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CONTINUITY OF MAPPINGS OF VECTOR LATTICES
WITH NORMS AND SEMINORMS

By Mitsuru Nakal AND LEo SArio

Dirichlet mappings were introduced in [4] and further studied in [1], [5], and
[7]. In the present paper we take up Dirichlet p-mappings and give a continuity
property which will be of fundamental importance in the problem of characterizing
these mappings geometrically.

In §1 we establish a continuity theorem, a generalization of [1], on isomorphisms
of vector lattices with norms and seminorms. This theorem has interest in its
own right and is the main content of the present paper. As an application we
obtain in §2 the norm continuity of Dirichlet p-mappings. A detailed study of
these mappings and their geometric characterization will appear elsewhere.

§1. A general continuity theorem.

1. Let X be a normed vector lattice over the real number field R such that
RcX, ||z||x=1 implies |z|=1, and

(1) a=|llaV)APllx=p

for every a, pe R with 0=a=p and every zeX.
For a fixed number p>1 we consider a seminorm gx(-) in X with the properties

(2) qx(a)=0

for every a€R,

(3) gx(@Na)+ 5@V a)=g%(x)
for every xeX and every a€R,

(4) ) Tligpl ﬂqX((a’ VAR ) =qx((aV z)\B)

a

for every x€X and a, fe R with a=8.
A third norm [||-|]|x in X is given by
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(5) 12l x=Il%]|x+ gx().

THEOREM 1. Let t be an isometric isomorphism of normed vector lattices
X - lx) and (Y, ||*||¥), with ta)=a (ecR). There exists a finite constant K=1
such that

(6) K~'qx() = qr(t(x)) = Kqx(7)
for every xeX if and only if therve exists a constant Ky=1 with
(7 lzlllz =12y = Kollllllx
for every xeX. The smallest K and K, satisfy
(8) K=K,.
The proof will be given in 2—6.

2. Since ||Hx)||lr=||z|lx, (6) gives (7) with the smallest K,=<K. To show that
(7) implies (6), set

F={reX|x=0, ||zx||=1}.
From (7) it follows that
(9 qr(t(x) = Ko(1+qx(x))

for every xe&. Fix an arbitrary zeF and n=1, 2, ---, and let

xi=n<(z_1 /\x)/\z—— z-—l)
n n n

for i=1, -, n. By (1), z;eZF. Since # is an isomorphism of vector lattices with
Ha)=a (acR),

t(xi)=n<< izl \/t(x)) A % - —Z;—l)

n
In view of (2)

qx(xi)=nqx<<—i—;—1 \/x) A %),

ae(t(z) =an<<i_71 Vt(:c)) A ;—)

By repeated use of (3) we obtain

n

a@=2a((SHva) L),
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n '_1 :
)= Sai((5- Vi) A),
and therefore
(10) 1B (z)= 2 B, )= 2 Btz

Since x:€F, (9) yields gr(#(x:) =K1+ gx(x;)) and
an g% (H(2:)) = K§A +qx(x:))?.

3. We digress to make an elementary observation we shall make use of. Let
o(r)=1+7)?—1+7<?) (z=0). Since ¢(0)=0 and ¢'(z)>0 (z=0),

(12) 0=p(r)=p(rs) 0=r1=1y).
For ¢>0 and ¢.(6)=[(c+7)?— (0P +P)]/o, We have

0:0)=2 (<),

g

We therefore obtain by (12)
13) 0=¢,(0)=¢c,(0)
for every ¢>0. On the other hand

% [o+2)" = (0" +2")]
lim ¢.(o)=lim 7
do ’

=lim (po-+)? " —po?-1) =pe>-.

It follows by (13) that
(14) 0= lirln ¢(o)= lilnro1 Pegl0)=pr™
al0 g

for every 7 in [0, zo]. Since ¢(nz)/nP~'=¢.(1/n) we conclude that

(15) 0= lim

— plnr)=ped

for every ¢ in [0, zo].
4. We return to (11). In terms of ¢ it takes on the form
g (t(x:)) = KB+ g% () + (g x ().

If we write
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Zz'=< i-1 \/90>/\—-

then z;=nz;—@{—1). By (2), gx(x;)=nqx(z;). Thus
@y (x:)) = K51+ q%(x:) + p(ng x(25))).

On summing with respect to ¢ and using (10) we obtain
WU K 1-+7705(0) + 3 olnax(z)

and a fortiori

fﬁ’ i o(nqx(2:)) )

a6) aH(H(=) = Klak i

Let 2;my be such that gx(z;xy) =maxi<i<»qx(2;). By (12),

& 9ngx(z) _ o(ngx(zin))
n= owrt T np-1

an
Here by (3), gx(2:)=gx(x) and therefore
an= Sn‘ign qx(2im) =qx(x)

for m=1, 2, ---. Since gx(Zim))=am (n=m), (15) implies by (17) that

18) hm_)swup ” ;1 90(’:;"‘(12’)) <lin}L ESP%@ =pat
for every m=1, 2, ---. On letting n—oco in (16) and using (18) we conclude that
19) q¥(#(x)) = Kq%(x)+ K pat.

5. We assert that
(20) lim a,=0.

m—roo

If this were not true there would exist an increasing sequence {n(k)} of integers
>0 such that

P =115im qx(Zinr>) >0.

By again selecting a subsequence, if necessary, we may assume that

z(n(k))
path k)

exists. In view of (4),
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lim qx«(c—%)\/x)/\(c-i- %))=qx<(c\/x>m>

=qx(c)=0.

Therefore we can find an />0 such that

S (CREA VR YYARES\ %

For all sufficiently large &,

1 i) —1 _ i(n(k) 1
T STl S Tak) ST

It follows by (3) that

qx(zim(k)))éqX(((c— —ll~> \/x> A <c+ —ll—>> <e,

a contradiction. Thus (20) holds.
6. On combining (19) and (20) we see that

qr({(x)) = Kugx()

as soon as x€F.
For an arbitrary zeX, z=0, let y=x/||z||x. Then

z=|z||x(yV 0+y A0)=||zl| x(yVO— (%) \V0).

Since yV0, —(yA0)eF and
7x(@)=|zll% (g% V0)+4&x(—v)V0)),

g% () =||zl|%(@¥ )V 0)+ b t(—y)\V 0)),
we obtain

gyt (@) = ||| x(KTqk(yV 0)+ Kigk(— )V 0))

=K7lll=llxgx(wV 0)+g&(— )V 0)] = Kigk(x).
Thus (6) is valid, and the smallest possible K in (6) satisfies
K=K,.

The proof of Theorem 1 is herewith complete,
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§2. Dirichlet p-mappings.

7. Let M be a Riemannian manifold, i.e. an orientable C'-manifold with cova-
riant tensor (g:;)?;-, on M such that for each parametric ball (B, z), the g;;(x) are
Borel measurable on B and there exists a finite constant £z=1 such that

m m m .
k3 2 (&)= Zlgij(x)fifj =kn Zl (&
=1 1,J= 1=
for almost every xzeB and for every real vector £=(£, ---, ). We use the standard
notation (g7)=(g;;)~, g=det (g:,), dV=a/gdz"---dz™, and have

L op 0
2= ii(p) —— —2
Igrad ¢I 1,]Z:=1g (-TU) oxt oz’ '

We are interested in the Dirichlet p-integral
D9~ lgrad pl?ay.
M

8. For a region QcE™ we denote by W'2(Q) (p=1) the Sobolev (1, p)-space
(cf. Yosida [8]). The local Sobolev (1, p)-space WHE(M) over a Riemannian manifold
M is the space of functions f on M such that f|Q2e W' ?(Q2) for every parametric
ball 2c M. We consider the subspace

Wo(M)= {f[fe wizan, | lgrad sirav<col.

9. Let T be a homemorphism of a Riemannian manifold M, onto another M,
such that fe W?(M,) if and only if T*fe W?(M,), where T*f=foT-1. We shall
call such a T a Dirichlet p-mapping (p=1). From a potential-theoretic viewpoint,
an important problem is to characterize such mappings geometrically. For p=2 a
complete solution of the problem was given in [2], [3]. To study T for a general
p>1, we establish here the following norm continuity, which will play a funda-
mental role in our problem:

THEOREM 2. A Dirichlet p-mapping T (p>1) is norm continuous: there exists a
finite constant K=1 such that

21 KDY (f)=D4y(T*f)=KD%,(f)
for every f in WP(M,).

We shall sketch the proof, the details being left to the reader. The case p=1
remains open.

10. The spaces
X=W?(M,) N L*(M), Y=W?*(M,) N L=(Mz)
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with norms

- lz=lllz=cayp, - lle=1l-llzecar,

are seen to be vector lattices under the pointwise operations

SAg=min (f, g), fVg=max (f, g).
Endow X and Y with the seminorms
gx(-) =D, ()7, qr()=(Dig(- ).
It is readily verified that (X, ||:||lx), (Y, ||-llr), and the isomorphism # given by
Wf)=feT™

satisfy all conditions of Theorem 1.

11. The spaces (X, |||-|llx), (Y, |l|-|llr) are seen to be Banach algebras. Since ¢
is an algebraic isomorphism of X onto Y, Gelfand’s theorem applies (e.g. Rickart
[6]): there exists a finite constant K=1 such that

(22) K1 x= DM =KII1F1llx
for all feX. By Theorem 1, (22) is equivalent to
(23) K'gx(f)=qv(t(f))=Kqx(f)

for all feX. This gives (21).
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