro S (D2Z(5—y, t; 9, 7o)~ D2Z (@ —y, '; y, )
tr+c)/2 R3
{¢(y’ 70; Sy T)—Q(JC, Tos 6» T)}dy

28" —,
(3. 80) + () SRB (D3 Z(x—y, t; y, vo) — D Z(z—y, t'; y, To)}P(x, To; &, 7)dy

W+o/2

+

» DiZ(x—y, t; y, tol{@(y, 7o; & 7) — Dz, 70; &, T)}dy

28—t

_|..

.
)7l

" dal D2z 50,2010, 76,9~ 000, 76 Ny
S

2 D’;‘Z(x—y, t; Y, TO)@(xv To; f; T)dy

2t —

—S dro S D —y, t'; y, )0z, 0} & )dy.
2t R3

After lengthy calculations, we have, for ¢=¢'>7 and {—#<(¢—1)/4,

ID';F(:”’ 5, T)—Dgr(x: t/; 3 T)I

(3. 81)
ﬂ"{l)(t If')(t'—f) (5+Im|)/2+(t tl)(z 'mH")/Z(t'—z‘)“’/z exp{ hl |'7c EIZ}
t— b
(Im|=1,2),
@, 16, 9)= (@, ;& D SCR(E— )¢ =)™ exp { ~ B loep }

ii) For ¢t>¢'>r, t—t'=('—1)/4, and |m|=2, the following inequalities hold:

|2 STl =)t exp | —d(0, ) 12250 |

(3. 82)
(0, Im)92—Iml +a 1Y (@—Iml+a)/2( 4 _ . \—5/2 _ [z—&[
=C%m2 (-t ) (t 7) exp d(O: [ml) I—=¢

)

__el2
| DRZ| S36C{™(¢— ')t/ — )~ @+imb/e exp{—zhl ";_f' } (cf. Lemma 3. 11).

From i) and ii), we have the lemma, where
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3. 83) {Cf‘."‘" ECﬂ’,'{"+5§‘2’"_’”')(22“"”‘“+1)901"”‘“(224-1), (Im]=1, 2),
CO=COAH T CRY(2°+1D)+9C(22+1). QED.
In an anlogous way, we have:
Lemma 3.15. For t=t' >,

[D;F(Il), t; Sy T)_Dt’r(x> t/; S’ T)'

(3. 84)
__£l2
SCu(E—1) =) (=t ) — 1) exp(— %‘ lj_f' >
Proof. This is obvious from the expression that I” satisfies. Q.E.D.

§4. Estimates for the solution in H%* of a linear problem.

The unique solution in H%™* of the Cauchy problem

@ { Dw=o(x, ) P(Dy)v+f, (fioeH%, 0<oi=0=0,<+00),
v(z, 0)=0,

is given by

4.2 vz, )= S:dTSR3 I'(x, t; & ) f (& v)deE=u(z, ),

for the righthand side of (4.2) certainly satisfies (4. 1) and belongs to H% = as we
shall see below.

LEmMA 4. 1.
4.3 {|D’é’u(:v, Hl=Cime-tma|| 1, (Im|=1,2),
. 3)
| Dyu(z, )| =CR-2-|| fIF.

Proof. The second inequality is obvious. For the first one, we utilize the
expression,

D, =\ &\ D2t 976 9 ~F (@)
(4. 4) t
+S drg (DR Z(w—¢, £ & )+ DIl o(z, £ &, 7))E. QED.
0 R3
CoroLLARY of Lemma 4. 1.
4.5) |\ Dara, )] = o> KDYz, 1))+ | FI=Col 115

LEmMA 4. 2. For t=t'>0,
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ws {ID Hu(a, ) Ditu(e, 1) SCPO(t— )"0 flIp,  (Im|=1,2),
| Dew(z, t)— Dyulz, ¢)| =CRE—)IfIIP.
Proof. i) For t>¢'>0 anp ¢>2¢ (ie., ¥ <t—t', t<2(t—¢)), by Lemma 4.1,
“@n {ID wu(x, 1) — Dz, t)| S CEmP(2E- Mo 24 1)) @M o2| fIP,  (Im]=1,2),
| D, 8)— Diulz, )| =3CRE—t)IIF 1P
ii) For 0=¢—#=¢, we utilize the following expression:

D2u(z, t)— Dou(z, t')

=S S DA (w16, O 6 ) —F (@, 1)

2 —tJ R
drg DRI, /3 6, & ) —1 (@ e
4.8  + d’SRa (DRI (o, 8, ©)— DR (o, 18, NS, ©)—F (2, 2))de

+

;
| o sensead-{ o\ Dt ore e
dr S

R3

+ {DEI(x, 85§, ©)— D3I (x, 5 €, NS (@, ©) —f (, D)}d§

+

-\
)
)L
)
)

drS (D2 (x, 1,6, ) — D2, 3 €, ) F (w, O)dE = ZI‘*““

Iim™ (i=1,2, ---,6) can easily be estimated, i.e.,
[I{m | =CRp =)o) fl1P,  (Iml=1,2; i=1,2,-,6),

“9 { TP =CR.¢—IfIlF,  (G=1,2,-,6).

In order to estimate I{™’, we transform this into the form,

2"t

I;'m‘)=S dT SR3 {D’L‘Z(x—& t; Ey T)'—DZ:Z(-:U—S’ t,; é) T)}f(.’l), t)df

0

13
- St drg DRIz, £, F (=, t)d$+S drS DR, t'; €, 9 (w, £)de
ot/ —t R3 2t —t B3

4.10) ,
(o prriesiere o= af b eieoreod]

4
= Z I(l;’ll).

1=1
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For i=1, 2,3, we have easily,

(4. 11) {11;11"'4 =CHm(E—tyetmion|flio. (lm|=1,2),
' IS0 =C &t = f1I.
1 124
rgo=|\ @\ Derve e mdae- | Drriavieode |
0 R3 0 R3
t
= [D’é‘ Sodfo SRS Z(xz—y, t;y, 10)q(y, 7o) dy
4.12) )

—D':S drog Z(@—y, '; v, 20w ro)dy]f(x, )
0 Rr3
= 100 (5,0,
1A
(st eo={ aw| 0w eisone ot @.50)

We note that
[dm> =[the righthand side of (4. 8) as obtained by replacing

4.13)
7 a
I', f, § and ¢ by Z, ¢, y, and =, respectively]= 2, I{™".
1=1
4. 14) {lii.mplgcﬂ?;,,, aE=g)e=mrorz o (Im|=1,2; i=1,2, -+, 6),
. IO =CQ,it—t),  (i=1,2,-,6),

Cb-lallp @~y o, (mi=1,2),
177,1 ]|QI|(“)(f ), (IMI-_-O),
(11911$> =Cro+Ciy; C“:',”L,:Cﬁ";?(cw—f—cu)).

(4. 14y |Ig|=[I{m> with f replaced by g]= Jl

Thus,

1= 1=1

; ; =) meorn, (lm|=1,2)
@17 7= B CHR+ X CHl 1P X
. ¢=#),  (m|=0).

Hence, for 0=¢—#=¢, we have

le:u(x’ t)—-D’!;u(x, t/)l <<Zi: l’ll?:l)) t/)(z ImHa)/ZHf”(a) (lml =1’ 2)’
(4. 15) -
7
D, )= Dz, )= ( 5 €8 Ye-olrlg, =0,

7 3
<Cl7,7E 21017,7,4,1;—{‘ Zlcn,'m,>~
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From (4.7) and (4. 15) follows (4. 6), where

7
Cl(]’ml)E Cl(éml)(Z(Z—lmHa)/Z_l_ 1) + Z C{;:’;I)) (’ml ___]_, 2)’
1=1
4. 16)
7
CO=3CP+ 3 CY. QE.D.
1=1

LEmMA 4. 3. For |m|=2,
4.17) | D2z, ) — D%z’ ) = Cuslx— 2 || f ||
Proof.
Dou(z, t)— D u(x’, )

t
=S dc

0 Sh=f$;l$—xl§2ix-z'|)

D (e, 56 DU & =1 (@, D+ (@, )=, e
w1y -(a{ prre,seonreo-re, e, 0-re ona
| D e 0-DEr@, e Ol -, )k

+[S:d7833 (D2l (x, 8, &, 7) — Do I'(&, £ &, T)}ds]f(x,, V= ’Z::IL.

For i=1, 2,3, we have easily

4.19) Vil =Cusla—2'[*IIfll¥,  (G=1,2,3).

1=|Vael peze—g 66 0-Drzw -6 e e 1@,

(4. 20) +§ e ierie-s b6 0-Dere - s o | £ 0

=/t oo
4. 21) a1l =Cus,a1lz— 2 ||| FII5.

t L
T=|D2{ @\ 2@—u w00 ar-D2{ @ 2 —u 500000 |70

(4. 22) =[the righthand side of (4. 18) with I" and f replaced by Z and ¢,
respectively] f(z/, )

4
= ZfA,z.z—
1=1
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For i=1,2,3,

(4. 23) ezl =Cisaeilz—2 Il FIIP,  (@=1,2,3).
Ju2.a=[Js.1 with f replaced by gl f(«/, ©).
Thus,
(4- 24) |]4,2,4]§C1s,4,2,4|$—$’la||f”(1‘-’)-
Therefore,
4
(4. 25) Vil =Cis,ant+ 25 Cisaaa,ile—2/ || F I =Cus,alz— 27|l F119.
1=1

From (4.19) and (4. 25) follows the lemma, where
4
(4. 26) Cis= ZICW" Q.E.D.

The discussion above shows that u(x, f)e H3*. Therefore, from the uniqueness
of the solution in H%™ of (4.1) follows that u(x, #)=v(x, ). Next, we consider the
linear problem,

Dt?):UPo(Dx)v"f_f, (O',fe H;'))
(1.11) {

v(z, 0)=vo(x), (vo€ H?).
The solution »(x,?) in H%* is written,
4. 27) v(z, 1) =vo(x) - {v(x, 1) —vo(x) —u(x, )} +ulz, ) =vo(x)+i(x, t)+uz, 1),
where #(x, ) satisfies
@ 28 {Dtﬁ =Dw— D =0Pow+-f— (0 P ~+-f) =0 Po(v — 00— u)~+0 Povo =0 Pyt 0 Povo
#(x, 0)=0.
Hence, by (4. 2),
(4. 28y w(z, t)= S: de SR3 ['(z, t; &, 7)0(&, T)Po(De)vo(€)dE, (6 Pywo€ H).
Thus,

@2 oo n=a@+ a1 e 4o IPDOENE

From (4. 29), we have the following four lemmas.
LEMMA 4. 4. For the solution in H4* of the problem (1.11),
(4. 30) | Dv(z, £)| = | Divo(x)|4-C -1+ f4-o Povo||P,  (Im|=1, 2).

4
(4.30) Dz, D) =leP+f|= 5o | z?_ Dzo@) [+ CEm e [+ o Pl (11
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(4. 30y [Dev(z, )] = [vo(x)|+2-CR|| f+0 Povo||$.
Lemma 4.5. For T=t, />0,

(. 3D {ID w0(@, ) — Do, )| =CImP |t— /| @m0 2| f 4o PP, (Im]=1,2),
| Dsv(z, £)— Dov(w, ¢)| =CR|t—1'| || [+ Povoll,
(I Dz, t)— Dpv(z, V)| = |o(x, £) Pov(z, ) —a(x, ') Pov(z, )|+ | f (&, ) — f (z, #')]).
LEMMA 4.6. For |m|=2,
(4. 32) [Dzv(x, 8)— Dav(a’, B = |o— 2| (| Davel*+Cusl | f+-0 Povo|| 7},
(|1 Dev(, t)— D', t)| =o(x, ) P Da)0(@, 1) — (', ) Po( D )0(a’, D)+ f (2, ) —F (2", D).

LemMMA 4.7. C{™, Cim™0, and Cis¥ are positive functions continuous in a;°, oy,
lo|$°, and T, and monotonically increasing in each argument.

Proof. We obtain this by tracing the lengthy calculations made in §2~§ 4.

§5. The existence of a bounded solution of (1. 9)-(1. 10).

5.1. Estimates for the characteristic curves. We define:
r= :Z |DZol P +- Z ID’"UIE"?’,
(5.1) <v>’r-—lmZ {ID2|&r+ Do), Loddr=0dr+<0)r,
(0= 33 (DWIP+ DM} + 3 IDWIs,

Im|=0

Hz: Banach space of functions v(zx, ) defined on R% such that

{dr<+4oo,  (the norm is {-)r);
6.1y _
Hir* Banach space of functions #(x, ) defined on R} such that
@)r < +o0, (the norm is (+)r).

If 5e A%~ (1.9)! is written in the following way: (v is replaced by 7)

(5.2) Dip+9-Fp=—pdiv .

1) Particularly speaking, C{™P, CymP, and C; are bounded above by polynominals
with non-negative coefficients in T, (|a|{)t, o785, olk, and exp {S(T«/2, |o|{P, a7 /D, g7 G072,
a¥2)} (o Py 1o and 6;>0, and the index sets {i}, etc., are finite), where S is a polynominal
with positive coefficients in the five arguments.
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(5. 2) is a partial differential equation of the first order in p, so that p(z,#) can be
expressed by

(5.3) o(, £)=po(zo(, 1)) €Xp { - S: div #(a(z; z, £), )de |,

where #(r; x, ) is the solution of the characteristic equation of (5. 2),

) gz, (=1,2,3), (el0, T]),
. 4) dr
() =u,
and
(5.5) zo(z, =Z(0; x, 1).

Since 7€ H%*, by the theory of ordinary differential equations [differentiation
in parameters, etc.],

a.'l,‘z 0%; . 02%; = 0%, L,
(T’ Z, t)’ 7(‘[’ Z, l)’ axkax] (n X, l‘), and ’\ta (U x, t) (l) 7y k—1) 2y 3)

exist, being continuous on [0, 7] and satisfying, respectively,

[ P2 = e 5 D )2 (), (=129, 0Se=T),
.7
. 6)
a—’”i-(t x, =5,
(7 axt (7; x, t)_ i—z).b(x(‘[, x, t)y L) (T, Z, t):
T
.7)
2t (o3 Ol = B, 0,
d on . @ me oz
E Sxkaxj (i: Z, t)"‘ 833,,@' Z’q,(IL‘(T, Z, t)y a.fL']
.
5. 8) + i_ 04(Z(z; x, B), T) CES (z; x, ),
axl axkax]
2.5,
a xl (ty "L‘, t)—Oy
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d &% , R a$m 25,
—d—l: 3tax] (T’ T t)— 00T 2)1,(.'1,'(1', Z, t), T) a.’l,']
. 9) + 5 Bz 2, ), T) < (55,0,
0° 0%

a (Ty x, t)lf l—o

From (5. 6) we have

(5. 10) Xi(z; x, f)=max
%7

0%; X
6—.70, (Ty X, t)

t
§1+S BrXier 3, Hdey,  (0=c=t=T).

Hence,
(5.10) Xi(z; z, )=e®@7¢=0, X057, =D

From (5.7) we have

7 t
(5.11) Xo(7; 2, H)=max %j—i (z; , t)l =D>r+ S D)7 Xo(r; x, Bdry.
1,7 T
Hence,
(5. 11y Xo(z; 2, D=(BDre®1eo X,(0; 2, 1) = (DYpe T,

From (5. 8) and (5. 9) we have, respectively,

Xi(e; 2, =max| =2 (e 2 t)l
\T, &, 1) = ok axkax] Ty Xy
(5. 12)
t t
§<5>TS Xs(T1; X, t)d’l'l + <5>T S {Xl(Tl; X, t)}2d71,
Xi(r; oz, )= max (T, x, t)l
(5.12)
L t
§<5>TS Xi(es; @, t)dry -+ <5>TS Xi(r; 2, ) Xo(rs; 0, B)drse
Hence,

(5.13)  Xi(r;z, )=e@Te0{e®re-0 1} Xy(0; z, ) =eP1t{eTt—1};
(5.1  Xi(r; 2, H=@Dre®TE{e®re-0 1} X,(0; z, 1) = (DYreP 11t 1},

Thus, we have:
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LEmMMA 5. 1.
(5. 15) | DRzi(z; , £)| = B{™(t—1; D)), (Im|=1,2; 0=c=t=T),
[Bf‘) Ee<’-’>7'““'), sz’ Ee<6>T(:_r){e(v>T(c—=> _1}],
(5. 15Y | DEDuii(z; x, )| = Bi™ (¢ —7; Byr),  (Im|=0,1; 0=r=t=T),

[BO=@)re®1¢-0, BY=(@)re®ra-n{e®r¢-0—1}],

|D1a':LxO,i(x’ t)l éBflml)(t; <27>T)v (Iml =1, 2)7
(5. 16) {

| DEDeo, iz, O = BI™ (4 <D)ey,  (Im]=0,1).

5.2. Operator Gr,. For the system (1. 9)-(L. 10),

—‘;+dinv=O,
1.9 —g—z;—ﬁ(3d+l7d1v)v——p(v M- Vp p g—‘i-l-prM(x,t),

Cvp gt Aa_,_w' 0_p_dlvv Cvpv Vﬁ CvPNZ(xy t),

(1. 10) o(@, 0)=0v(x),  O(x,0)=0u(x),  p(z,0)=po(z),
we assume that
(6.17) Ou(x), vo(x)eH?*", po(x)eH'*", and f(z, t)eHY,
(0< o= po(x) =0 =] po| @ < p* < +00).
For 6<0, we define p by the righthand side of (1. 8).
We take an arbitrary number M;>||v,||® and choose 7 such that

k 2
(5.18) 0< <Mt log%—o, (]]voll(2>= > lD’;‘vo(x)I(”).

Im|=0
Next, we define a mapping Gr, from
(5.19) b ={,0): 0, ) A X HY?, <wdr, =M, v(z, 0)=vy(x), O(z,0)=00(z)

into H““xH‘*“ in the following way:

t
b(x, t)=vo(x)+Sodz'S I'(z, t; & 1; p(m)‘Nl—I- Py, }(E, 7)dg,

(5. 20)

t
b, =00+ a7 b6, o0 | Nk 2 a0 6, o,

97
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where (9,6)=Gr,(v,0). As for 'I', cf. §2, Remark. The norm in H%*x HY* is
defined by

(5. 21) 1@, Dz, =(0)r,+O)r,.
LEmmaA 5. 2. Gr, is well-defined.
Proof. 1t suffices to prove that

K

(5. 22) Nt -2 Pwy  and  Not

40,eH%
14} Cvp(v) 0 i

(especially, pw and Fow € H,).

i
|.0(v)(3l7, l‘)—P(v)(J?/; )|
= IP(v)(x, l‘)—-p(v)(x’, O+ Ip(v)(x’, t)—pw)(x', )|
(5. 23)
<P e, B =/ {Ipen(@> D]+ locwa, DI
|| 2, b ie=1) oot Dl Hlpeota, 1=
(5. 24) ["’—g} =[] 7ol + ol 1div o ={1p] + P pl}<0> 1,

D.z‘(, , lpo(x‘o(x, 1))

W—“ Voo, (x, £)

[Powm(z, )] = ‘p(:v, z‘)[

t
(5. 24) ——S div Dz0(#(z; , 8), ©)Vadi(z; , Hdr}
0

§§o€<v>7'1 TY(Bo) ™| 00| |* D BO(TYy; <U>T1)+ <D>T131(D(T1§ <7)>T1) Ti},

(I =poe@nTs),

Thus,
(1+a) «
oo |(T"f§21“"Hp0][(“'“)e<”>TxT![ (@'}—— + (dr,- Tl)Bf”(T]; <”>Tl)}
(5' 25) +{ZHPOH(1—M)e(’l’)Tl'Tl}1+(a/2)[{”‘00”(1'('”)e<”>T1‘T1+(po)—lup(]”(1+")
+<0dr, T} BO(Ty; 0> )12
1 @
(5. 25) l e Ir =(@0)?low |-
v 1




ii)
(5. 26) % (z, )=V 10g pcy =V {l0g po(zo(x, 1)) — SL div »(Z(z; @, 1), 7)dr }
) 0
Vw log p(m(x, t)_ Vx' 108' P(U)(x,) t)
_ | Daq,y00(wo(z, )) _ Da,y,00(zo(2’, 1)) ’ ]
(5.27) = {7‘00(.’%(]}, ) Voo, (2, £) — — po(xo(x/, ) Varao i, 2)
- S‘ (div Ds,p(a(e; 2, 8), )V sie; @, £)—div Dsp(@(e; ', £), <)artic; o/, O)de.
0
Hence,
[V1og pcw(x, £)—Flog pcw (', 2)]
, Voo i, 1)
=|Day,00(xo(2, 1)) — Dy, 0o(z0 (', 1)) | - To:(;o(l—x,t)—)"
+1\D (zox t)){ 1 — 1 }Vx (z t)l
0 t0RERE N @@ D) polmas D) | O
(5. 28)
Do, 00(xo(, 2)) _ , ’
@ D) {(Vuvo, iz, 8) = Varvo, (2, 1)}
t
+ S \div Ds0(#(; @, ), &) —div Dapl@(e; o, 8), )| - |Paie (c; , 8)| de
0
t
+ S |div Dzw(E(c; &, )|« |VeZi(t; 3, 8) — Vardia(z; &, D] dx.
0
(5.29) | Day po(@o(@, 1)) — Day ypo(ao(a’, 1)) Zllul| H+9BO(Ty; 0y, |w— |1,
1 1
. 20) - =(00)*llooll ¢+ BB(T; e )24 |w—a'|"
(6. 29) ‘ oo 1) o, iy | = ) leell VBB T @hr 2 =]
| Vxxo. l(wy t) - Va:'xo.l(x,, t)l
(5. 29y =31 BO(Ty; <odr V2B E(Ty; o))} |z —a'|"
t
: S |div Dz,0(2(z; @, ), 7)—div Dz p(i(c; o', 1), 7)| - |Puiea(; @, B)|de.
0
=312y p, TH{B{®(Ty; <0pr ) |z — 2’|
(5. 30)
t
. S |div Dz0(&(z; ', 8), DHVaiil(z; 2, ) — V@l &7, 1)} dr
0
(5. 30y =T, 3 BP(Ty; <odr )} (2B (T e le—2'|"

CAUCHY PROBLEM ON COMPRESSIBLE VISCOUS FLUID
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Thus, there exist non-negative constants D; and D, (< 4-oo) depending on Odry, Th,
(00)~%, and [|po[|*** such that

[V1og o|(z, £)—Flog p(z’, t)|
={Di() 1y, Tr; (@0) 7 [0l | 4+) +<0> 7, T1Do(0 1y, Tis (7o) [l ool [ )M — 2’|

(5.31)

In an analogous way, we have an inequality, (¢=#)

[V 1og pew(x, )=V 1og pw(z, ¢')|

Vo, (2, £)
po(xo(x: t))

11
po(xo(z, 1)) po(wo(x, 1))

=

{on,lpo(xo(x, 1) — Dzo‘lpo(xg(x, 1))

N | Dz0aa )|

Da,,; po(xo(x, 1))

Dy, ,00(zo(, 1))

(5. 32) “o@@ D)

(oo s )Pt t’>}|
t
+{' 1div Daptate; 2,1, s 2, D1 de
t ’
tl
+ S l{div Dzp(@(s; 2, £), ©)—div Dz p(a(c; @ ), )Waiile; z, B)de
0

t ’
+ S |div Dap(@(c; @, £), NP aii(; @, £~ Vailz; @, )} de.

0

From this follows that there exist non-negative constants D, and D, depending on
@Yr, Ti, (Bo)7Y, and [|pol| *+* such that

|V log pcw (@, #) =V 10g pcwy(, /)]
={Ds(v)ryy T1)+Da(Kvpryy T)Ti0d 7 =2 |

(5. 32)

From (5. 31) and (5. 32)" we have
(6. 33) |Flog pw |1 =Di({0pry, T+ Ds(K0d sy T1)+ 0>, T{D:(K0) 7y, T1)+Dul0pry, T}

E, (i=1,23,4) are continuous functions of {(v)r, and T3, monotonically increasing
in each argument.

iiiy It is easily shown that 9P/dp, dp/dp, and ¥'eH7,, because p is assumed to
be virially expanded and pw €Hf,.

From i), ii), and iii) follows the result that
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()
Nit =2 P ||~ S A0z O)ry T3 (B0) 2, [0l =4, (1719

Ow Ty
(5. 34) + T A0y Oy, Ta; (o)™ 100l @7, LFIIEP) 0D 7y <00,
(@)
l -ZVZ+ C :( s ‘40‘3 - §A3(<U>le (0)1'1; Tl; (/_70)_1; ],voll(2+a)’ ”f”%)<+00,
[0 (v; 1

where A, (1=1,2,3) are positive constants continuous in the six parameters and
increasing monotonically in each parameter. Q.E.D.

5.3. The subset Sr.

LEMMA 5.3. There exist T'¢(0, T\], My(>0), and Ms(>0) such that, for a
subset Sr. of S%. defined by

(5. 35) ST’E{(v) 0) . (vy 0)€ So ’y (0)T’§.M2, <v>év/ éMa},
the following holds:
(5. 35 Gr:Sr:CSr(C Sy C Hy x Hit).

Proof. The lemmas 4. 4~4.7 and the procedure of the proof of Lemma 5.2
guarantee that, for an arbitrary T,€(0, 7] and for an arbitrary (v, #)€Sr,, we have

DYy = 100]] @ +CL D1y THALDD70y Oy To)+ToAs(0D1) Oy To)0D00},
(5.36)  { (B)ry=I10o]| "+ +'C((0Dry, To)As({ODry, (O)rgy To),
B =177 00| @+ C((0D 2y To)As(K0d7g O)rgs To)+ ToAs(0D14, O)rgr To)0D1os

where C(-, To) and 'C(-, To)\.0, and C(-, To)\,Co>0, as Tu\,\0. Taking and arbitrary
M,>[|06]| 4+, we can choose 7€(0, 73] such that

[[20]| ®+C(M,, T2)As(Mi, M, To) <M,
(5.37) [16o]| &+ +"C(M, 12) As(My, My, To)=M,,
6(M,, To)ToAs(Mi, M, T3)<1.
Moreover, there exists 77€(0, T3] such that
[V Vvo| < +-C(My, T")As(My, Me, T)
~ 1-CM,, TYT" As(M,, M, T")

= C(My, THT' Au(My, Mo, T7)

(5. 37y
{My—[vo]|® —C(My, T AL(My, M, T}

Hence, there exists M;>0 such that
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(5. 37)”

My —{{loo]| > +C(M, T")As(My, Me, T}
C(M,, THT' A(My, Mz, T') ’

1P Pvo| @ +C(Ms, T)AL(M,, My, T7)
1_C‘(M1, T’)T/AZ(MI, MZy T’)

(C(MI) T/): Al(Mly MZ) T/)’ C(Ml’ T/)) A2(M1) M2) T,)>0)'

=M=

From (5. 36), (5. 37), and (5. 37)"" follows (5. 35)". Q.ED.
We note that
(5. 38) GrSrC S N {HE X Hy*} S Sp N {HY < Hyy < Sy, (cf. §4),
and that
(5. 38 GrSr»C Sy Havex Hihec Hybe x Hy*C Hie x Hybe®,
(Be(0,1) is arbitrary),

where H?J H‘Tt’ (y€(0,1)) is a Fréchet space defined by a countable system of
seminorms

(5. 39) [, DR =D+ O, (N=1,2,3, ),

[the suffix “N, T”” indicates that the supremum is taken on
Yo ={(, 0 || EN+M(T'—1t), 0=t=T’, xz€R*} instead of R%.].

LeEMMA 5.4. Sp is a convex compact subsel in Hy: X HE:.

Proof. i) Convexity. For (v;,6;) and (v, 6,)€Sr and for 2€[0, 1],

(5. 40) (v1, 01)+(1—)(vs, O3) =(A01+(1 — D)o, 201+ —2)05)€Sr,

because

(5. 40y’ {<lvx+(1—2)vz>¥2§M1, 20+ A—=D0IR =M,  Gor+1— o)’ § =M,
(014 (1= 202, 20,+(L— D)) c=0= (s, o).

ii) Compactness. By a simple calculation it is shown that
(5. 41) [(v, DI =3[(v, DFr =3, D)7’

Next, for an arbitrary sequence {(;, 0:)}>.,CSr,, by Ascolic-Arzela's theorem, there
exist a subsequence {(v;;,0s,)€Sr} and (7, 6)eSy. such that, in a compact uniform
way,

D, —D3o,  (k—-+oo; |m|=2),
(5. 42) _
D30, —D30, (k—+oc0; |m|=1).

It remains to show that (v;,, 0;,) converges to (7,6) in the topology of He x Hie.
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Firstly, in R¥,p,
Dz, ) — D3o(x, 1)} — {Dgvi(w, t')— Dap(w, 1)}
=Dz, ) — Divi(z, V) —{D%5(2, 1) — Do, )} |F

(5. 43)
X {| Dvi(@, t)— Doz, )|+ | Dyvi (2, ') — Do (, 1)[ )7
=S| Do+ | D0 | o p Yo | E— 8 |22 Dy — D |0 15, (Im|=2)
Hence,
(5. 43) | Dvi,— Do | = Dgvi§f r -+ | D30 | (Y2 Dipvi — Db | 114,
(Im]=2).
Therefore,
(5. 43)” | Divsy,— Do) i — (k—+co; N=1,2,--; |m|=2).
In the same way, as k—-oo,
|D3vi,— D537 (Im|=2),  |D%0:,,— D055, (Im'[=0,1),
(5. 44)
and | D03, — D"01$8 p (Jm’’| =1)—0.
Thus,
(5- 44), dg"'ﬁ)((vik) 0ilc)’ (51 0_))‘>O (k—>—]——00),
where d$(-, ) is a distance defined by
© (1NY (w1, 00)— 2, 0)§)7
W o= § (D) sl gy
(6. 44 4@ 00, @o 0= 23 ) T3 [, 0o, 00150 Q

5.4. The continuity of Gr. on Sr. as a subset of Hm8 x Hyhet,

LEMMA 5.5. Gyg/ is continuous as an operator from Sy, as a subset of
H=s X His® into itself.

Proof. We put
®, 0)=Gr.(v, 0), (v, 0)€ Sr).

We show that, for an arbitrary sequence {(vs, 0)€Sr/} that converges to an arbitrary
fixed element (v, 0)€Sy. in the topology of HE s Hihes,

GrAn, 02) =D, 62—, 6)=Crov,0) (in Hy*x Hy:"), (n——+c0),

(5. 45) {
ie., for ¥¢>0,

(B, ) — @, DD <e,  (m=n0(e, N)).
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Obviously, (&, ) and (9., 8,) satisfy, respectively,

31; =?'U—P0(Dx)ﬁ+N1(x, t,0),  (x,0)=0yx),
(€))
(5. 46) .
X 49+ Niw, 0, 0) 8z, 0)=0u(z)
ot~ Copw 2 6 6 0 BT
and
oD, “ .
T, T —T—— Po(Dz)vn‘l'Nl(l', t; vny 0n)3 vn($, 0)———:1)0(.77),
ot 2]
(5. 46) .
DPn o E fhut Nil, £; vy 0n) 8, 0)=0o(z)
at —Cvp(vn) n 2\&, {5 Uny Un), A =Uolx)-
Therefore,
(5. 47) (wny én)E(ﬁ_ﬁn, é'—én)
satisfies
0n _ Py(Da)itn= ,,{ 1 _1 }Po(Dz)ﬁ,,+{Nl(:c, t,0,0)— Ni(z, 1; vr, 00)},
ot ow Pwy Py
(5.47) 1% & -__It_{l_llA L )
al’ Cv,o(v) ACn - Cv P Py Aen+{N2(x; t’ o 0) NZ(-”» t’ o 0n)}!

Wn(x, 0)=0,  u(x, 0)=0.

Obviously, @, and {,e H%*, and each of the two right-hand sides of (5. 47)" belongs
to H%., so that (i, §,) can be expressed as

_ : , 1 1 \
Do, )=\ de| I35 b= = ) PUDOINE,

[ 4O (4R

+ [NI(E’ T 0, 0)'—Nl($7 T, Un,y 01»)]:

(5. 47" <
Culz t)—S‘drS 'T(@, £ 8, )L(L— ! >Aé & o)
n\&L) o - 30y Sy Ty P Cv o Pcop &0nis, T
+[N2(€’ 7,0, 0)_N2<$7 75 Un,y 07&)]
We put
~ 1 1 A
Nz, t;v, 0; vy, 0,)= u<~;— — P )Po(Dz)vn+ {Ni(x, t; v, ) — Ni(z, t; Vs, 1)},
@ (vy)
(5. 48)
ﬁz(x’ t; v, 0; Uny 0n)E CL{L - L }Aan‘l‘{Nz(ﬁ, t; 0, 0)—‘N2(J'/', t; Vpy 07,)}.
v | P Py
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In the first place, we estimate Hﬁlll{;f,ﬁ}, and ]]ﬁzll};‘f}, (N=1,2,---). We note
that

(5. 49) INdlep <IN lsp = =||INillsP <const || NI, (=1,2).
i)
lloewy = pcopllfZ =0y — oy 80+ 10w = 0w |58 7 F 0w — o |58 71+

For (E; T)eR?V,T’y

[ow (& ) —pwy &, o)l

= ' po(xo(€, 7)) exp { — S;div v(&(zo; &, 7), To)dz'o}

— 0o(Zn,o(&, 7)) €XP { - S;div Vn(Znlz0; &, T), To)dfo}
=1V 00| C|(mo— Za.0)(E, 0|
(5. 50)
+ Ipol(o’eMlT'{S \div 0(E(e0; & ©), 70) — div 0l & ), 7o) dey }
0

+ Sf !diV 0(.1—/'"(2'0; 5: T)’ TO)—diV Un(d_}n(‘[o; E’ T): TO)ldTO
0
g [IVPO'(O) !(xo_xn,o) (S) T)} + lp“f © { IVVOI.’(I(?'2 S; l(-i'—-in)(’[o; 5; T)ldfu

+ S |Po— Py | dro } ]eM i,
0
Now, we note that

(&= &n)(z0; &, 7) =~ S;{(v(x(n; £, 1), 1) =0 ¥(71; €, 7), 71)

(5. 51)
+ Wa(B(z1; &, 7), T1) — Vn(Eulzy; &, T)T0)) )71y

and, therefore, that
[(&—Bn)(z0; & T)| = |0 —Vn| Vg (T —10) + MlSr (& — Zn)(zy; &, T)|drys
0
(5. 51y
(= Za)(es; &, D) = o |o— 00| (0 1),
M,
Thus,

(5. 52) [0 =Py |¥.r = Ex(My, T ool )0 — 0ndiy iz,
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where E, is a constant depending on M, 7", and ||po||®>. Next, we have

l(P(v) —.O(v,,))(f, T)— (P(v) —p(v,p)(f', T)I

={l(pwy —pw)E D 1w —0w)E, D2 {lowm (€ ) —pw (&, 7))

(5. 53)
+lowp@ DowpE, DI}
={L2low —pwp |V o |1+ 0wy | S| E—E7 |7,
Hence,
(5. 53 loaw = 0w |§0,0 = CE) " low |50+ 0w | S (0 — vadiipd -2

In the same way, we have
(6. 53)” 0w —pwp iR, r = CED " lpw 55 + 0wy [EP 10— vy} 4
if)
[171og oy — V108 pcw, |55
=[V10g pew = V108 peoy |82+ 17108 oy = V7108 0oy 550,20

+|V1og oy —V10g pewp |5k 2

(Flog pwy =V 10g pcop)(§, 7)
(5. 54)

_ Pow —Ppw,p)§, 7) + 0w (& ) 0wy — o )E, )
P (E: T) P(v)(‘fy T)P(vn)(f» 7) ’

Fow —Ppwp)é ©)

=Tapulazo(é, o)) €xp { —{div o(ates & ), 2o }
(5.55)  +po(xo(&, 7)) €XP { - Srdiv v(Z(zo; &, ), T0)d70 ] . Ves;div v(&(to; &, 1), To)d7T0
0
— {Vgpo(xn,o(f, 7)) €Xp { - S;div Vn(Z(70; &, T), T0) Ao l

+ po(@n,0 (&, 7)) €XP { - S;diV Vn(En(to; &, T), 7o) dro ] . S;div ValEn(t0; &, ), To) Ao |+

Therefore,
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I(V()w) - prn))(?f, T)l
§{|V£OPO(~Z‘0(€, T))l : I(VGxO_ Vgxn,o)(f, T)]

+ IVJ:OPO(J?O(E; 7)) — Vzn,opo(xn,o(fy )|+ lVexn.o(’f, o)[}eMr’

(5. 55)/ +ino|(0)|Vexo|(o){ “7’717](0)8 l(x xn)(TO, é, T)ld’-‘o‘l‘ IVU anlI(VO)T’
o — o |53>,T,|VVv|<T°>SO \Fe(es; & )| deo
+|p(vn) “”S {7 V0| Lp (T — Zr)(To; &, )|+ |F P — Vvn| 0} | VeZ(zo; &, 7)|d7o

T l0cop |2 S P70, QT et — Pee)(es; €, )de.

There is a necessity to estimate |(F:Z— V&) (zo; &, 7)]. The matrices

—_—_— &ty &, 7) T ors Y Z,i(To; &, T)
(5. 56) X(To, &, T)_<_8§, _>) Xn(TO; Y] T)—( 35; >’

satisfy, respectively,

7— Xz, 0)= (— (e &, ), 70) X &, r))

=V(c; &, 0) X (r; &, 7), X (56, 0)=1,
(5. 56)’ <
avn (3

—d‘j—o Xl £, 9)= ( @ale; &, ), 20) Xl &, r>)

=V u(co; & ) X n(ze; &, 7)y Xa(e; €, 0)=1.
From this follows that, for z,€[0, 7],

(X~ X u)(z0; &, 7))

(5. 57)
éS (X~ X )5 & OV ales; € 0)ldes +S (P =V )i & o)) | X (e1)|drs
Thus,
(X — Xo)(zo; €, 1)
(5. 58)

= {[0—al R (M 1)+ My |Fo— Po] £} —19BO(T"; My).

107
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From the above, we have
(5. 59) [Vowy = Vo | r = Eeis(My, T 0— 0055+ Es o(My, T ) {0 — 020557,

where E,,; and E; ., are non-negative constants depending on M; and 7”. Therefore,
from (5. 54) we obtain

[V10g pawy — V108 pcop |97
(5. 60)
SEs (My, T 0—0a)§ %+ Es,o(My, T (v —va)i3}%,

where E;,; and E;,, are non-negative constants depending on M; and 7'. Next,

[{Flog pwy(§, ©)—F10g pw,y(§, D} —{Flog pa(§’, 7)— V108 peo, (€5 T}

={|Vlog pw (&, t)—F1og pwy (€, )|+ 17108 pwyy(€, T)—F10g pew,y(€, DI}
(5. 61)
X{|Flog pew (€, 7) =V 10g pcv,p (&, )+ 1V 10g oy (&', )=V 10g pew,y (€', DI} F

=[E—E|"H{| V108 pcoy| L+ 108 pcoyy |01 2]V 108 ooy — V10 v [0} 2.
Hence, we have

[V log o, —F log .O(vp)lg'.ﬂz)v.r'
(5. 61)
ézl-ﬁ{lVlog o g'.)T"I' IVlOg Pwy §;’3T,}f’>< {Ez,l«v—Un))z(\'rz,ﬁz)"+E3.2((<v"'vn>>l(\’;f7)" a}lwﬁ-

In an analogous way, we have

[V log oy —Flog Owy &R,z
(5. 61)"”
=217 10g pwy 5272+ [V 108 pco, | 57N XAEs 1 {0 — 0a)§ 3+ Es,o({o — 0 )i )} 2.

ili) From i) and ii) it follows that

5. 62) {HI\N/ ¥ = Ey s, 0)— 0n, O0)IN 7+ Ed,o{[(©, 0) — @, 0I5 23177,

N[5 = Es, 1[0, 0) = @y 0n))5%+ Es oA[(0, 0) = (0n, 0u)§551,

where E,,, and E, . depend on M, M,, M,, and 77, and Es,, and Ej;. depend on
M,, M,, and T".

iv) Finally we estimate (@y, &)

If (x,9)eR% 1, then, for an arbitrary >0, there exists a number 7N, ¢, N(¢))
such that, for n=n,,
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|, t)l<S S T, 1€, RAE, 730, 0 0my 0,)] 2

t ~ t ~
=(ae{ Irt 68 96 9l ol ire e
0 R?v 0 R3-R},

(Ry={x: zeR?, || =N})

. 63)
=S{Esal@, 0)— (@n, 0152+ (Es 20, 0)— (0n, 02)152)~F}
( ) 372
(M, T’ )( - (v)>
t . . .
+S dTS lF(v)N1|d5<“2—+-§‘=

0 RS_RI3V
Hence,
(5. 63) || Q.7 <e,  (for n=no(N’, ¢, N(&)); N&)=N'+M,T").
For |m|=1,2,

| DR (a, 1)

t ~ s
ég drg D2z, £ &, )| - | N8, ©) — N(a, £)|
0 R13V

+ ”drS D2 6, ) o 0010

. 63)7 d‘rS Zen(@—&, 1, &, 0) 4D oy o2, 1, &, )N, £)dE

D"Ziola=8, 60, N, 00+ | D" Zeo(a=8, .5, O 1

R

+ DmZ(v)(x 5’ t S’ T)+Dmp(71) o(.’L‘, t s; T)Nl(x’ t)dflﬂ

|
+,
.
devs

(S D Z e (w—2, 8 @, )N, B)dE=0 )
RE)

From this, we have, for an arbitrary number ¢>0,

109
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| Dz, )
A ~ +oo
<R (@, £; 0, 0; D,y 0,) |28 CrE-Im 0272 4. |Nx|‘T“f>Ct<2-'m!+a>/ZS drrte-rdy
hy(N—=N")/ VT
~ ~ +eo
(5.64)  +|N.(2)|QpCree-mi+ory INI';‘»'C,t(Z—ImHu)/gS Arrte="2dr
hi(N=N)/ VT

Ste-mo A CONINER+HIMI1EP - 6N, N <,

(m=no(N’, e, N(e)); e\,0 as N, +o0; C and C’ depend on M,, T’, and ap).
Thus,
(5. 64) | D3| <o,  (nZn(N', ¢, N(e))).

By (5.64), for xeR% and ¢#—#=#>0 and for an arbitrary number &>0, there
exists a number #o(N’, e, N(¢)) such that, for n=n,,
(5. 65 ~ "

S(CHC e p s 1)t )t 3 K3+ |l 6N (@), N

For t—#=¢, we estimate along the line of (4.8). After tedious calculations, we
have

| DR (x5, £) — Dl (e, )]
(5. 65) ~ .
=CH"(apt—t) @ mreb 2| Ny(n)] |55+ N1 ()] |FPe(N (e), N}
Therefore, by (5. 65) and (5. 65), for an arbitrary number ¢>0
(5. 65)"/ | D%t | P <o, (n=n (N, ¢, N(¢))).
For |m|=2 and x, '€ Ryrim oy (0=St=T"),

is estimated along the line of (4.18). We have only to note that, for an arbitrary
function ¢(z, ; &, 7),

t
S de o(+; & 0)ds
0 R3-3,
(5. 66)" . ,
=SodrSR8_2{c o(+; &, T)dE+SOd‘:SZ{‘—21 o(+; & 7)dé,
where
(. 66)" Sk={g: |g—E|=2k|z—2'|, k is an integer =1}.

Obviously,
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2, C¥C Rbkiny cvrsar,rn.

For example, the integral (cf. I, of (4.18)),

¢ /g2 .
5. 67) SRMk dfgo lp—a!| |’ — |t — 1)~ exp{ —In th:ﬂ—‘drslk

is estimated as follows:

ikélx—x'lzh;ms)s gl
_Z’I

R3

ézs—nﬁlx_xll.hl—zl(s)g % I$—$|—4-|-apd€
sk

RS
(5. 67)
i z'—¢ i Ve
<2 = pramy = o for Ee(b1)>
+ oo
=25-|p—x'|h72[(3) Ay 2 bdy =2z (3) (1 —ap) 1k~ 1*F|x— 2’|,
2kle—z'} !
Therefore,
(5. 67)" I/ |z — 2 |**—0 (—+00).

In this way follows the result that, for |#|=2 and an arbitrary number ¢>0, there
exists a number #o(N’, ¢, k(c)) such

(5. 68) | D3| 50,20 = Cos P | N 558 24+ N ()| 8P 1R (e), N7 <,
(51\0 as E\O).

|D%E0|Q 0y, etc., are estimated in an analogous way. From iii) and iv) follows the
assertion of this lemma. Q.E.D.

5.5. The existence of a bounded solution of (1.9)-(1.10). Now, to complete
the proof of Theorem 1, it remains just to apply the following

TureoreM (Tikhonov [39]). A continuous operator from a compact convex subset
in a locally convex linear topological space into itself has at least one fixed point.

Proof of Theorem 1. By Tikhonov’s theorem, Gr. has a fixed point such that

(5' 69) GT’(U! 0) :(2’}, é):(z), 0)) ((Z), ﬁ)GST’)'
Moreover,
(5. 70) o€ Byr={o: |p| 2+ 7ol + | Dipl §2} < +co.

We can consider (1.9)* as a linear parabolic equation in ¢. The fact that
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(v, 0, p)e Hy* X H* X B+, and that 0(x, 0)=0,(x)=0 and ¥=0, guarantees the non-
negativity of 0(x, ), (cf. [9], CH. II, §4). Thus, we have Theorem 1. Q.E.D.

§ 6. . The problem of uniqueness.

Proof of Theorem 2. Let (v, 0, p1) and (v, 05, p2) satisfy (1. 9)-(1.10) and the
assumption of this theorem. Then, the differences,

6.1) W=0;—0y, 0=0,—0,,
satisfy

%’ - p—(”—) PDoyw=N(z, t; 01, 05505, 05),  w(a, 0)=0;
®.2) '

% - #4@:&@, Loy, 0000 05),  O(x,0)=0.
V, ’Dl

It is obvious that
(6. 3) (w, O)e H*x Hite, N, and N,eHs.

Therefore, w and 0 can be expressed by

t ~
W, )=\ e\ Teoplan 8, IFCE, e,
6. 4)
t ~
0z, 1 =S de\ Tl 8 IRE, .
0 R3
Hence, if T,€[0, T, then

Wdr, =CKosdr, THINGE,  (C\0 as To\,0, cf. (5. 36)),
(6. 5) O)r, ='C o>, TOINLIE,  (C\0 as To\,0),
Wy, ZCoDr, THINIE,  (C\Co(>0) as Ty\,0).

i) We put
(6. 6) M=max [{v:}r, (v:)r].
In such a way as we obtained (5. 52), we have

|P(v1) 0wy I(Tc').,

6.7
=E(M, To){vi—v:pr,, (E; decreases montonically as 7,\,0).
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[(ocwop — P )@, D) — (0w — oo X&', D)

td
- ’ Soﬁ {ocwp (@2 1) = pop (@2 t)}d,zl

(6. 8)

<

1
S ap(vl) (xh t) - ap(vZ) (xb t)]d‘!‘
ol 0z, 03,4

a— )

=|Powp —Fpwplfy l2—2],
(z2=2z+1—Dz’; te[0, To]).
Therefore, noting that, for ¢ and ¥=0 and for €0, 1],
(6. 8)’ a'b'-"=max [a, b]=a-+b,
we have
[(ocop — pwp )@, 1) — (0o — Pop )&, 1)
(6. 8)””
=22 —2'[{|Vowy = Ppap |+ lowp —pwp 1)

We can estimate [Focw,,—Fpwy|$) almost in the same way as in (5.55), if we
replace v, n, T, Tn, T/, and |FVv|&p (% —Za)(z0; &, )|, in (5. 55)" by o1, v, &1, T, To,
and [PV Vo,|Q|(%:—Z:)(zo; €, 7)|, Tespectively. As a result, we have

(6.9) 0oy — Vocop | )= Fy(M, M, To)vi— 51,
(F\O as To\,0, M=max [|FFFv,|L, |77, | 2.

Thus,

(6.9 [pcwp = 0wy |Fr, =2 E(To)+ Fi(To) o1 — ve)r,

Next, for ¢ and #€[0, Ty,

[(owp — pwp (@, 1) —(pcw — Pcogp )z, )]

) 0
= ‘S {B—L‘;‘o(”l)(x’ h)— S 0oy (2, l‘x)}dl" [t—2]

0

6. 10) .
= So HAIV pcwp (@, £)01(, £2) —diV oy (2, 20z, E)}dA- |t —1'|
=Ty )t=t' | M(E(To)+Fi(To)+lpwp 7} o1 —02) 1,
(L=2+1A—=2t).
ii) We put

P1=Pwp) P2 =Py
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Vx Vx X
<i - ﬁ)(x, f)— (_VE“_’L - M)(x/’ ?
01 02 01 1%

[ (Lot

t
po(xl.o(x, %) VxSodlv vu(Ez %) dT}

_ { Vapo(@s,olz, 1))

00(22.0(, ) VzSOdiV va(Zo(z; @, 1), T)dr H

_I:l fopo(xl.o(x’; 1)) _

¢
H = w4
oo o, D) Vx/godlv v1(Z:(7; 2, 1), ‘r)dr}

fopo(xz.o(-%‘,, 1)) L = (e o
(6. 11) — { m - Vx/godlv Ug(xz(f, X, f), T)d‘&'] :l

_ H Vaoo(21,0(z, £)) = Vapolaa,o(, £))
po(x’l‘o(l‘, )

Hhapasate ) Y 1(x O p.)(xz.i(x, 5) } el ],

t
—[S V5, div 0u(@s(c; @, 8), <) Fadia(c; 3, )
0

t
— V3, div 03(Zo(7; 1, £), )WV aa(c; 2, 1)} 11dT — S {r—z'}1rdr ] .
0 B

[ la=UFzpolz:,o(z, £) = Fapo(zs.o(z, 1))}

1

—{Verpo(@1,0(z’, 1)) = Varpo(@z,o(z’, )} @ D)

1 1

—Vx'oxo ,, — Vo \ZL2,0 I; -
{ 4 (-1' , (.Z’ t)) v, 14 (-Z' . (1’ t))} po($1,0($, t)) po($1,0($/, t))

(6.12)  +{Vapo(@s,0(x, D) = Varpo(a2.0(2", 1))}

1
00(1,0(2, 1)) po(22,0(2, 1))

X {0o(@2,0(, ) — polx1,0(z, 1))}

, po(x2.0(2, 1)) —po(®1,0(x, ) pol@s,0(’, 1)) —po(@1,0(z", )
+Vx’p0(l’2,0(flf s t)) po(xl,o(‘r, t))po(xz,o(x, t)) ,00(1'1,0(.’1/, t)),ﬂo(xz_o(x,, t))

=S+ S+ S;+Si.

For example, the first term is estimated in the following way:



CAUCHY PROBLEM ON COMPRESSIBLE VISCOUS FLUID 115
[S11=(@0) " {Fpo(@1,0(x, 1)) — Vo220, )} —{2—a}o| =0 *
=(00) 12| P, ol 1V T 00| @1 21,0— 22,016” + ool [ Paps .0 — Pz o | 73}
(6. 12) X V1,0l P Vool 7V (@1,0—22,0)| 25+ 17V 2,012 Foo| 7 (01,0— 22,0 |75
F| PV 22,09 |Vira, 0|(°)|VV.00|(0)lxl.O'xz'o](T"l+(|Vw1.o|(T°) 211717,00]“)[301_0—302,0[;‘3;
+1PV 0o O P10l P+ V2,0l )V (@1,0— 22, 0) | 73} [0 — 2|
In this way, by making use of (6. 8)’, we have

[ lal=F(M, T5 @) llooll #H )| 21,0— 22,0l £+ [P (@1,0—22,0) | £}

(6. 12)""
+lVV(xl.o“xz,o)]%Ix—x’I“,

where F, is a non-negative constant depending on M, T, (go)~?, and ||po]|®*%>. Next,
t
[ ]B=S [{VdiV 211(3—';'1(1'; x, t)’ T)'— VdiV Z)l(i.l(f; JC,, t)) T)}D_ {01_4)2}0117@2_71(7; Xy t)df
0
t
+S (7 div v2(&a(z; x5, 8), T) =V div 0:(Ea(z; 27, 1), )} X VaZi(z; &, £) — Vadoo(r; 3, £)}de
0
(6. 13) t
—S {7 div vi(Z1(r; &' 8), ©) =V divo(Za(c; 27, 1), )} X {V2ds(z; 2, ) — Vo Zoz; 2/, D}de
0
13
— S 7 div ve(Z5(7; 2, 8), O)[{VaZi(z; 2, ) — Vari(7; &', )} —{Z1— T2} 5] dr.
0
Hence,

TR S: (P div 04(@u(e; 7, 8), ©)— T div 0(54(; @, ), D)) — (=} 5| - | Pats(e; 3, 8) e

+ S” {7 div 0y(Z1(z; @, B), 7) =V div 0:(Za(z; @, 1), D)}e—{2—2"}e| ™"
0
X |V div vo(Z1(z; &, £), 7) =V div 02(Z2(z; , 8), T)}a—{z—2"}6|" |Vas(z; , D|dr

t

+So|Vdivv2|5:3T<|m2[<T°;|x—x'1>“-|sz1 Vol e
t

0 PP 21— 2P P =00 R X QI ) (PP 32 5 o
0

(6. 14) S |VVvZ]‘°){S |PV %1(7; 202y £) — VIV Zo(75 202, )] - | — 2" |* A2 {2]Vx(x1 —Zp) |} dr
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(7= _sup |Z1(z; =, D), etc.)
VStSUSTy

e
=[PV @i =) S|Pz |2 To+ To| Vs | PL2I PV V0| Q| &y — Zo| P}
APV V0| Ep| 21— Zo| 7| V2| 5y [ PV V02| P | V(21— T2) | 1}

+ TPV 0e| (Ve | )7 | Ve @y — Z2) | 20) + Tod |V V02| P | 21— Zo| 5+ [PV (01— 02) | 2}

X @z | )= (P V2| )+ 21| V0| LIV V(21— Z) |5+ |V (&1 — Z2) | ] |2 — 2|}

We need to estimate |/F(&,—%:)|f). We use the notations of (5.56) and (5. 56)".

d/ o = ) - o 3 -
wlar® )= e %= (2o Vl)*"lm(m)‘l)' m“‘Lf‘)’
(6. 15)
d - F) - ) - o
i (o Be) =5 D= (57 )Xt (5 X)X =
Hence,
- o ¢ 0 -
Pc 23 SCI R ANRCNC A SO1 2
12 ) _ _
(6. 16) +S H—a;(vrm) X+ . — X
+|I7'1—I72|la—a— X.|dt.
Lk
From this, we have
(6. 16) [PV (& —Z2) | =Fs(M, M’, To)vi—02Dry, (Fs\0 as To\0).

Thus,

6 I 14l SFaM, To) o —vdrz—2'|",  (Fa\0 as To\,0),
( : {I[ 18l =[Fi1(M, M, M, To)<v1—vepry+Fuo(M, To)lv1—0:)7,)|x—2"|%,

Fi, and Fi2\,0 as To\\0; M'=max [[FVVv.|Ey, [PV V0, E5]).
Accordingly, we have
(6.18) |Flog pwl)—VlOg P(vz)lr T0<{F2(T0)+[’4 (To)} v — 02>T0+F4.2<01—vz>£ro-

iii) For To=t=¢>0,
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{(Fz log 0,V log pa)(z, Dy —{t—}u,

_ [ VJPo(.Z‘l,o(x, £)— Vxﬂo(xz,O(l'» 1)
po(21,0(z, 1))

Vepo(1,o(z, ') —Vapo(@s,o(z, 1))
po(\%& .O(x’ tl))

1 1 ‘

FFap0@eo(@, t”{ @) oo D)

(6. 19)

, 1 1
+Vzp0(x2'0(x’ ¢ )) <Po (.1,'1,0(.1‘, t’)) - Po(xz.o(xy t’))) }]H

- [S (751 AV 0u(Fa(23 3, ), W oa(2s 5, £)— Vs Qiv 0s(a(cs 0 £), ) Vol 2, B)}adle

12
0

- St, {If—>t’}1dz']J.

0

We can calculate in a way analogous to that in ii). As a result, we have

(6.20) |l lal=FsalM, To; llooll @ 2)or—v2pr (6= 2)"2, (F5.°\.0 as Tu\,0),
U VISFaa(M, M, MY, TS0 = o) r(t =)

(©-20 +Fs (M, TPV (01— 02)| D5t —2)2,  (Fs,2 and F5,5\,0 as T,\,0).

From (6. 18), (6. 20), and (6. 20)’, we have
[710g pcop — V108 peop |5
(6.21)  ={FAT0)+Fua(To)+Fs o(To)}01—0:)r,+{Fuo(To) +Fy.o( To)) <01~ 02 7,
=Fo(To)01—v2)r,+ B To)v1— )7,
(Fs and Fo(To)\,0 as Tu\,0).

iv) By making use of the results of i), ii), and iii), it is easy to show that

|NL 9 = Fr (To)w) g+ Fa oKy, +O)r,y),
(6. 22) {

INLIR = Fr o To) (w0, +(0)r,),

where Fy,:(To)\0, Fr,(To)\,const(>0), F7,s(To)\,const(>0), as 7o\,0. Therefore,
from (6. 5) we obtain:

w1+ (O 1, SC(To)Fr, o To)+"C(To) Fr, s To)(wpry +(O)rp) + F7, 1 To) C(To)ew) 70
iy ZC(To)Fr, o To) KD 1y +(0) 1) +C(To) Fr o To)ew 7,
(C and "C\,0 as 7o \,0).

(6. 23) {

Next, there exists 7:€(0, 7] such that
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6. 24) 0=C(T)F. (T:)<1.
Thus, for T,€(0, 7]

, C(T0)Fq,5(To)
(6. 25) W)y = T=CTFya(Ty) Kwdry+Dry)-

Hence,

Kwr,+(0)ry)

1,1(T0)C(To)C(T0) Fr,5(To)

(6.26) = CUTIEr o T+ CUTIFr o T+ =g 2 e st

K ry+O)r,)

=F(To){wpry+(O)r)-
There exists 73€(0, 71] such that
(6. 27) 0=Fy(T»)<1.
Therefore,
(6. 28) 0=(uw)r,+O0)r,)(1—Fy(T3))=0.
Thus,
(6. 29) (w, 0)(z, 1)=0,  (¢€[0, T2]).

We can repeat this procedure, and by virtue of the assumption of the theorem,

after a finite number of repetitions, we arrive at the conclusion of the theorem.
Q.E.D.

An outline of the proof of Theovem 3. By the hypothesis of the theorem, for
some 7’¢(0,T], we can find an operator Gr. from a subset of H%*x H%:* into
itself. Next, we follow the same procedure as we did in Theorem 1. Finally we
apply Tikhonov's fixed point theorem to the results obtained. The uniqueness of
the solution is obvious.

The definitions of the notations in Theorem 3 are as follows:

n n
;f“z[g: S DiDnle+ S |DiDuglep

2r+|m|=0 2r+4|m[=n~1

(6. 30) v Y D ':gw:zp<+oo}, (n=3,4),

2r+|m|=n

[;’.f“z{g: S \Dmlet 31 IDRglsE+ X |D’;‘gl§$3w<+00}, (n=3,4).

|m|=0 |m|=0 |m|=n

In studies to follow, the boundary value and global problems and related
theories of abstract analysis will be treated.
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