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ON THE CAUCHY PROBLEM FOR THE SYSTEM OF FUNDA-
MENTAL EQUATIONS DESCRIBING THE MOVEMENT

OF COMPRESSIBLE VISCOUS FLUID

BY NOBUTOSHI ITAYA

Since the preceding century, a great many studies, classical and modern, have
been made on the movement of non-viscous fluid, whether compressible or incom-
pressible, (cf. Lichtenstein [29], Bers [2], Bergmann [1, bibliography], Goldstein [15]).
As seen from a methematical point of view, the boundary layer theory by Prandtl
[34], [35] is only a variation of the above-mentioned studies.

In early thirties of the present century, Leray [26], [27], [28] began strictly
mathematical discussions on the non-stationary problem for incompressible viscous
fluid, inventing a concept "solution turbulente", which corresponds to the concept
"weak solution" in the present day. About twenty years later, Hopf [16], Kiselev-
Ladyzhenskaya [22], and Lions [30], [31] proved the existence of a "generalized" or
"weak" solution of this problem, each independently. (Kiselev-Ladyzhenskaya and
Lions proved the uniqueness of the solution in a space of functions). In Japan, Ito
[17] showed the existence and uniqueness of a classical solution of this problem,
and Kato-Fujita [20], [12] improved these results above by the method of functional
analysis, utilizing the theories of fractional powers and semi-groups of operators by
Glushko-Krein [14], Krasnosel'sky-Sobolevsky [23] (also, cf. [36], 37]), Cattabriga [23],
and Kato [18], [19]. They proved the existence and uniqueness of a solution in a
certain space of functions. The stationary problem for incompressible viscous fluid
was treated by Finn [7] [8], Fujita [11], etc.

As for the stationary and non-stationary problems for compressible viscous
fluid, so far as the author knows, there have been very few studies on them,
probably, because of the complexities enjoyed by the system of equations describing
the movement of this kind of fluid.

In view of these circumstance, we dare to find a way of solving this problem
firstly from a classical point of view, restricting the spatial domain to R3 only.
The whole discussion consists of two parts: §1~§4 and §5—§6. The former
introduces the problem to be discussed and treats linear equations connected with
it. The latter discusses on the original problem, trying to demonstrate the existence
and uniqueness of a solution. In the last stage, Tikhonov's fixed point theorem [39]
plays a very important role. The proof of the uniqueness of the solution requires
very delicate techniques and considerably lengthy calculations.
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§ 1. Introduction.

1.1. Introduction and main theorems. The movement of fluid is described by
a system of five differential equations corresponding to the laws of conservation of
mass, momenta, and energy.

i) Conservation of mass.

(1.1) -~+div/ofl=0, (p, density; v, velocity).
uΐ

ii) Conservation of momenta.

(1-2) p-j^-=pf+ΌivP,

(*κr = -^r+(*; Π; /> outer force; P, stress tensor; DivP=-—P i k).
\Dt dt oxi )

In isotropic Newtonian fluid, P is expressed in the following way:
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( 2 \
P+^μθjδik+μeik, (P, pressure; μ, viscosity),

where

(1.3)' e^fL + ̂ L, Θ = l =divz,
UXk 3Xi 2

From (1. 2), by (1. 3), we obtain the so-called Navier-Stokes equation:

(1- 4) p~- = pf-graά (p+ -^μ div v\+(P μP)v+ΐfcr (μ grad v).

a) If μ is a constant, (1. 4) has the form:

(1. 4)' pJL=pf

b) If μ and p are constants, (1. 1) and (1. 4) have the forms:

(1. 1/ divz;=0,

T)D
(1.4)" p^-^pf-Fp+μΔv.

c) If μ=0, (1. 4) has the form:

(1.4)'" p-jr-=pf—yp> (Euler's equation of perfect gas).
J-Ji

iii) Conservation of energy.

DE 1
(1. 5) p-pj- = — P^^+div (κ grad ff)=Ψ-p div z +div (K grad ff).

(E, internal energy; K, heat conductivity; θ, absolute temperature),

where Ψ is the function of dissipation defined by

(1. 6)

,, ^
(L7)

(Cy, specific heat at constant volume).

Thus, we have

(1. 5)' (£9
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If we assume that p is virially expanded, i.e.,

(1. 8) P=ΘΣ άnpn, (0<io</?*=radius of convergence of the power-series <+00),
71 = 1

then (1. 5)' has a form,

(1. 5)" pC92jL =div (κ grad ff)+Ψ-pdiv v-Cυpυ ?θ.

When μ, K, and Cv are constants and p is virially expanded, the system of
equations to be considered is as follows:

(1. 9)1 f dp
iv pv=Q,

dt

(1. 9)2

(1. 9)3

\ Oi

Hereafter, we shall consider a Cauchy problem of (1. 9) in which the initial
condition is given by

As final results for the Cauchy problem (1. 9)-(l. 10), we have the following
three main theorems. (As for notations, see 1. 2, 5.1, 5. 5, and § 6).

THEOREM 1. For some T'€(0, T], there exists (v, θ, p)eH$"xHy ,βxBy;* (0^0 and
+oo>io*>^>0) such that (v, θ, p) satisfies (1. 9)-(l. 10), where (v0, 00, po)€H2+axH2+ax
Hί+a (0</9o=/?o=A)</0*, PO and ^0 are constants) and.

THEOREM 2. For (v0,00, po)εfϊ3+LxH2+axH2+L (Q<p0^po^po<p*<+°°) and
a

τ, if there exists a solution (v, θ, p) of (1. 9)-(l. 10) in

\H2fan\u(x,t}:D™u(\m\=3) are continuous, Σ (\D^u\
L [ |m|=3

then the solution is unique there. ("L" indicates that the Holder exponent a=T).

THEOREM 3. // (00, Θ0, p0^H^axH3+axH2+L (Q<p<>^pQ^p0<p*<+oo) and
a, then, for some Tr€(0, T], there exists a unique solution (v, θ, p) of (1. 9)-(l. 10)

in H^xH^xB1^ (0^0 and

1. 2. Preliminary surveys. In connection with (1. 9)2, we consider the following
linear problem:
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, T)\
(1.11)

where

(1.11) σ,feH*τ,

For α€(0, 1), /fr+" («, integer ^0) is a Banach space of real functions g(x,t) defined
on RT such that

2r+|τn|=0
(1.12) | |g|i

where, for A(^, 0>

. , , .Λ. . , . . .
\h\ψ= sup \h(x,f)\,

2r+|m|=n-l

(1. 12)'

\h(x, t) — h(xy tf) I
/ ,,^*~* I

I&.3 sup
x,x',t

and, for m=(mϊ) (m^ΰ),

(1.12)" M.Σ^ «

For a vector function β'Ca;, 0=(flίί)»

(1.13) \g\¥=ΣM¥, \9\P=Σ\9i\(f\ \\g\\9™ =Σ \\at\\9™, etc.
1 1 %

Hn+a is a Banach space of functions u(x) defined on R* such that

Σ l
\m\-n

) ΞΞ sup !«(*)!, |^|(W)Ξ sup

where

(1. 13)"

We put

(1.14)

LEMMA 1.1. 7%^ system (1. 11) /5 uniformly parabolic in Petrowsky's sense,
i.e., there exists a number <5>0 such that



(1. 15) max sup Re y/f x, f)}^-δ,
3 1*1=1
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(vfo t)€R3
T),

0/s are the roots of det [σ(a;,

/V00/. For |f |=1, ^ (/=1,2,3) satisfies

(1. 16) det [<τfe

65

σ + σ ^ σ ^ (for

(1. 16)'

By (1. 16/, D(λ\ a\ f ) has one negative root /Ί and two complex conjugate roots λz

and ^3=l2 ^i, λ, and ^3 satisfy

4
— o~σ.

Di(λ\ξ\σ)=(dldλ}D(λ\ξ\σ) increases monotonically in [— 4σ/9, +00), and

Therefore,

0; σ; ?)}-J Z)(0; σ; ξ) g - σj - fi

1 ί 4 4
. -ff+_

4
_

Thus,

(1.18)
35

max sup Re ̂ (f a?, f ) ̂  ~ -55- ̂  β

This shows that the system (1. 11) is uniformly parabolic in Petrowsky's sense.
Q.E.D.

In the same way, we can relate (1. 9)3 with the following linear equation:
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~ =d(x, t)ΔΘ+g, (a,
(1. 19) dt

It is obvious that this equation is uniformly parabolic in Petrowsky's sense. So,
we can treat (1. 19) in parallel with (1. 11).

§ 2. The fundamental solution of a linear problem.

2.1. Parametix Z(x—ξ,t;y,τ). In connection with (1.11), we consider the
following system of ordinary differential equations in t:

—
(2.1) dt

— =σ(y, r)Po(*ΌF(ζ, ft y, τ), (ζeC3),
dt

V(ζ,t',y,τ)\t=τ = I (unit matrix).

V can be solved directly from (2. 1), i.e.,

(2. 2) F(ζ, ft y, r)=exp {(f-rMy, r)Λ(/C)}

We define the parametrix Z=(Zίj(x—ξ,t\y,τ)) of (2. 1) in the following way:

(2. 3) £"(*-£, ft y, r)= TJ ί e'«oc*-e) F^0, ft y> τ)d?0> (f,y=i, 2, 3).

We note that the following relation holds between the roots λ3 0"=1, 2, 3) of
det[<7(a?,f)Po(ίΌ-lΠ and the roots °̂> of det [P0(iQ-λI]:

(2. 4) ;χc; ̂  t)=σ(x9 ί)^«(θ, (y=l, 2, 3).

For ^0) ( i=l,2, 3), we have

(2. 5) max sup Re J»>(£) ̂  - 1|,
7 1*1=1 yy

(2. 5)/ ^β)W)=Λ5ί)(CX (̂ 0, ζeC3).

The following two lemmas are taken from Friedman ([9], [10]) with some
modifications.

LEMMA 2.1. ///(z) is a continuous real-valued function on Cn, satisfying

lf(vz)=v*pf(z), (y^O, 2€Cn;..A /w5/«^ integer),
(2Γ6)

a number «0>0
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(2.6)' /Gr+*2/)g--|-N2i)+«oh/r, (x,yeR ), (cf. [9], Cff. IX, §2).

LEMMA 2. 2. F<w £fe matrix e^ ^P^iζ),

e"'«>*>p°™^2*/3{l+a(y, τ)|P.(iO| f+βfo, τ)2|P0(ίζ)|2ί2} exp If max Re W», r)^
I <

(c/. [10], CF. 7, 2),

where, for the matrix A=(a^),

(2.7)' μι=Σ|β«|.

By Lemma 2. 1, we have:

LEMMA 2. 3. Γ/^r# #wsf δ and a>0 such that

(2. 8) Re {σ(y, τWζ=ξ+iιj)}£σ(y, r) - -£- \ξ\2+a\y\2

I 2

Proof. We have only to put,

(2. 8)' Λ(0=Re {σ(y, τ)tf>(ζ)}, <50=<5= ||. Q.E.D.
99

If we define for ζsC3

(2.9) |C|2=|d|2+K2 |

then

CO oy IPn( r;ΠI<4l\£/ ί/^ I x Oy^'β/l ~ ^ I

By the lemmas 2. 2 and 2. 3, we have:

LEMMA 2. 4.

(2.10)

gCo exp (ί-τ)-

Proof.
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[σ(y, r)(f-r)|ζ|T exp ( - ~ (t-τ)σ(y,τ) |ζ|2| g (y)^(2, 0), (f[(a, b) =

Hence,

, t] y, τ)|^C0 exp \(t-τ)σ(y, τ)- - |f |2 + + - |^|2 ^C0̂ -'̂ o(^. Q.E.D.

LEMMA 2. 5. Fό>r the index-vector m (|m|^

(2. 11) DSZ*J(x-ξ, t; y, r)^C{'«"(ί-r)-^'+8^» exp -
^i^— τ) j

Proof. By Cauchy's theorem, for

(2. 12) Z"(x-ξ, t] y, τ)- -̂ - \
(Zτr; J/?3

(2. 13)

Hence,

X (|?o|l""+|)?||w|)e-(ί-rχs/4)''<!'")ie»lV?o
JB»

We choose 17 such that

= |)?ιl sgn (a j-fί), (/=!, 2, 3),

\*-ξ\

Thus,
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(2.15)
/ l*nl 1 \

l(12β1)-'»'/«(^
-τ)

eχp ι - 0,1 Λ~/! .

(2.15)' / 0 « ) = e - ^ r f r . Q.E.D.

LEMMA 2. 6. For w 5«cΛ Λtoί |w| ̂ 1,

(2.16)

Proof. Using the preceding lemma, we can prove this by means of direct
integration; e.g.,

S Γ
DxZ

ίj(x—ζ,t\y,τ)dx= lim \ ί/^
β3 -̂» + ooJίί2

(2. 17)

= \ dxidx* lim {Z«(a;-f , t\ y, r)|ϊ,__w} =0. Q.E.D.
Jβ2 -̂> + oo

COROLLARY of Lemma 2. 6.

(2.18) ί DtZV(a;-ξ,t ,y,τ)dx=Q.
Jβ3

Proof. This is obvious from the fact that Z satisfies

(2. 18)' DtZ=σ(y, τ)P0(Dx)Z. Q.E.D.

2. 2. Some calculations. The difference

(2. 19) TF(ζ, t; y, τ; A)Ξ F(ζ, f; y, τ)- F(ζ, ft y+h, τ)

satisfies

A, τ)}P0(iζ) Γ(ζ, ft y+A, τ),

Hence
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(2. 20)' W(ζ, t; y, τ; h) = C'β«--*aww«){σly> τ)-σ(y+h; τ)}P0(iζ) V(ζ, U, y+h, τ)dτa.
Jr

From (2. 20)', we have:

LEMMA 2. 7.

(2. 21)

Proof.

/-r0)Qo(f,

(2.22) ^|A|

Q.E.D.

LEMMA 2. 8. For m (\tn\^Q),

\DSZV(x-ξ, t; y, τ)-DSZV(x-ξ, t] y+h, r)|
(2. 23)

DSZV(x-ξ, t; y, τ)-DSZV(x-ξ, t] y+h, τ)
(2. 23)

From this equality we obtain (2. 23) as we did (2. 11) from (2. 13). Q.E.D.

In the same way we have the following lemmas.

LEMMA 2. 9.

\DSZV(x-ξ, t', y, τ)-D™,ZV(x'-ξ, t, y, τ)|
(2.24)

1 Ir — PIX

l ί-τ

(x€xx'= convex hull of {x,xr}).

LEMMA 2. 10. Fί?r t>t'>τ
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\DSZ<'(x-ξ, ft y, r)-D5Z«'(a-ft f y, r)|

71

LEMMA 2. 11.

(2. 26)

24ai(71

-ξ , ft y, τ)-DtDSZV(x-ξ, t] y+h,

LEMMA 2. 12.

(2. 27)

24α2σι(f-τ) j '

2. 3. Construction of the fundamental solution. It is known that the system

(1. 11) has a unique solution in H2fa, (cf. [24], [6]). [More generally, (1. 11) has a
unique regular solution (cf. [6], Ch. 2 and 3)].

As shown in § 4, v(x, t) is expressed as

(2. 28) v(x, t)=v0(x) + dτ Γ(x, ft ξ ,
JO Jβ3

where Γ(x, ft J, τ) is defined by

(2. 29) Γ(x, ft ft Γ)=Z(j?-ft ft ft r)+ϊ A oί Z(a?-y, ft
Jr J/23

and Φ satisfies a Volterra-type integral equation,

(2. 30) Φ(*, ft ft r) =K(x, ft ft r)+ [dτλ K(x, ft y, rβ)(P(y, r0; ft
Jr Jβ3

(A:(a?, ft ft r) = {σ(a?, OΛ(^) - IDt}Z(x - ft ft ft τ)
(2. 31)

= {σ(a?, 0-σ(ft r)}PoΦ*)^(a?-ft ft ft τ))..

jf(a?, ft ft τ) is the unique fundamental solution of (1. 11) (/=0), so far as solutions

in H2£" (more generally, bounded regular solutions) are concerned. It will be
known from the Holder-continuity of Φ in x to be shown in § 3 that Γ(x, ft ξ, τ)

satisfies

r

(2. 32) (x, ft ft τ}=σ(x,f)Pύ(Dx)Γ(x, ft ft τ), τ),

and it is obvious that
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lim\ Γ(x,f,ξ,i
t\Q

Thus, Γ has all properties as a fundamental solution.
We give some formulas here.

LEMMA 2.13.

(2.34) rμe-r±

LEMMA 2.14.

(κ(μ, b)= ft€[0, 1)).

(2. 35)

(2. 35)'

LEMMA 2.15.

5Rκexp|-ό^

(δ>0,

(α, j8>0).

f-ro)-*/zexp -A

(2. 36)

Φ is given in the form,

(2.37) Φ(a?,f,ftr) =

where

f^ Γ
Jr Jβ3

^3, h>0).

(2. 37)'

(2. 38)
fe ft ft τ)| = kte t)-σ(ξ, ?-ft ft ft

Inductively,
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•KiΓMDΓ
(2. 38)'

•exp
t-τ (w=0,l,2, ).

(ir)
(2. 38)"

By (2.38)', the righthand side of (2.37) converges uniformly for />τ^0, and by
(2. 38)" we have:

LEMMA 2. 16.

Σ
m=0 (i>

(2. 39)

ΞC5α-r)-5/2+α/2exp -•expi-Ai-V-—
t T

REMARK. The linear equation connected with (1. 9)3

(2. 40)

is, of course, uniformly parabolic in Petrowsky's sense, so that we can treat (2. 40)
in parallel with (1.11). The corresponding constants and variables will be denoted,
e.g., by 'd, '$, etc.

§ 3. Estimates for the fundamental solution.

We want to know concrete ways of estimate the solution v(x, t) of (1.11), for
a later use in demonstrating the existerlce of a solution of the original problem
(1. 9)-(l. 10). It will be shown in § 3 and § 4 that, by utilizing lemmas of § 2, we
can estimate Γ and u(x, t) almost along the line of [24], Ch. IV, which treats the
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case of a scalar dependent variable. Practically, we need too lengthy calculations.
For this reason, we make it our general principle to give rough outlines.

3.1. Holder-continuity in x of Φ(x> t\ ft τ) (I).

(3.1) ^\{σ(x, f)-σ(x', f)}P,(DJZ(x-ξ, t; ξ, τ)\

+ \σ(x', t)-σ(ξ, σ)\ \P0(Dx)Z(x-ξ, t; ξ, τ)-P.(Dx,)Z(x'-ξ, t; y, r)|.

\{σ(x, f)-σ(x', f)}\ \P.(Dx)Z(x-ξ, t; ξ, r)|
(3.2)

1 t-τ

We denote by x" the nearer of x and xr to ξ if \x—ξ\*r\z'—ξ\, and x' if
= |α?'--f|. By Lemma 2. 9, we have

(3.3)
\P0(Dx)Z(x-ξ, t; ξ, τ)-P,(Dx,}Z(xr-^ ft f, r)|

_2A-!*ZίLM, of
LJfί\ ] f I Jil JU

t-τ

i) If 4A1(ί-τ)-1|a?-α?/|2<l, then

\χ-ξ\2

(3. 4) exp -
t-τ

Thus,

(3. 5)

ii) If 4A1α-r)-1|Λ7-^/|2>l, then

(3.6)

Hence,

(3.6)' \P0(Dx)Z-P0(Dx,)Z\^MC[2\h1y
/\t-τrB\x-xf\e-^^^

From i) and ii), we have

(3.7)

1

(3)+4C1

(2)(^1)
1/2}|^-^iα-r)-3 exp ~

r r
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Thus, for 7-6[0,1],

f \χ" — £\z '
(3. 8) \P0(Dx)Z-Po(Dx,)Z\^C6(t-τ')-^r^\χ-x'\r exp -Ai1-——

[ t-τ

Putting γ—a in (3. 8), we obtain the inequality,

\σ(x',t}-σ(ξ,τ)
(3.9)

~~ 1 t—τ

When 3?"=a?',

(3.10)

For the case that x"=x, we can estimate in an analogous way. Therefore,
we have:

LEMMA 3. 1.

(3. 11) \K(x, f, ί, τ)-K(xf

9 1; f, Γ)|^Cβiι|jr-*T(^r)-5/2 exp j-^'^J/'T

LEMMA 3.2. F(?r ^e[0, 1],

(3. 12) |#(*, /; f, r)-^(^, t; ξ, r)| ̂ C6)2 ^-^|^-r)-^+αα-r)/2 eχp j _ hι J^

LEMMA 3. 3. For /Se[0, α),

(3. 13) \Φ(x, f, f , τ)-Φ(^, ft ft r)| ̂ C6,3k-^Ί^-τ)-5/2+(α-^/2 exp I - h, 1̂ -
t-

Proof. This lemma follows directly from (2. 30) and the lemmas 2. 14, 2. 16,
and 3. 2.

3. 2. Holder-continuity in x of 0(#, ^ f , τ) (II). We show that we can improve
(3. 13), i.e., that Φ is Holder-continuos in x with the exponent a.

\ dτλ {K(x, t] y, τ0)-K(x', t] y, τ*)}Φ(y, τ0; ξ, τ)dy
Jr J223

i p pί p

^r0\ ίΓ(Λ?, ί; y, r0)Φ(y, TO; f, τ)dy-\ dτλ K(x' ', ί; y, τ0)Φ(τ/, τ0; f, r)rfy

fe t\ y, τ0)-K(x', t\ y, τQ)}Φ(y, r0; f, r)dy = /ι+ 7a+ 78,
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where Σ0=Σ1 — Σ2,Σ1 is a closed ball with x"(ξ) the center and with the radius
2\x— x'\, and Σ2 is a closed ball with ξ the center and with the radius (1/2) |Λ?" — ξ\.

1°) Estimate for Λ.

S i Γ ί ί I r — - 7 / I 2 I?/ — Pi 2

(ί_ro)-C5-«)/2(τo_r)-C5-α)/2JΓo I eχ __hι \\^L+W_S

JΣQ [ [ t-τQ Γo-r

Cί+O/2// \

C-r)
Cί+O/2// \ -(6-α)/2

.
(3. 15)

S p« / /_ - \-(5-α)/2 [ | r_ -.12 /, | r / / _ £ | 2 1 η

rfy (/-ro)-^/2 (-V1) eχp -AI-T-^ - -τJV-^Lrfτ

ί» Jα+o/2 \ 2 / I /-TO 4 /— r J J

.
4 ί r

2°) In the same way, we have

(3.16) I Λ I ^ C T ^ I ^ - ^ r α - O - ^ ^ e x p - - " , (C7i«Ξ=C7.ι).
I 4fc Γ r j

3°) For clearness' sake, we assume that x"=x'.

S t r»
dτ0\ {σ(x, f)-σ(xf, f)}P*(Dx)Z(x—y, t\ y, τo)φ(y, r0; ί, τ)dy

τ JW-ΣQ

S t (
^r0\ {σ(a?', t)—σ(y, τo)}{PQ(Dx)Z(x-yί t\ y, TO)

r JR3-J0

(3. 17)

f (ί+o/2 r rί r
(3.18) /8.ι = \ dτλ -dy+\ dτλ

Jr JW-ΣO J(ί+o/2 J/?3-.

ί-Γ



CAUCHY PROBLEM ON COMPRESSIBLE VISCOUS FLUID 77

8.ι,2 = Mα?, t)-σ(x', 0) dτ P0(Dx)Z(x-y, t; y, r0){Φ(y, τ0; ί, r)
(ί+τ)/2

(x-y, t; y, r0)
(i + O/2 β3-IΌ

(3. 20)
x-yί t\ XQ, τύ)x^x}x, r0; ί,

PQ(Dχ)Z(x-y, f, Λ?O, ro)U0=*-^(a?, TO; f,

(P0(Dx)Z(x-yy t; xΰ, τ)\XQ=x=PQ(Dy)Z(x-y, t; x, r)).

By (3. 13),

(3.21) I^^^^I^C^e^^^k-^rσ-^-^

(3.22) |/3,ι,2,2|^C7,3,ι.2,2k-^rα-r)-5/2+α/2exp -^J^-iU , (cf. Lemma2.8).

For P0(Dx)=(ai

klDXkDXi\ we define

(3.23) Po(DXίv)=(vjcakiDXl), (v, outer normal to the furface SΣO of Σ0).

Γ f S
1-3,1, 2,3 = \G\X) t) O\X , ?/} \ (lTQ\ I Q\ίJyy V)Δ/\y X, ΐ] X, TQjΨ\Xf TQ] ζ) T)(l\5y

Hence, by Lemma 2. 5 and Lemma 2.15,

ί \x~ ίl21 f*
I t—τ J J(ί+τ)/2

(3.23X x K e
— TO J-So I ?—TO

\x-y\2

-A1

 |;!_g|i ί,
I ί r J

Thus,

(3.24) l/3,1|gC,,3,1k-.τ'rα-r)-5/2+

4°) Estimate for 78l2.
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S * Γ Γ Γdτλ —dy+\ dτλ
r JW-ΣI JT J

Γf(ί+0/2

|/8,»,ι|^k|?>C6Cβ \ α-τo)-(5+«>/2(ro-τ)
LJr R3-Σί

2exp - -

(3. 26)

From (3. 26), we have

(3.27) 1/3,2^ ̂ C7,3,2,ιk-*Tα-r)-5/2+α/2exp

(KB.: ^\X'-y\^\X-y\^^-y\ί fOΓ

If yeΣ2, then

r0 —τ

16 ί-

(3.28)

(3.29)

From (3. 26) and (3. 29), we have

(3.30)

(C-7, 3 , 2 = C?, 3 , 2 , 1 ~f~ C? , 3, 2, 2

We obtain analogous results in the case when x"=x. Thus, we have:
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LEMMA 3. 4.

(3. 31)

('dτ, ( (K(x, t', y, τ}-K(x', t] y, τ0)}Φ(y, r0; ξ, τ)dy
IJr Jβ3

t—τ , (C,sCτ,ι+Cτ.»+C7,,.ι+Cτ.,.0.

From this lemma follows:

LEMMA 3. 5.

' 33) K
I Jr

fe ί; y, ro) -K(x', t; y, τa)}Φ(y, r»; ξ, τ)dy

72 t-ι

3. 3. Holder-continuity in t of Φ(^, ί; ξ, T).
1°) We assume that t^f>τ and t-tf <(t-τ}β, (r^O).

LEMMA 3. 6. For f^f >r^0, t-

(3. 34) ?, /; ft r)-^Γfe ^ ft r)| ^Cetf-i' exp

+ \σ(x, t')-σ(ξ, r)

From this follows (3. 34).

LEMMA 3. 7. For t^f>τ, t-t'<(t-τ)β,

Q.E.D.

(3. 35) \Φ(x, t; ft τ)-Φ(x, f ; ft r)| ̂ C9α-^)ff/2α/-r)-5/2 exp -

Proof. We estimate the difference
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S i
Jr0

τ

= \
J2ί'-ί

K(x,t;y,τo)Φ(y,τ0',ξ,τ)dy-\ dτ0\ K(x,f;y,τ0)Φ(y,τo',ξ,τ)dy
3 Jr Jβ3

0 \ ^O> ft V, τ0)Φ(y, r0; f, r)<fy — \ dτ\ K(x, f ; y, τ0)Φ(y, τ0; ξ ,
JjR3 JZt'-t Jβ3

(3. 36) Po(Dx)Z(x — y, t\ y, r0)Φ(τ/, τ0; f, τ)dy

{σ(x, t) — σ(y, τo)}{Po(Dx)Z(x-y, ft y, r0)

-Po(Dx)Z(x-y, t'\ y, τ)}Φ(y, r0; f, '

(3. 37)

(3. 37)'

-Ai
l*-£l2

i-r

\h 2+α/2 exp -

(3. 38)

3 = {<7fe f)—σ(x, t')}\ dτQ\ P0(Dx)Z(x-y) ft y, τ0){φ(y, τ0; f, r) —(α?, r0; i
J(ί' f r ) / 2 Jβ3

+ Wa?,0-σ(j?,//)}Γt ' rfroi P0(Dx)Z(x-y,t'ίy,τQ)Φ(xίτ0]ξ,t)dy
J(ί'+r)/2 Jβ3

+ {σ(x, f)-σ(x, O + ) Po(Dx)Z(x-y, ft T/, r0)Φ(y, τ0; f ,

(3. 39)
I, — T

(3. 40)
(ί'+rt/2

(3.41)
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Thus,

(3. 42)

(3. 44)

^ exp -

S2ί'-ί p p(ί'+o/2 r
dτλ -dy + \ dτλ -dy^I^+I^

«' + r)/2 Jβ3 JΓ JZ23

{\x-y\'+\f-τt\'/t}\Pt(D,)Z(x-y,f,y,τt)

(3. 45) X{\P0(Dx)Z(x-y, t; y, r,)|

1 exp -

.
r— r J

(3.46) |/4|^C9,4(*-f)β/2(f-τ

Hence, we have (3. 35), where

2°) For t>t'>τy t-f^(t-

> (C9,4 —C9,4,l4~C9,4,2)t—τ

Q.E.D.

(3. 47)
• - - — 2<2α/2(^—t f}a/\tr — τ)~5/2.

Thus, directly from Lemma 2.16 it follows that

(3. 48) \φ(x, ft ft r)-Φ(a, ft ft r)| ̂  C5(3α/2+2α/2)(ί-^r2α/-τ)-5/2 exp j - ̂ 1-̂ 7

3°) After all, from Lemma 3. 7 and (3. 48) we have:

LEMMA 3. 8. For t^t'>τ^Q,

(3. 49) \Φ(x, ft ft τ)-ΦO, f\ ft τ)|^C9α-^)α/2α/-τ)~5/2 exp - -
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3. 4. Estimates for q(x, t). We define q(x, t) as follows:

(3. 50) q(x, t) = dτ Φ(x, ft f , r)#.
Jθ

LKMMΛ 3. 9.

(3. 51) \q(x,t)-q(x',t)\^Cu\x-x'\a.

Proof.

q(x9 t)-q(x', t) = { dξ(tφ(x9 1; ξ, τ)dτ-( dξ\ Φ(x' , t\ ξ,
J i iCarO Jθ JΣ^x') Jo

(3. 52) H-f dξ\{Φ(x, t\ f, r)-Φ(^, /; ?, r)}<fτ = /1
Jβ3-v1 Jo

S
r»ί

«\ (ί-
^Cα;') JO

(3. 53) ^CB 2Ar<»- >'a/(2-

(3. 53/ |

K(x, t', ξ, τ)-K(x', t\ ξ, τ)}dτ

(3. 54)

{K(x, t\ y, τ0)-K(x', t; y, τQ)}Φ(y, τ0;
O r β

{σ(x', f)-σ(ξ, τ)}{P»(Dx)Z(x-ξ, t\ ί, τ)
o ft3-iΊ(Λ?0

(3. 55)
-P0(Dx,)Z(x'-ξ,t;ξ,τ}}dξ
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|/3,ι,ι ^\σ\ψ\x-x' "IT" ' dτ{ P(Dx}Z(x-ξ,t\ξ,
I Jo jR3-Σι(x')

+ [ dτ\
J f / 2 JW-Σi

(3. 56) ^\σ\P\x-x'\aΪ36C?'log2'(2h1r
3/2π3/2

+ \{ l dτ( {P0(Dx)Z(x - ξ , t] x, τ) - P0(Dx)Z(x - f , t] x0, τ) | x
|Jί/2 J/Zβ-j^α:')

ί/2

(3. 57)

Hence,

(3. 58)

(3. 59)

(ClO,3,l—ClO,3,l, l~hClO,3,l ,2)

exp
72 /-r

(cf Lemma 3. 4).

From (3. 53), (3. 53)', (3. 58), and (3. 59) follows the lemma.

LEMMA 3. 10. For t^?>Q,

(3. 60) \q(x, t}-q(x, f)\^Cn(t- ?)"'*•

Proof. For t^f>Q,

q(x,t}-q(x,t')

-(t dτ\ Φ(x,t;ξ,τ)dξ
JθV(2ί/-ί) Jβ3

, r0; ξ, τ)dy

= (* dτ\
JθV(2ί'-ί) J

S
ov(2ί'-ί)

J
0

(3. 61) -\ dτλ K(xtt
/

 9yί
J r J #3

Q.E.D.
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S
0V(2ί'-ί) /»

dτ\ P»(Dx)Z(x-ξ,t ,ξ,τ)dξ
0 Jβ3

S
θF(2ί'-ί)

rfr War, f )-σ(f, r)}{Pt(D,)Z(x-ξ, t; ξ, τ)-P<l(Dx)Z(x-ξ, t'; ξ, τ)}dξ
0

- ΣΛ, '-/')=max [0, 2/'-fl).

(3.62)

(3.63)

Next, we note that, for f^f >r^0 and t-t'<(t-τ)β,

\\ dτλ K(x, t', y, τ0)Φ(y, τ0; f, τ)dy- \ dτλ K(x, f ; y, τQ)Φ(y, τ0; ξ, τ)dy
\Jτ Jβ3 J r JRS

(3.64) =g

2+α/2exp -

2-72 t-

(cf. (3. 35), (3. 36), (3. 40), and (3. 45)),

and that, for t-t'^(t-τ)/3,

(3. 65)

* Γ
dτλ K(x, t\ y, τ0) Φ(y, τ0; ξy τ)c

τ JR3

t' f

dτλ ^ K ( x , f ' , y , τ 0 ) Φ ( y , τ 0 ] ξ , τ ) d y

Thus,

(3. 66) IΛI^ΓΣ C9Λ+C,C,(3a/2+2a/2)lτa/\t-tT2=CuM-tΎ/2-

\L\^Wτ\t-tΎ/2\(°V^ "dτ( {P0(Dx)Z(x-ζ, t; ξ, τ)-Po(Dξ)Z(x-ξ, ft x,
I J 0 J 7?3

(3. 67)

if- ί')"/2(ί' - r)-6/2+"/2 exp -hi
it-r
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S
OV(2ί'-ί) f

dλ {\x-ξ\a+(t'-τγ^}\P<l(Dx)Z(x-ξ, t; ξ, r)
0 J#3

-P,(Dx)Z(x-ξ,t';ξ,τ)\dξ

(3.68) *\β\¥\*»κ($,±]+l 11WΓ
Jo

85

covcat'-o

Jo

•exp -h
t-τ dξ

0,

Thus,

(3.69) 1

From the above follows the lemma, where Cn=]

3. 5. Estimates for Γ(x, ί; ξ, r).

Q.E.D.

(3. 70) Γ(x, t] ξ, τ)=Z(x—ξ, t\ ξ,

LEMMA 3.11. For 0

(3. 71) I DrDmΓ(x t' ζ r) I

\ i) 2r+\m\=0.

(3. 72)

Z(x-y, t', y, τ)Φ(y, r0; f, r)^ =

2 exp -

-r)-3/2 exp -rf(0, 0)

ii) r=0, |m|=l.

|«Γ|̂ \Dm

xZ(x-y, t] y, τ0)| \Φ(y, τ0; f,

(3. 73)

ί-τ)-2 exp - , D=Aι).

iii) M=2.
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D™Z(x-y, t; y, τϋ)Φ(y, r0; f, r)dy

(3. 74)

K dτ\ D™Z(x-y, t', y, τ0){Φ(y, r0; f, τ)-Φ(x, r0;
| J ( ί+O/2 Jβ3

\ Jr0 \ DlZ(x - y, t] y, (Jo) Φ(x, r0; ί ,
| J C ί + r)/2 J«3

iv) r=l, |w|=0.

DtZ(x-y, t; y, τ0)Φ(y, r0; f

(3. 75) Γ dτ0 { DtZ(x - y, f, y, τQ){Φ(yy r0; ξ , r) - (x, r0; ξ , r)}J?/
JCί+r)/2 JjF23

Γ έ Γ
\ Jr0 \ {DtZ(x — y, t', y, r0) — DtZ(x — y, t\ x, r0)} Φ(x, r0; f , τ)dy.
J ( ί ! r ) / 2 JR3

From (3. 75), we have

(3. 75)' \DtΓ\ ^Cg'0)α-r)-5/2 exp -rf(l, 0)-̂ ^ |, (rfd, 0) = Ay Q.E.D.

LEMMA 3. 12. For |m|=2, and for ε and ^€[0,1],

(3. 76) ^

Proof.

72

(3. 77)

It is easy to estimate [D™Z— Ό™,Z} and /i. 72 is transformed into:
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D%Z(x-y, t\ y, τ0){Φ(y, r0; ξ, τ)-(x', r0; ξ, τ)}dy

dτ
(ί-}r)/2

(3. 77)7 (D™Z(x-y, t\ y, τ»)-Dm

x,(xf -y, t\ y, τ»)}{Φ(y, τ0; ξ, τ)

C ί f O / 2
D3Z(x-y, t\ y, τ0){Φ(x, τ0; f, r)-0(a?', r0; f,

' dτλ (D™Z(x-y, t, y, τ»)-D™,Z(x' -y, t\ y,.τ<>)}Φ(x', t\ ξ, τ)dy.
Cί + r)/2 JΣi

We have only to estimate /2 on the basis of (3. 77/, utilizing lemmas of § 2 and
the Holder-continuity of Φ in x. As a result, we have (3. 76). Q.E.D.

LEMMA 3.13. For 0€[0, a] and r€[0,1],

(3. 78)

Proof. We have only to note that DtΓ satisfies

DtΓ(x, t] f, τ) = σ(x, t)P0(Dx)Γ(x, t\ ξ, τ).

LEMMA 3. 14. For t^t'>τ and 2^|m|^0,

Q.E.D.

(3.79) ^camlM(^-ίO(^ -A!
/-τ

f; f, τ)-^(x, ̂  f, τ}\^σ$(t-t')(t'-τY^ exp
\x-ξ\*

2 /-τ

. i) For t^tt>τ and t-tf<(tf-τ)l^ we utilize the expression,
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, t\ ft τ)-DSΓ9(x, t'\ ξ, r)

+ } dτ0 ( {D™Z(x-y, t\ y, τ0}-D1

xZ(x-y, t'\ y, τ0)}Φ(y, τ0; ft τ)dy
ί JR3

' Jr0ί {DSZ(x-y,t ,y,τύ-DSZ(x-y9f ,y,τύ}
(ί' + r)/2 J/23

, τ0; ft r)-Φ(ar, τ0; ft

S
2ί'-f p

Jr» \ {«2 (x-y, f, y, τ,)-DSZ(x-y, f; y, τ0)}Φ(x, r0; ft
(ί' + r )/2 JΛ 3

S < Γ
Jr0 \ D™Z(x-y, t] y, τQ){Φ(y, τ0; f, τ)-ΦO, τ0; ft r)}^

2ί'-ί JΛ 3

D™Z(x-y, f, y, τ,}{Φ(y, τ0; f, r)-Φ(a?, τ0; f, τ)}dy
3

S t (

rfro \ ϊ̂̂ (̂  - y , t\ T/, r0)Φ( a?, r0; f , τ)dy
Zt'-t JΛ 3

D™Z(x-y, t'\ y, τ0)Φ(x, r0; f , r) .̂
3

After lengthy calculations, we have, for t^t'>τ and t—t'<(t' — τ)lky

(3. 81)

2ί'-ί

\Γ(x, f, ξ, τ)-Γ(x, f; ξ, r)| ̂ CShU-f )(ί'-r)-5/2 exp ί - %- -!ϊ

ii) For t>tr>τ, t-tf^(tf-τ)l^ and |m|^2, the following inequalities hold:

Cg lw|)(ί-τ)-C8+lm|-β>/a exp -rf(0, |w|) "

(3. 82)

(ί-O(^-^)~c5+|m|)/2exp I -2Aι ^"^^ |, (cf. Lemma 3. 11).
[ t~τ \

From i) and ii), we have the lemma, where
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), (\m\ =1, 2),
(3. 83)

Q.E.D.

In an anlogous way, we have:

LEMMA 3. 15. For t^t

(3. 84)

Δ ΐ—τ

Proof. This is obvious from the expression that Γ satisfies. Q.E.D.

§ 4. Estimates for the solution in H2fa of a linear problem.

The unique solution in H2?" of the Cauchy problem

Dtv=σ(x9t)PQ(Dx)v+f9 (
(4. 1)

(υ(x,ΰ)=0,

is given by

(4. 2) v(x, f) = I\x9 P, ί,

for the righthand side of (4. 2) certainly satisfies (4. 1) and belongs to H2

T*~a as we
shall see below.

LEMMA 4. 1.

2-1"1^72!!/!!?, (M=ι,2),
(4.3)

Proof. The second inequality is obvious. For the first one, we utilize the
expression,

DSu(x9 0 = Γ* ( D$Γ(x91] ζ, τ}{f(ξ, τ) -/fe τ)}
Jo J#3

(4.4)

Q.E.D.
Jo

COROLLARY of Lemma 4.1.

LEMMA 4. 2. For t^t
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\¥, (\m\=l,2),

\\D«xu(x, t)-D°xu(x, t')\ ^C«?(t-

Proof, i) For t>t'>0 anp t>2t' (i.e., t'<t-t', t<2(t-t')), by Lemma 4. 1,

\\D%u(x, f)-D™xu(x, t' )|gCίiI"l'(2C2- |"ί|+")/2+l)(ί-n<2"""Nβ)/2ll/llr), (\m\ = l, 2),
(4. 7)

(\D»xu(x, t)-D»xu(x, f)l^3C8>(f-

ii) For Q£=t—t'S=t', we utilize the following expression:

DSΓ(x,t , ξ , τ ) { f ( ξ , τ ) - f ( x , f ) }
3

-Γ dτ( DSΓ(x,f tξ,τ){f(ξ,τ)-f(x,τ)}dξ
J2t'-t JX3

(4.8) +Γ"' dτ( iDSΓ(x,f,ξ,τ)-DSΓ(x,f;ξ,τ)}{f(ξ,τ)-f(x,τ)}dξ
Jo JR3

dτ( D^Γ(x,t ,ξ,τ)f(ξ,τ)dξ-^\ dτ\ D<SΓ(x,ί';ξ,τ)f(j:,τ)dξ
-t JΛ3 J2ί'-ί J#3

(a;, f, ξ, τ)-DSΓ(x, t'; ξ, τ)}{f(x, τ)-f(x, t)}dξ

ίί'-t p 7

rlτ\ tnmΓ(r t'£ rW DmΓYr ί' £ τ\\f(τ ftd£= Y1 7 ( lw|)W t \ j.LXj l ^iΛ/, t , <^, t y -LsxJ- V^J ' > V > T JΪJ V ^J v/U'ζ / ! 1 t .

) J Λ3 1= I

j(im>ι (,-=1^2, . «,6) can easily be estimated, i.e.,

(4. 9)
•"•- " " i=l,2,-,6).

In order to estimate 7£|wι|), we transform this into the form,

"' dτ ( {KZ(x-ξ, ft f, τ)-DSZ(x-ξ, f \ f,
o

J2ί'-ί

(4 10)

'dτ ( Dm

xΓ,(x, t; f , r)/(a?, ί)rff - Γ dτ\ D™Γ«(x, f ; ξ ,
O JΛ3 JO JΛ3
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For /—1,2, 3, we have easily,

Ίw|=l,2),
(4.11) ' • • " • "

(4. 12)

= Z>ϊ \ tfτ0 \ £(# - y, t] y, τ0)q(y, τ0) dy
L Jo J#3

(a?-2/, f y, τQ)q(y, , t)

91

(q(y, re) = [ dτ0 ( Φ(y, τ0; f, r)df , cf . (3. 50)) .
\ Jo Jί23 /

We note that

— [the righthand side of (4. 8) as obtained by replacing

Γ, /, ξ, and τ by Z, #, y, and τ0, respectively] = Σ/£ | rw | ).

_f/)cs-ιmi+ β )/3> (|m|=l,2; ί=l,2, -,6),

-O, (i=l, 2,-, 6),

(4. 13)

(4. 14)

(4. 14)r |/Γ =[/ίlΓ1) with / replaced by q]^\
^7.ι'\Wf(t-f)9 (|w|=0),

Thus,

(4.14)/;

l =1,2),

ΣC85:i+
ί-o, (Ni=o).

Hence, for Q^t—f^t', we have

foO-JTXa?,/')!^

(4.15)

|Z)^feO-^°^feOl^

,̂ (M =ι, 2),

3 \

Σ Cl7,7,t )•
1=1 /
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From (4. 7) and (4.15) follows (4. 6), where

?(2-|W|+α)/2

(4.16)

LEMMA 4. 3. For \m\ =2,

(4. 17)

Proof.

Σ Λ Ό w i )
< Ί7,t >

1 = 1

(N=ι,2),

Q.E.D.

= ('dτ(
Jo J^i=(i;IS-x

DSΓ(x, f, ξ, τ)[{/(f, τ)-f(x, τ)} + {f(x, τ)-f(x', τ)}]dξ

(4. 18) - dτ DSΓtf, t; ξ, τ)[{f(ξ, τ)-f(x>, τ)} + {f(x', τ}-f(x>, t)}]dξ
Jo

x, t; ξ, τ)-DS.Γ(xr, f, ξ, τ)}{/(ft τ)-f(x', t)}dξ

Λ ( {0SΓ(Λ, ί; f, T) - Dm

x,Γ(x', t; ξ, τ)}dξ\f(x>, f)= Σ λ
O JR3 J t=l

For f=l, 2, 3, we have easily

(4.19) l/il^Cw.ilar-e'ni/IIS?', (i=l,2,3).

(4. 20) +\^dτ\.^{iyίΓΰ(x-ξ,t ,ξ,τ)-D^Γ<1(x'-ξ,t ,ξ,τ)}dξ^f(x', t)

(4.21)

(α?-y, t] y, τ)q(y, Z(a/-y, ft y,

(4. 22) =[the righthand side of (4. 18) with Γ and / replaced by Z and q,

respectively] /(#', t)

, t)
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For ί=l,2,3,

/4,2,4 = [/4,ι with / replaced by q] f(x',t).

Thus,

(4. 24)

Therefore,

(4.25) I

From (4.19) and (4. 25) follows the lemma, where

(4.26) C18sΣC1M. Q.E.D.

The discussion above shows that u(x,f)$H2£a. Therefore, from the uniqueness
of the solution in H2fa of (4. 1) follows that u(x,f)=v(x,t). Next, we consider the
linear problem,

{Dtv=σP0(Dx)v+f, (σ, /€ Hβ

τ\
(1. 11)

The solution v(x, f) in H2fa is written,

(4. 27) v(x, t)=v0(x)+{v(x, f) — vQ(x) — u(x, t)}+u(x, f)=vQ(x)+ΰ(xy t)+u(x, t),

where ϋ(x, t) satisfies

(4. 28)
lw(a?,0)=0.

Hence, by (4. 2),

(4. 28)' ΰ(x, f) = \dτ Γ(x, f, f, rXf,

Thus,

(4. 29)
o

From (4. 29), we have the following four lemmas.

LEMMA 4. 4. For the solution in H2fa of the problem (1. 11),

(4.30) |Z)>Gr,OI^|£?^ (M=l,2).

(4. 30)'
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(4.30)" \D%v(x,t)\^\v0(x)\+t'

LEMMA 4. 5. For T^t, f>Q,

ΠDX^O-DX^OI^C^
(4. 31)

(\D°xv(x, t)-D%v(x, n\^C$\t-t' \\f+σPM\\$\

(\Dtv(x, t)-Dt,υ(x, t')\^\σ(x, t)PQv(x, t)-σ(x, t')P«v(x, t')\ + \f(x, t)-f(x, /')!)•

LEMMA 4. 6. For m\=2,

(4.32) l/W^O-ZW^fll^k^

(\Dtυ(x, f)-Dtv(x', f)\£\σ(x, t)P0(Dx)v(x, t)-σ(x', t)P0(Dx,)v(x'} f)\ + \f(x, t)-f(x', ί)|).

LEMMA 4. 7. C{^\ Cι(7m|), and Ci8υ are positive functions continuous in an1, <TI,
\σ\τ\ and T, and monotonically increasing in each argument.

Proof. We obtain this by tracing the lengthy calculations made in §2— §4.

§ 5. The existence of a bounded solution of (1. 9)-(l. 10).

5. 1. Estimates for the characteristic curves. We define:

(5.1)

|m|=0

r.= Σ
|m|=2

|ι»|=0

Σ \
|m|=0

Σ
|mi=l

(5. 1)'

H2ftt' Banach space of functions v(x> t) defined on R\. such that
, (the norm is « »r);

Hlf°"' Banach space of functions θ(x, f) defined on R 3

T such that
(0)r<+°o, (the norm is ( )r)

If ϋ£H2fa, (1. 9)1 is written in the following way: (v is replaced by v)

(5. 2) Dtp+v Pp=-pάivϋ.

1) Particularly speaking, C$m|), C^m|), and C18 are bounded above by polynominals
with non-negative coefficients in TΊ, (|<j|(r

ej)e«. ff^» *ί*. and exp {S(T«/2, |<τ|f/>, ^(5/2\ σ0-
(5-α)/2,

σf/2)} («ί, jSj, 7Ά;, and <5j>0, and the index sets {i}, etc., are finite), where S is a poly nominal
with positive coefficients in the five arguments.
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(5. 2) is a partial differential equation of the first order in p, so that p(x, f) can be
expressed by

[ f *
(5. 3) p(x, t)=pQ(x0(x, 0) exp — \ div v(x(τ\ x, t\ τ)dτ ,

I Jo

where x(τ\ x, t] is the solution of the characteristic equation of (5. 2),

(5.4) dτ
(ί = l,2,3), (r€[0,Γ]),

and

(5.5) XQ(X, t)=x(Q;x,t).

Since v$H2fai by the theory of ordinary differential equations [differentiation
in parameters, etc.],

dXi , .. dXi . ,. 32Xi , ^ , 32Xi . ^ ,- - ι ι n o\
~^-(τ\x,t\ -~-(τ\xyt\ (τ\x,t), and -— .(r;a?,/) (t,j, k = l, 2, 3)

exist, being continuous on [0, T] and satisfying, respectively,

(5.6)

(5.7)

τ;^0, (i,7 = 1,2, 3), (O^τ^

d
-T-
ατ

ί ; Λ?, 0 = -T-r
8 _

(5.8)

< i

-j- -̂  — Λ — fa ̂ » 0 = a-

d2x
r; ar, t), r) -̂ — - — (r; a?,
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(5.9)

d
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d2 _ dx
r; x, 0= P<(a?(r; a?, 0>

dxmdxι

d _

dt dxj

32xι
(τ; x, t),

From (5. 6) we have

(5.10) ^(Γ ^OΞ

Hence,

fz, iπv v t xv,(,O. lUj .Aι(rj 3?,

From (5. 7) we have

(5.11) X2(τ; x, t)==max
ι,1

Hence,

(5.11)' X2\

From (5. 8) and (5. 9) we have, respectively,

Γ, x,

-(r;a?,0

(5.12)

-(τ; a?,i

(5.12)'

Hence,

(5. 13) X,(τ] x,

(5. 14) Xι(τ\ x,

Thus, we have:
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LEMMA 5. 1.

(5. 15) \DSsfa x, f)\^B^\t-τ; <p>r),

97

(5.15)'

[#£» = ̂ rέ^Z α-O, £2

α) = ̂ z^rCi-OfgWrCi-O - 1}],

ί \D2xo,t(x,t)\^B?m»(t;<vyτ ), (M=l,2),

t|D5ZU.<(a, 01 Si Bί'"'̂  <p)r>, (M =0, 1).

5. 2. Operator GΓl. For the system (1. 9)-(l. 10),

(5.16)

(1.9)

-̂  =κΔΘ+W-θ^άivv-Cvpυ Pθ=CvpNΐ(x, ί),
oΐ ou

(1. 10) v(x, Q)=v0(x), θ(x, 0) =00(ff), XΛ?, 0) =^0^),

we assume that

(5.17) ^O(Λ?), Vo(x)€H2+a, pQ(x)eH1+a, and f(x,

For ^<0, we define ^ by the righthand side of (1. 8).
We take an arbitrary number Mι>||^0||

C2:) and choose i such that

(5.18) 0<Γ1<MΓ

1log-^-, (|MIC 2 )=
pθ \ |w|

Next, we define a mapping Gτl from

(5.19) S°Tί={(v9θ):(

into H^xfty* in the following way:

(5. 20)
|0(t;)

N2+
Cvp(v)
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where (v,ό)=GTl(v,θ). As for T, cf. §2, Remark. The norm in H2

T

+« x H1^ is
defined by

(5.21) \\(v,θ)\\τ:

LEMMA 5. 2. GTl is well-defined.

Proof. It suffices to prove that

AT I /*(5. 22)

(5. 23)

(5. 24)

(5. 24)'

Thus,

(5. 25)

and

(especially, pw and PpwGH*Tl).

_μ-

- div D^v(x(τ\ x, t\ τ)Vxxι(τ\ x, t)dτ]

^^

^^

(5. 25)'
1 oo



ϋ)

(5. 26)

(5.27) =

Hence,
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(to f*
— (x, 0 = Px log /0(V) = Px log PQ(XO(X, 0) — \ div v(x(τ\ x, t), τ)dτ
tO Jo

• log pw(x, t) — Px, log /oαoOc', 0

~ (* ( Λ +\\
c',ί)

99

— \ {div D
xι
v(x(τ\ x, t), τ)P

x
xι(τ\ x, t) — div D

xι
v(x(τ\ x'', 0» OF^/^tCr;

I Flog /oc»)fe 0- Πog ^(^(a?7, 01

>, t))-DX()tlpo(Xo(x', i

1

(5. 28)
PO(XO(X',

P
x
Xo(x,t)

0)

f«
+ \ I div D

xι
v(x(τ\ x, t), τ) - div D

xι
v(x(τ\ x',t),τ)\ \ F̂ (τ; x, t) \ dτ

Jo

+ \ I div D
Xl
v(x(τ] x', 0)1 * |F̂(τ; a?, f)-V

x
,χι(τ\ x' ', Ol^

Jo

/C OQ\ 1 7Λ /-- /...,\o. zy^ l^#o ^ov^oV^)

1
(5. 29)'

po(Xo(x, 0)

t)) — DXQtlpo(xo(

1

PO(XO(X', 0)

(5. 29)"

• \ I div D
xι
v(x(r\ x, t), τ)-div D

xι
v(x(τ] x', 0, r)| |F̂(τ; x, f)\dτ.

Jo

(5. 30)

(5. 30)'

|div D^v(x(r
9
 x', t\ τ){P*xι(τ\ %> t)-P

x
,Xι(τ\ x*, f)}\dτ
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Thus, there exist non-negative constants A and A «+oo) depending on (v)τv Tly

(ft)-1, and IHI(1+α) such that

\Flog p\(x,t)-Flog p(x',t)\
(5. 31)

In an analogous way, we have an inequality, \t^tf)

I Flog pw(x, /)-Flog pw(x, f)\

( ϊf\\\ Fj? */0 *v*'> ''J

*(X'ΐ)n po(x0(x,f»

(5. 32)

Dχ0tlp0(x0(x,t'))

po(Xo(x, 0)

po(Xo(x, t)) po(Xo(x,
DxXo,ι(x,t)

f * , , T^ / / ΓT ,- \ div DχjV(x(τ\ x, t\ τ]Vxxι(τ\ x, f)\dτ
Jί'

S «'
|{div DXJV(X(T; xt t\ τ) —div DχjV(x(τl x, t'), τ)}Ϋxxι(τ] x, f)\dτ

o

τ; a?, Γxxι(τi x, t'}}\dτ.

From this follows that there exist non-negative constants D3 and A depending on
<0>Γl, Tj, (ft)-1, and H/oolh1^ such that

(5. 32)

From (5. 31) and (5. 32)7 we have

(5. 33)

[Flog pw(x, 0-Flog pw(x, f)\

£"t (z=l, 23, 4) are continuous functions of (V)TI and Tίt monotonically increasing
in each argument.

iii) It is easily shown that dP/dp, dp/dp, and ΦsHa

Tv because p is assumed to
be virially expanded and p^^H^.

From i), ii), and iii) follows the result that
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(5.34) Λ

s^

where A (£=1,2,3) are positive constants continuous in the six parameters and
increasing monotonically in each parameter. Q.E.D.

5. 3. The subset &/.

LEMMA 5. 3. There exist Γ'€(0, ΓJ, Λfa(>0), flwrf M3(>0)
subset Sτ of S°T' defined by

(5. 35) ST' = {(v, 0) : (v,

the following holds'.

(5. 35)' Gr/

Proof. The lemmas 4. 4—4. 7 and the procedure of the proof of Lemma 5. 2
guarantee that, for an arbitrary Γ0€(0, Tα] and for an arbitrary (v,θ)€ST(), we have

(5. 36)

where C( , Γ0) and 7C( , Γ0)\0, and C( , Γ0)\C0>0, as Γ0\0. Taking and arbitrary
M2>||0o||cl+a), we can choose Γ2€(0, ΓJ such that

liίMj, M2,

(5. 37) - ||0o||α+α)+'C(Mι, 72)Λ(Mι, M

Θ(M!, T2)Γ2Λ(Mι,M2, T2)<1.

Moreover, there exists T'e(0, TJ such that

(5.37)'

"' C(M19 T')T'A2(M19M2, TO '{Ml~"y<

Hence, there exists M3>0 such that
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(5. 37)"

!, JQΛίM^Ms, TQ M1-{\\v0\\^+C(Mly D
- 3l-C(Mly T')TΆ2(Mlf M2, TO - 3- C(Mlf T')TΆ2(Mlf M2, TO

(C(Mi, TO, A,(M19 MΛ, TO, C(M19 TO, Λ(M, M8, T0>0).

From (5, 36), (5. 37), and (5. 37)" follows (5. 35)'. Q.E.D.

We note that

(5. 38) Gτ>Sτ, c Sτ> Π {#2//< X H*f,*} c Sr> n {#2

r

+/ x #2r+'α) c Sr/, (cf . § 4),

and that

(5. 38)' Gτ>$τ> c Sz , c fiyr x Hlf,a c H%,Λ x Hy,a c ̂ ^ x H$,**,

(/3e(0, 1) is arbitrary),

where H2£,r Hψ (r€(^Ί)) ^s a Frechet space defined by a countable system of
seminorms

(5. 39) [(», ̂ l^r^W^r' + W^r', W=l, 2, 3, ..-),

[the suffix "N, T' " indicates that the supremum is taken on
instead of

LEMMA 5. 4. SΓ/ is a convex compact subset in H2^"? x Hl£,a*.

Proof, i) Convexity. For (vι,θι) and (v2,02)ζSτ> and for Λ€[0,1],

(5. 40)

because

(5. 40)'

ii) Compactness. By a simple calculation it is shown that

(5. 41)

Next, for an arbitrary sequence {(vit ^)}Γ-ιc^r'> by Ascolic-Arzela's theorem, there
exist a subsequence {(̂ , ̂ )€&/} and (f,^)€Sr/ such that, in a compact uniform
way,

(5. 42)
l-oo; |w|^l).

It remains to show that (0ίfc, ^ίA.) converges to (z;, θ) in the topology of Hφ,** X Hl£,a*.
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Firstly, in RS

N,T>,

%vi/c(x, t)-DSβ(x, f)}-{D^vik(x, t')-D^v(x, OH

te, f)-ITxvik(x, ?)}-{DSδ(x, t)-Dfv(x, t'W
(5. 43)

X{\DSυilt(x, f)-DSS(x, t)\ + \D™vik(x, t')-D™ϋ(x, f')\γ-f

vik-D™v\%\τ,}
l->, (\m\ g2).

Hence,

(5. 43)' |US»i/b

Therefore,

(5.43)" \D%Vik-D™vlffl$,->Q (k-> +00; N=l,2, •••; m

In the same way, as k^+oo,

(5. 44)
and |DS"0it-.D5"0|$$fΓ, (l»»"|=l)-»0.

Thus,

(5. 44)' <%r>((ViV Oij, (v, ό)y-4 (k- + oo),

where d(f,( , •) is a distance defined by

(* AAV #,W f>M OΛ\ V ( l \N [("i.gO-^.g')]^ n IT Π(5.44) ^(^Λλ^^s Q

5. 4. The continuity of Gτ> on &/ as a subset of Hy-

LEMMA 5. 5. GΓ/ is continuous as an operator from Sτ> as a subset oj
y-f*

β into itself.

Proof. We put

We show that, for an arbitrary sequence {(vn,θn)sSτ'} that converges to an arbitrary
fixed element (v,θ)eSτ> in the topology of H2

τ

+,aβxHl

τ

+,aβ,

\Gτ.(Vn,On)=(6n,tn}-+(6,6)=Gτ.(υ,θ) (in H2

τ

+,aβxHϊaβ), (n-+oo),
(5. 45)

[i.e., for vε>0,

l(»n, £«)-(£, $)]%$><£, (n^n0(ε, N)).
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Obviously, (z>, 0) and (vn, θn) satisfy, respectively,

(5. 46)

and

(5. 46)'

Therefore,

(5. 47)

satisfies

dv_
dt

dθ_
dt

dt

dt

n + NίfatlVnyθ

'T /' V 0 }ju, if υnι υnj>

Vn(x,0) = Vo(x),

Θn(x^) = 0,(x).

(5. 47)' \

dt

dζn

dt

«;»(αr,0)=0,

Ptorf

1

Po(Dx)Vn + {N1(x, ft V, θ)-Nι(x, ft Vn, <?«)},

, /. 7ι /3\ KΓ (v /• 7) ?̂ M, £, c/, i/y jίV2\«>t', ί, t/ni Un)]ι

Obviously, w;n and ζn^H'ift

a

ί and each of the two right-hand sides of (5. 47)' belongs
to H"τ,, so that (M?n, ζn) can be expressed as

e, r)

(5. 47)r/

We put

(5. 48)

N2(x)t'fVίθ')Vntθn) =

vn+{N1(xί ft υ9 θ)-Nι(x, t; vn
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In the first place, we estimate \\Nι\\%$f and \\N2\\%%, (N=l,2, •••)• We note
that

(5. 49)

i)

For (£,

||£f?,̂ ||#̂

\N]T>

f,τ)) eχp — \ di
Jo

div v(x(τ0' ξ, τ), τ0)

- \ div ί;n(Λ?n(r0; f, τ),
Jo

(5. 50)

V I di
Jo

+ V I div

Ό; ξ, r), TO) - div z;fe(r0; f, r), τ0)| dτ0

f , r), τ0)-div vn(xn(τo] ξ, τ), τύ)\dτύ

|̂̂
Jo

Now, we note that

(5. 51)

and, therefore, that

(5. 51)'

Thus,

(5. 52)

p

Jo X Γl' ' T ' '
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where Ei is a constant depending on Mi, T1', and ||jθo||(1). Next, we have

(5. 53)

^{2|̂ >-^J$^

Hence,

(5.53)' l^cto-^IΪS^^^^

In the same way, we have

(5.53)" |̂ )- ̂ |gftr<^(2£ι)^

(5. 54)

IIFlog />w- Flog ̂ ,J|̂ ,

I Flog p^ - Flog p^ \%]τ, + 1 Flog p

+ 1 Flog ^ct;) - Flog p^ \ϊ°$%,.

(Flog pw - Flog /oCVn))(f , τ)

Flog /oc%)

c%)(f, τ)

= Fξpo(xo(ξ, r)) exp — \ div v(x(τQ\ ξ, r), τo)d:
[ Jo

ί Γ τ 1 Γ Γ

(5. 55) -fooOoCf, r)) exp - \ div v(x(τύ ξ, r), τ0)dτQ FΛ div ̂ (r0; ξ, r), r0)^r0
1 Jo j Jo

ί ί ΓΓ

- Ptf>o(#n,o(£, r)) exp - \ div vn(xn(τol f, r), r0)^r0
I I Jo

ί ΓΓ 1 Γ
H-pofe o(f, T)) exp - \ div vn(xn(τύ ί, r), ro)dr0 V div ^Un(r0; ί, τ), i

I Jo J Jo

Therefore,
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(5. 55)'

; f ,

There is a necessity to estimate

f r rr\ v/ f \ ί^i\τQ\ζyτ)\(5. 56) X(τo', ξ, τ) = I — ),

satisfy, respectively,

d

(5. 56)'

(r0;f, r)|. The matrices

/ ^n,ί(ro; f, r) \
Γ n(r0; ξ, τ) == I - — - J ,

X(τ,; ξ, r)

~Ϋ(τQ'f ξ, τ)X(τ0', ξ, r), X(τ\ ξ, r) = 7,

π(τ0; ί, r) = ί ™ (xn(τ0', ξ, τ), τo)Xn(τo; f, τ) j

= ̂ n(τ0; ξ, τ)Xn(τo] ξ, τ), Xτι(τ; £, τ) = /.

From this follows that, for τ0e[0, τ],

(5. 57)

Thus,

n)(n;

(5. 58)
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From the above, we have

(5. 59) ^P^-^M
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, T'){((v-vn))^τ,}
a,

where £"2,1 and E2,2 are non-negative constants depending on Mi and T'. Therefore,
from (5. 54) we obtain

(5. 61)

(5. 60)

where £"3,1 and £"3,2 are non-negative constants depending on MI and Tr. Next,

I {Flog pw(ξ, τ)-Flog p<Όn)(ζ, τ)}-{Flθg pw(ξ', τ)-Flθg p<υj(ξ', r)}|

{|Πog Pw(ξ, r)-Γlog Pw(ξ', τ)| + |Πog p^(ξ, r)-Πog ̂ ^(f, r)|}^

X {|Πog pw(ξ, r)- Flog ^(%)(f, r)| + |Flog !9c«(f ', r)-Flog p<*j>(?, τW~β

^\ξ-ί'n\nogpw\%τ,+\nogp^^^

Hence, we have

I Flog pw - Flog ̂ (V I $SrtT,

2^{\ΓlogPw\^τf+\Γlogp,Vn,\^^^

In an analogous way, we have

I Flog ̂ v) - Flog ̂ ) lί;̂ ,

^{IFlog^l^2^^

iii) From i) and ii) it follows that

(5. 61/

(5. 61)"

(5. 62)
v9 θ)-(vn, ΘJ\$$,, v, θ)-(υn, θn}}(N^Y-^

where £"4,1 and E^,2 depend on MI, M2, M3, and Γ7, and £"5,1 and £"5,2 depend on
Mi, M2, and T' .

iv) Finally we estimate (wn,ζn)
If (x,t)eR*N,ιT>, then, for an arbitrary ε>0, there exists a number n0(N',ε,N(ε))

such that, for H^HO,
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S
ί Γ
dλ |Γ(t0(a?, ft ζ, r)#ι(£, τ; v, θ; vn, θn)\dξ

o J#3

(5. 63)

Hence,

(5. 63)' |tf»|$,Γ'<e, (for n^n0(N', ε,

For |m|=l,2,

dτ(
o J-β3_

(5. 63)" + ^ r D5Z<υ >(x-ξ, ft f, τ)+Z>5Γ(t,)to(Λ?, ft f,
Jo

w(x-ξ , ft ar, r ) ( a ? , /)rff+ PwZ(υ)(^-f , ft
JlZ8-^

ϊZw(x-ξ, ft f, r)+^Γ(υ),ofe ft f,

(a?-f, ft a;, τ)^ι(a?, 0^=

From this, we have, for an arbitrary number ε>0,
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^ ITViO, t\ v, Θ\ vn, θn)\%%

(5.64) + !#1(rc)|$r'C'ί(2-lm1^^ _
JhίζN-N'ϊ/VT'

^(n^n0(N',e, N(e)); έ\0 as N/+OO-, C and Cf depend on Ml9 T', and aβ).

Thus,

(5. 64)' \DS®n\$.τ <e, (n^n»(N', ε, N(ε))).

By (5.64), for χςR3

N, and t—t'^t'>Q and for an arbitrary number ε>0, there
exists a number n0(N', ε, 7V(ε)) such that, for ^^^0,

(5. 65)

For t~t'^tf, we estimate along the line of (4. 8). After tedious calculations, we
have

(5. 65)'
^qr'Wtf-n*-'*^

Therefore, by (5. 65) and (5. 65)r, for an arbitrary number ε>0

(5. 65)" \DSWn\ϊ$fiτ,<ε, (n^nW, ε, 7V(ε))).

For \m\=2 and a?,a? /€7?u r/+j f l ( r/-o (O^ί^Γ'),

(5. 66) IZSiZUa, t)-D™wn(x', t)\

is estimated along the line of (4. 18). We have only to note that, for an arbitrary
function ψ(x, t\ ξ, r),

(5. 66)'
I

~~ \ "M fr^*'^' '
Jo JflS-lf

where

(5.66)" Σϊ={ξ \x-ξ\^2k\x-x'\, k is an integer ^1}.

Obviously,
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^idJ^ CI R(2k+l^dN'+M1T')

For example, the integral (cf. 73 of (4.18)),

(5. 67) ( dξ^\x-x'\ \x'-ξ aβ(t-τ)~* exp j -
JR*-Σ* Jo I t-τ

is estimated as follows:

(5. 67Y

^ — r- ̂  T> f or

Therefore,

CΊ βyy7 TJ\T—τf\ap—>o r^>-\«-' v> I / J. yfc/ I ιA/ tΛ/ I *V/ v^/v

In this way follows the result that, for m\=2 and an arbitrary number ε>0, there
exists a number WoϋV', ε, &(e)) such

(5. 68) |£»^αfkr'^C18^

as ε\0).

ζn\N\τf> etc., are estimated in an analogous way. From iii) and iv) follows the
assertion of this lemma. Q.E.D.

5. 5. The existence of a bounded solution of (1. 9)-(l. 10). Now, to complete
the proof of Theorem 1, it remains just to apply the following

THEOREM (Tikhonov [39]). A continuous operator from a compact convex subset
in a locally convex linear topological space into itself has at least one fixed point.

Proof of Theorem 1. By Tikhonov's theorem, Gτ> has a fixed point such that

(5. 69) Gτ (υ, 0) = (0, θ) = (v, θ\ ((v,

Moreover,

(5. 70) p«»eBy, = {p: \p\

We can consider (1. 9)3 as a linear parabolic equation in θ. The fact that
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(v,θ,p)<=H2

τ

+,axH2

τ

+,axBl

τ

+,a, and that θ(x,0)=θQ(x)^Q and Φ^Q, guarantees the non-
negativity of 0(x, t\ (cf. [9], CH. II, § 4). Thus, we have Theorem 1. Q.E.D.

§ 6. The problem of uniqueness.

Proof of Theorem 2. Let (vι, θi, pj and (v2, Θ2, p2) satisfy (1. 9)-(l. 10) and the
assumption of this theorem. Then, the differences,

(6.1) w=Vι—v2, 0=0ι-02,

satisfy

(6.2)

—-
Ot

=N1(x, t\ vl9 Λ; v2,

=N2(x, t, vl9 0,; V2,

w(x, 0)=0;

θ(x, 0)=0.

It is obvious that

(6.3) (w,θ)εH2

τ

+axH2

τ

+a, fa and N2eH"τ.

Therefore, w and 0 can be expressed by

(6.4)

w(x, t) =

θ(x, t) =

Hence, if T0e[0, Γ], then

(6. 5)

, t] ξ, τϊN^ξ, τ)dξ,

x, f, f, τ)7V2(?, τ)dξ.

(C\0 as T0\0, cf. (5. 36)),

(rC\0 as T0\0),

(C\C0(>0) as Γ0\0).

i) We put

(6.6)

In such a way as we obtained (5. 52), we have

(6.7)
decreases montonically as TΌ\0).
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(6.8)

I f 1 <^
= \ -rri l9 t}}dλ

\Xi-x't\

-^;/€[0, Γ0]).

Therefore, noting that, for 0 and &^0 and for ^€[0,1],

(6. 8)' ύW-^max [α, ^]^α+&,

we have

to$-pto$)(x', t)\

^

(6. 8)x/

We can estimate Ifyc^) —fyc^l^ almost in the same way as in (5.55)', if we
replace v, vn, x, xny T', and \VVv\(ftT\(x-x^(τ^ζ,τ)\, in (5.55)' by vίf vz, xi, £2, T0,
and \PPPvι\$l\(xι—Xz)(τQ , ξ , τ ) \ , respectively. As a result, we have

(6. 9) Wp^-Vp^l^W, M,

(F!\O as T0\0, M=

Thus,

(6.9X l^p-^c^l^o^^

Next, for t and ίr€[0, T0],

K/Oojp— /0(«2)(Λ7, 0 — (jOCv

Λ

(6.10)

*|Π a ^,«_.«(,,,
I Jθ I θtλ Otχ

f 1

Jo

(Γo)+F1(Γ0))+|||0(,2)||g>}<υ1-%>ro,

ii) We put
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-^)(*,o-(^--^W,o

Π
I J

-Γl 7~^?f'® -rJff lv .̂ (r; ̂ , 0,
L I /oote.oC^ , r;) Jo

(6.11)

Π

2,Q\ Λ> j *)) Γ7 V i
, Vx\ divi

,0\X j t)) Jo

, 0)

- \ {Γ^j didiv ^ι(^ι(τ; a?, f), τ) Fα;^ι(τ; a?, 0

(6.12)

Ί]

/))

\ {a^a?7}//^
Jo JB

(x (xf t\)

fe.ofe t))po(x2,o(x, t))

/oo(a?i.0(a?, 0) /Oote.oCa?', t))-ρQ(x1,0(x^t))

For example, the first term is estimated in the following way:
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^(6.12)'

O)(|Faι^

In this way, by making use of (6. 8)', we have

|[ kl^Fa(M,ϊΐ(j5o)-MM
(6. 12)"

+ |FFfe,o-*2,o)|^-*T,

where F2 is a non-negative constant depending on M, T, (po)~\ and ||/0o||C2+I° Next,

[ ]B = \ [{Fdiv #ιOι(τ; a?, 0, r)- Fdiv z>ι(#ι(r; J?r, 0> τ)}z)-{^ι-^^2}jD]Fα;^1(r; α?, 0^
Jo

+ \ {Fdiv ^2(^2(τ; x, f), τ) — Fdiv ^2(^2(r; x1 ', 0, r)}X {Γa?^ι(r; Λ?, t) — Ψxx^(τ\ x, t)}dτ
Jo

(6. 13)

Fdiv ^2o

Hence,

I t ]B\^ |{Γdiv ^ι( ι(τ\ x, t)\dτ

|{Fdiv ί;a(*ι(r; a?, /), r)-Fdiv V2(x2(τ; x,

X |{Fdiv V2(xι(τ\ x, t), r) — Fdiv V2(xz(τ\ x, t)> τ)}G — {x— *X'}G\" |FΛ(τ; x, t)\dτ

(6. 14)
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(\χι\$l= sup |#ι(τ; #,*)!, etc.)

We need to estimate \PP(xι—xz)\(τl We use the notations of (5. 56) and (5 56)'.

(6.15)

Hence,

(6.16)

d( d γ\- d (ΫY^-~j~\~^ - A i l — — - ( K i A i ; —
dτ \ όXk / ΰxk dxk

-0,

dτ dxk

From this, we have

(6. 16)'

Thus,

(6. 17)
l i t ]*l=i

F4.ι and

Accordingly, we have

(6.18)

iii) For T0^^

as Γ0\0).

-^r, (F>\0as T0\0),

M, Af', Γ0)<ι;ι

as T0\0; M'Ξ

)!̂ ^
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Vx log Pl - Ψx log P2)(x, f)]St - {t-+f}at

[ yχpθ(Xl,θ(x,fy-yxpo(x2,Q(x, 0) , F , / A\
— -f T—7rr h^ofe.ofe t))

po(Xι,o(x,t)) ' ' I PO(XI,Q(X, t)) po(x2,o(x>

(6. 19)

77̂ ; -- -f - -, — 7^}
ί')) Po(%2 , o fe ί'))/ J J //

- \ {F^i div Vι(xι(τ\ x, t), τ}PxXι(τ', x, t) - Px2 div V2(x2(τ\ x, t), τ)Γxx2(τ'9 x, t)}ιdτ

Γ 4 / Ί
-\ {i-^/rfr .

Jo Jj

We can calculate in a way analogous to that in ii). As a result, we have

(6. 20) |[ ]H ^F6tl(M, Γ0; ||^o||(2+Z))<^-^>roα-nα/2, (F6tl\0 as T0\0),

|[ ]/|^F5i8(Λf, M, Af',
(6. 20)'

-^)|Sroa-Oa/2, (F6,a and F5)3\0 as Γ0\0).

From (6. 18), (6. 20), and (6. 20)', we have

(6.21) ^{F2(Γo)4-F4,ι(Γo)+F5)2(Γo)^

(F6 and F6(T0)\0 as Γ0\0).

iv) By making use of the results of i), ii), and iii), it is easy to show that

(6. 22)

where F7.ι(T0)\0, F7l2(T0)\const(>0), F7,3(T0)\const(>0), as T0\0. Therefore,
from (6. 5) we obtain:

^
(6. 23)

(C and XC\0 as Γ0\0).

Next, there exists Tι€(0, T] such that
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(6. 24)

Thus, for r0€(0, Γj]

(6. 25)

Hence,

(6. 26) :g

NOBUTOSHI ΪTAYA

l-C(Γo)F7.ι(Γ0)

There exists r2e(0, ΓJ such that

(6.27)

Therefore,

(6. 28) 0^«w

Thus,

(6.29) («M)(*,0=0, ί/€[0,7i]).

We can repeat this procedure, and by virtue of the assumption of the theorem,
after a finite number of repetitions, we arrive at the conclusion of the theorem.

Q.E.D.

An outline of the proof of Theorem 3. By the hypothesis of the theorem, for
some T'€(0, Γ], we can find an operator Gτ> from a subset of H'fsxHy** into
itself. Next, we follow the same procedure as we did in Theorem 1. Finally we
apply Tikhonov's fixed point theorem to the results obtained. The uniqueness of
the solution is obvious.

The definitions of the notations in Theorem 3 are as follows:

(6.30)

2r+|m|=0

rτΐ' = \g: Σ I
|m|=0

Σ
2r+|m|=«-l

2r+|m|=n

g\ffl+ Σ Î SβI&Z_J
| τ n | = 0 l m | = n

(»=3,4),

, (n=3,4).

In studies to follow, the boundary value and global problems and related
theories of abstract analysis will be treated.
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