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RIEMANNIAN MANIFOLDS ADMITTING AN INFINITESIMAL
CONFORMAL TRANSFORMATION

By KeENTARO YANO AND SUMIO SAWAKI

§1. Introduction.

Let M be a differentiable connected Riemannian manifold of dimension #»
covered by a system of coordinate neighborhoods {U; €%}, and let g;; be components
of the metric tensor with respect to this coordinate system, where and in the sequel
the indices 4,i,74, - run over the range 1,2,.-,#. Let J,, Ki;" K; and K be the
operator of covariant differentiation with respect to Christoffel symbols {%} formed
with ¢, the curvature tensor, the Ricci tensor and the scalar curvature respectively.

An infinitesimal transformation »* is said to be conformal if it satisfies

1.1) L95i=Vwi+Viv;=209,
where _£ denotes the operator of Lie differentiation with respect to »*, v;=g:,0" and

L
1. 2) p= Tk,

If p=constant in (1. 1), the transformation is said to be homothetic and if p=0
in (1. 1), the transformation is called an isometry. It is known that an infinitesimal
homothetic transformation in a compact Riemannian manifold is an isometry.

(Yano [13, 14]).
In 1959, Nagano and one of the present authors [18] proved

THEOREM A. If M is a complete Einstein manifold of dimension n>2 admitting
an infinitesimal conformal transformation, them M is isometric to a sphere in an
(n+1)-dimensional Euclidean space.

Generalizing Theorem A, Obata [7] proved in 1962

THEOREM B. Let M be a complete Riemannian manifold of dimension n=2.
In order for M to admit a non-trivial solution p for the system of partial differ-
ential equations

1.3) ViVio=—c%093,  c=const.>0,

it is mecessary and sufficient that M be isomelric to a sphere of radius l/c in the
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(n+1)-dimensional Euclidean space.
Also in 1962, Goldberg and Kobayashi [2] proved

THEOREM C. If a compact homogeneous Riemannian manifold M of dimension
n>2 admits an infinitesimal non-homothetic conformal transformation, then M is
isometric to a sphere.

Generalizing Theorem C, Lichnerowicz [6] proved in 1964

THEOREM D. If a compact Riemannian manifold M of dimension n>2 with
K=const. and K;K7'=const. admits an infinitesimal non-homothetic conformal
transformation, then M is isometric to a sphere.

Also generalizing Theorem C, Hsiung [3] proved in 1965

TueoreMm E. If a compact Riemannian manifold M of dimension n>2 with
K=const. and KyjnK**"=const. admits an infinitesimal non-homothetic conformal
transformation, then M is isometric to a sphere.

In 1965, Obata and one of the present authors [19] proved

TuEOREM F. If a compact Riemannian manifold M of dimension n=2 with
K=const. admits an infinitesimal non-homothetic conformal transformation v*: _L9;;
=200j:, p>const., and if one of the following conditions is satisfied, then M is
isometric to a shere.

(1) The covariant vector v;=g:nv" is the gradient of a scalar function. (See
also Lichnerowicz [6].)

@) Krpt=kp", where p*=p;97 and p;=V,p, k being a constant.

B) LKji=agj, a being a scalar function.

We now put
1. 4) Gji=Kji— ;]/;“ngi,

1

h— G
(1.5) Zugih= K — s

K(0hgji—0%9k:).

The tensor G;; measures the deviation of M from being an Einstein space and
Zi;i" that from being the space of constant curvature.
It is easily seen that

1. 6) Giight=0,  Zi;i'=Gj.
In 1966, one of the present authors [15] proved

THEOREM G. If a compact and orientable Riemannian manifold M of dimension
n>2 with K=const. admits an infinitesimal non-homothetic conformal transfor-



274 KENTARO YANO AND SUMIO SAWAKI

mation V™. _L9;=2pgj, pxconst. such that
L7 S G0t d V=0,
M

dV being the volume element of M, then M is isometric to a sphere.

TueoreM H. If a compact Riemannian manifold M of dimension n>2 with
scalar curvature K=const. admits an infinitesimal non-homothetic conformal transfor-
mation v* such that

1.8 L(GG7)=0
or
1.9 L(ZyjinZ ¥y =0,

then M is isometric to a sphere.

Theorem H generalizes Theorem D of Lichnerowicz and Theorem E of Hsiung.
The inequality in (1. 7) can be replaced by the equality and we have in fact

THEOREM 1. In order that a compact and orientable Riemannian manifold M
of dimension n>2 with scalar curvature K=const. admitting an infinitesimal non-
homothetic conformal transformation v*: _Lg;=pgj, p>const. be isometric to a
sphere, it is necessary and sufficient that

(1. 10) S G i’ o'd V' =0.
M

(See Goldberg [1], Obata [7, 8, 9, 10], Weber and Goldberg [12], Yano [16] and
Yano and Sawaki [20]).

We now introduce the notations
(1. 11) f=G;G%, 9=ZyjinZ 9P,
In 1968, the present authors [20] proved

THEOREM J. If a compact Riemannian manifold M of dimension n>2 with
K=const. x0 admits an infinitesimal non-homothetic conformal transformation v
such that

_ n—1 n—1\*

w12 o Za(- ) s+ E (- 25) o =0,

where A=g3WW;l;, | and m being non-negative integers and ax and Pi constants such
that the sum XYki.oor and Yp-o Bx are non-negative and not both zero, then M is
isometric to @ sphere.
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THEOREM K. Swuppose that a compact Riemannian manifold M of dimension
n>2 with K=const. satisfies

1.13) aof—a1df+Bog—prdg=const.,

where ao, ai, Po, pr are non-negative constants not all zero such that if n>6,

(1. 14) K a1 =(n—6)a =0, ‘:TKlﬁl =(n—6)B=0.

n—1
If M admits an infinitesimal non-homothetic conformal transformation v™:
L95:=2005, p=const., then M is isometric to a sphere.

THEOREM L. If a compact Riemannian manifold M of dimension n>2 with
K=const. =0 admits an infinitesimal non-homothetic conformal transformation v
such that

(1. 15) LL(aof+ardf+Pog + p149) =0,
o, ai, Po, P being constants not all zero such that

4(n—1) 4(n—1)
K

(1. 16) 7

a=(n+6)a; =0,

,BO = (n +6)ﬁl 2—0:

then M is isometric to a sphere.

We now put

1.17) Weiin=aZyjin+

1 (061G ji—9nGii+Grndji— Gindra),

a and b being constants not both zero. It is easily seen that

(1.18) Whjing*=(a+b)G i
and that, when ¢+5=0,
(1.19) Wheiin=aCxjin,

where Cyjin are covariant components of the Weyl conformal curvature tensor.
The present authors [20] proved

THEOREM M. Suppose that a compact Riemannian manifold M of dimension
n>2 with K=const. admits an infinitesimal non-homothetic conformal transformation
vh, If

(1. 20) LL(Wyjin WEIER) =0,
a and b being constants not both zero such that a+b=0, M is isomelric to a sphere.

In 1968, Goldberg [1] proved
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THEOREM N. If @ Riemannian manifold M is complete, of dimension n>2,
with K=const. >0 and if it admits an infinitesimal non-homothetic conformal
transformation o™ _£9;,=20;, p>const., then

1.21) O K?=n(n—1)*(V;0:)(V 0%,
where Vi=g7V;, equality holding if and only if M is isometric to a sphere.
In 1969, one of the present authors [16] proved

TaeorREM O. If M is compact, orientable, of dimension n>2, with K=const.,
and if it admits an infinitesimal non-homothetic conformal transformation v*: _Lg9;;
=209, pxconst., then

(L. 22) n(n—l)s Kyplo'd Vngg PV,
M M

equality holding if and only if M is isometric to a sphere.
In 1959, Ishihara and Tashiro [5] proved

THEOREM P. If a compact Riemannian manifold M of dimension n>2 admits
a non-homothetic function p such that

1
(1. 23) ViVip= - 49,

then M is conformal to a sphere in an (n+1)-dimensional FEuclidean space.
Using Theorem P, one of the present authors [17] proved

THEOREM Q. If M is a compact and orientable Riemannian wmanifold of
dimension n>2 and admits an infinitesimal conformal transformation v*: _£g;:=200;:,
o3const. such that

(1. 24) LK=0
and
1
VIR R S <) >
(1. 25) SM[Kﬂpfp K ]dvzo,

then M is conformal to a a sphere.

THEOREM R. If M is a compact and orientable Riemannian wmanifold of
dimension n>2 and admits an infinitesimal non-homothetic conformal transfor-
mation v*: _L9;:=2p9, p>xconst. such that

LK=0, _£(GuGH#)=0,
(1. 26) 1 .
—S PK*d V§S Kp'dV,
n—1 o

M
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or

(L. 27) 1

n—1

LK=0, L(ZrjinZ Fm) =0,
[ S p°K*d VéS Kpio'dV,
M M

then M is conformal to a sphere.
In 1965, Tashiro [11] proved (See also Ishihara [4])

THEOREM S. If a complete Riemannian manifold M adwmits a complete non-
isometric concivcular infinitesimal transformation v*, that is, a vector field satisfying

1
1. 28) L95:=200js, Vilio= P 4pg i,

then M is a locally Euclidean space or is isometvic to a spheve. In the former
case, the vector field is homothetic.

If we use this theorem, the conclusion in Theorem Q and R can be replaced
by that the manifold is isometric to a sphere. We owe this remark to Professor

Tashiro.
In almost all theorems mentioned above, one assumes that scalar curvature of

the manifold is constant.

The main purpose of the present paper is to generalize some of these theorems
to the case in which the scalar curvature is not necessarily constant.

We assume that the Riemannian manifold we consider is compact and orientable.
If M is not orientable, we have only to take an orientable double covering space

of the manifold.

§ 2. Preliminaries.

Using the Ricci identity, Vilp*— V"= Ky;:*0*, which is valid for an arbitrary
vector field »* in M, we can prove

Vj[<Vjvi+ Vv, — ;1; V:v‘gﬁ) v J

n

=[ e Ko+ 2 ) o
+ 1 (V‘v~+l7~v _2 Vot i> <vai+ Vivr— 2 Vvsg”>
2\ oy I n’ ’

Thus assuming M to be compact and orientable and integrating the above
equality, we find, by Green’s theorem,
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S [ngV,vier, + ";2 Z-(V,v‘):lv’dV
M
@1
1 2 2
+-S Vit Pivos — 2 Fatgp <l7fvl+l7*vf——l7sv’gﬂ)dV=0.
2 M n n

In particular, when »; is a gradient vector field, that is, when there exists a
scalar function p such that v;=p;=r;p, we have from (2. 1)

n—2
n

SM (gijij,ﬂi'I'I{itPt + Z;Ap)pidV

.2 .
+2S (Vjpi— »-A,;gﬂ) (pri—— —]'—Apg”>d V=0.
M n n
Using the identity
9 ViVi0i=K{p:+V:idp,
we find from (2. 2)

S (Kﬂpfpi+ n—1 pimp)dv
M n

+ S <Vjpi- —1—Apgji) (pri _1 Apgﬂ>d V=0,
M ”n n

or using Green’s theorem

[ [ Ko — =L ctpr Jav
M n

+ S (me— L dpgji ) (pr”— = Apgf‘>dV=0,
M n n

which is valid for an arbitray scalar function p.
Now for an infinitesimal conformal transformation »* in M, we have

2.5) Lgii=Vivi+Vv;=2pg:,,
from which we can deduce

@. 6) il 0n + Ko+ 2

-2
—= P(F")=0.

If a vector field »* in a compact and orientable Riemannian manifold satisfies
(2. 6), then we can conclude from (2. 1)

Pt Vivy— 2 Vit gs5=0,
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which shows that (2.6) is a necessary and sufficient condition for »* to be an
infinitesimal conformal transformation in a compact Riemannian manifold M. (See,
for example, Yano [14]).

We shall need in the sequel the formula

@7 A(LF)~LAF)=2pdF—(n—2)p'TF,

which is valid for an arbitrary function F and for an infinitesimal conformal
transformation »*. The formula will be proved by using (2. 6) and

2.8 ¢I i F— Ky iV F =V (AF).
From (2. 7), we have for F=K

2 PRk,

old(LK)—_LAK)]=20*"4K—
from which

n—

5 2 (VipZWiK]dv

[ taccro—carnav={ |2

n—2

=S [2p24K+ puK]dV
M

=———gS P 4KdV,
2

by virtue of Green’s theorem, or

@.9) SMpZAKd V= %2— SMp[A(.EK)—.,E(AK)]d V.
From (2. 5), we find

(2.10) LEKyjit = =04V 01+ 03Vepi— Vo g5+ Vip"giis

2.11) LKji=—n—2)V;0i—dpgji,

@.12) LE=—2(n—1)dp—20K.

These formulas will be proved by applying well known formulas on Lie deriva-
tives:

1
.L’{ th} = —é-gh‘(Vjcfgu-f- Vi.Lgi—ViLgs:)

and

h h
£Km”=l7k.£'{ji}—71.f{ki}-
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(See, for example, Yano [14]).
From (2.10), (2. 11) and (2. 12), we find

1
@.13) £Gi=—n=2)(Fioi— doa)
and
2
2. 14) L2yt = =04V 0+ 05V epi— Vo g+ Vo™ gri+ P (kg5 —0%gna)-

Using (2. 13) and _Lg7¢=—2pg’, we have
L(GiGMN=2(LG)GI —A4G ;G p?

= 9 2)( 0= lapgﬂ)Gﬂ 4G ;G
or

(2.15) GVl =— n_if GG~ L(G;:G),

1
2(n—2)
by virtue of Gjg9t=0

On the other hand, we have

Vi(Gipp) =G j)pp*+Gip?pt+pG 1V it
from which, taking account of (2.15) and

n—2
(2. 16) ViGs= on ViK,

we find

. L on—2 . 2 g "
VGripe") = —5= oo "iE+Gjsp'0* — ——5 p"GuGT — ) 0LGHG).

1
2(n—2
Integrating this over M, we obtain

o_SM[—Z oOTE+ Gsip!ph— =5 GG ez p L (GG )]dV

or

@.17) S Gj,-pfpzdv=n—1—8 [zszﬂwar 0 L(G G+ L2 (” 2)
M - M

; 2AK]dV,

@.18) S Gjip’p”dv=—-1—s [2p2GﬁGﬁ+ L s
(n—2)

St p(AJ'K—,CAK):IdV
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by virtue of (2. 9).
Taking account of (2.14), we have

L(ZyjinZ ¥ =2 L 23 1i*) 2%, — A2 jin Z ¥
=2['—5I’:Vjpi+5.’;7kpi— Vio"g i+ V0 gus

2 . .
+ 2 Bplitas—i0e) |ZH—AZs 25,
or
i ot 1 kjih ]' kjih

(2.19) GuVipt=— —Z—‘ijih,Z T o— —S‘QC(ijihZ 7,

by virtue of Gyg#=0 and Zijing* =Gy

On the other hand, we have
V(G0 =G oo +Grip’0* +pG il o*

-2 1 ) 1 )
= nZn_ 00 Vi K+ G0’ p*— 5 0 Zoejin Z i — 5 L(ZxjinZ ki),

by virtue of (2.16) and (2. 19), from which

Ozg [n—Z pPiViK-I_Gﬁp]pz_é—pzz"ﬁﬂzkﬁh"%PI(ijmZ"jih)]dV
o

2n
or
@. 20) S Gj,.p:pidv=g [1 ZAK] v,
u
or
2.21) S Gj,;p]p‘dV=S [—I—pZZkﬁnZkﬁ”-l--1—,0,E(Zkﬁnzkﬁ")
b4 ul 2 8

———— 4
t5, ( +2) p(dLK—L K)]

by virtue of (2.9).
For the Lie derivative _£ Wyjin of Wi defined by (1.17), we have

2b
L Wijin=2apZyjin+ n—p2 (95nGji—9inGri+ Grngii— G jngrs)

(2. 22)

2
—(a+Db) [(gkh Vioi—0inVioi +Viongsi—Viongus) — P Ao(gxrgji — gjhgki)]y
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by virtue of (2.13), (2.14) and
LZyjin=L(Zxji'gen)
=(LZki"N9in~+20Z jin-
Using (2. 22), we have

L(Wyjin WEI) = — 4o Wy jin WEIR—8(a+b)2G 3V p%,
or

(2. 23) 8&(a +b)2Gﬂ,Vjpi =— 4p ijih Wkith — _p( Wi jin Wkithy,
On the other hand, we have
8(a+b)* V(G 1:p0%) =8(a+0)*(VIG js)ppt +8(a+b)°G jip’ o' +8(a +8)*0G iV o,

and consequently

(

8a+b)*F(Gippt)= 2 (a+0)* pp*ViK

+8(a+6)°G 11070 —40* Wi jin W — o_L( Wi jin WHH),
by virtue of (2.16) and (2. 23), from which

0:8 [4(” 2 (@45 pp T K+8a+5)°G jip! o' —dg? WkﬁhWkﬁh—p,f(Wk,ianfih)]dV
M

or
8(a+b)28 Gjiplp'dV
o
. 24)
Ejin Kjin 2(” 2) 2 2
=\ | 46" Wogin WHh-4 o L(Wigin WHR) -+ S (a+-b)20AK |aV,
or

8(a+ b)ZS MG 1070 dV

4(n—2)
n(n+2)

= S [4,02 Wiegin W+ o (Wi jin W)+ - (a+bYp(dLK—_LAK )]d v
M

by virtue of (2.9), or

_ _];__ ST, ... TWkiik ___1_8 T kjik
[ Gaowav=g s pWammrmav g2 ( o rompmwomar
(2. 25)

=25\ ek rarav.

+ 2n(n+2) Ju
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§3. A generalization of Theorem H.
For an infinitesimal conformal transformation »*, we have from (2.12)

1 1
(3- 1) Ap=—*h‘_—TpK—'2—(m.CK.

Substituting this into (2. 3), we find

ot — ﬂ (.i_ ___1__ )]
SM[Kﬂp‘o ”n ol n—1 P+ 2(n—1) LK) |4V

4 (o= doau) (P20t - dpo)av=0,
M n n
from which

S [G It e 4K + 2 ALK ]dV

nl. HOOT 5y 2n

@3.2) 1 1
+{ (7o —Apgﬁ)(wpf - dpg’ )aV=0.
M n ”n

Substituting (2. 9) into (3. 2), we find

! 1
SM[G o+ ALK LA 5 A(,EK)]dV

4 (7ioi— 00, (Pt dpo¥)av=0,
M n n

and consequently

5 n+4 . 1
SM[Gﬁpfp + g PALK) s p,E(AK)]dV

3.3) 1 1
+S (Vjpi—' —Apgn) <V Ipi— —Apgf")d V=0.
s n n

Substituting (2. 18) into (3. 3), we find

2 ) 1
Git4 ——— (it
SM[” 5 0°GiGF+ n—2) 0.L(G 3G

n—2 n+4
) o(dLrK—_r4K)+ m

_n=a A LK) —
T o2 pA(LEK)

1
iz L "K]W

1
+ S <Vj‘oi— 1 Apgﬂ> <wpi _L Apgﬂ)d V=0,
M n n
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or

2(n+1)(n—2) _ n=2
n(n+2) ALK n+2

S [4@ jiGﬂpz-I-p{.C(G 11G7%) + ,L’AK}]dV
M
3. 4)

+2(n—2)S (VJPi_ 'l‘Aﬁgji) <V Tpt— lApgﬂ>d V=0,
M n n

or

2(n+1)(n—2)
n(n+2)

1 N n—2
GItp2 — — ;GI) — 1%
S |4szG 0° ,C{I(szGJ ) 4LK B J,"AK} Id

3.5)
+2(n—2)S (Vjpi— —1—Apgﬁ> (Vjpi—idpgﬁ>dv=0,
M n n

where we have used

1

S deV=S —l—(Vivi)FdV=——S LFAV
M un n Ju

for an arbitrary function F.
Thus, applying Theorem S of Tashiro, we have

TaeoreM 3.1. If a compact Riemannian manifold M of dimension n>2
admits an infinitesimal non-homothetic conformal transformation v* such that

2

3. 6) ,5[ J(GﬁGji_ L= K) | 204D (n—2)

n(n+2)

A,L’K] 0,

then M is isometrvic to a sphere.

COoROLLARY 1. If a compact Riemannian manifold M of dimension n>2 admits
an infinitesimal non-homothetic conformal transformation v* such that one of the
following conditions is satisfied:

3.7 ,,L'(GﬂGﬁ - Z;g AK) + % 4rK=const.,
3.9 LK=0, .,c.,c(GﬁGﬁ —Z—Ig AK)=O,
3.9 LK=0, ,L’(GﬂGﬁ - ’;;3 AK) —0,

3.10) LK=0, GuGi— Z;; AK=const.,

then M is isometric to a spheve.
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COoRrROLLARY 2. If a compact Riemannian wmanifold M of dimension n>2 and
with constant scalar curvature K admits an infinitesimal non-homothetic conformal
transformation v* such that one of the following conditions is satisfied:

(3.11) LL(GjiG7)=0,
3.12) L(G:G7=0,
(3.13) GGt =const.,

then M is isometric to a sphere.

Now substituting (2. 21) into (3. 3), we find

n+4

1 kjih kjih
SMI: 5 0 ijmZ A ,O,E(Zlcij ) + m

(ALK~ CAK)+ 0d LK

2(+2)"

~ gy oL "K]d V+ SM(sz - ;Apaﬁ) (pri - Apgﬂ)dV: 0,

or
L [ kjiny . Sm+D) 4 }]
SM[Z 02 Zrjin ZFI™ 3 03 L(Zjin ZH) 4 ———— n(n+2) 4 rK— IAK Vv
(3.14)
1 1 )
+S Vioi—— dpgji || V?p*— — dpg’*)d V=0,
s n n
or
1., i L { iiny .y Sm+1) 4 ]]
SM[Z O 2% = L B2+ A K= o A | [av
3. 15)

+S (ij— 'l—Angi) (V ipt— L Apg”)é?? V=0.
M n n

Thus, applying Theorem S of Tashiro, we have

THEOREM 3.2. If a compact Riemannian manifold M of dimension n>2
admits an infinitesimal non-homothetic conformal transformation v* such that

4 8(n+1)

kjih _ )
(3.16) I[I(ijmz P 4 >+ A 2)

A,gK]:O,

then M is isometric to a sphere.

CorOoLLARY 1. If a compact Riemannian manifold M of dimension n>2
admits an infinitesimal non-homothetic conformal transformation v* such that one
of the following conditions is satisfied.
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(3.17) .g(zk n o — n—% AK) + —iﬁ’;—i% drK=const,
3.18) K=, ,c,g(zk nZ ki ni ; AK) 0,
3.19) LK=0, .I(Zk JnZiin 71—5 AK) —0,

3. 20) LK=0,  ZeZMh— — AR =const,

then M is isometric to a sphere.

CorOLLARY 2. If a compact Riemannian manifold M of dimension n>2
and with constant scalar curvature K admits an infinitesimal non-homothetic con-
formal transformation v* such that one of the following conditions is satisfied:

3.21) L L(ZyjinZ ¥77) =0,
(3.22) L(Zy jinZ 77 =0,
(3.23) ZyjinZ ¥ = const.,

then M is isometric to a sphere.

§4. A generalization of Theorem M.
Substituting (2. 25) into (3. 3), we find

1
SM[____ 0* Wi jin Wkiin 1 ; 0L (W in Wi

2(a+b)? 8(a+b
n=2 n+4 1
+ 2n(n+2) pUALE— LAK)+ MPA(IK)— m'pI(AK)]dV
1 1
+S (Vmi - —Apgﬁ> (pri — —A,ogfi>dV=o,
M ”n n
or
1 ks 1 jih n+1l
SM[2((Z+I))2 O Wasin W + 8a+b)y oL Wijin W )+——_—n(n+2) pd(LK)

1 I 1 1
- 174 Vio;— — Vigt— — i \dV=
2n+2) oL (4K) |dV + S ( 0% Apgﬂ>( 0 dpg )d 0,
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or

1 e Wose ijih_l _ W WEIR n+l
Sm[ 2a+by P EIm 7 ’E{ 8(a+0b)? LW )+ n(n-+2)
“.1)

4(LK)

1 1 o1
~ gy L [V 4§ (P o) (ot 2p07)av=0.

Thus, applying Theorem S of Tashiro, we obtain

THEOREM 4. 1. If a compact Riemannian manifold M of dimension n>2 admits
an infinitesimal non-homothetic conformal transformation v* such that

n+1

1 kjin _
4. 2) I[I(W Whjin Wkith 1)

T AK) + Aﬂ{] 0,

then M is isometric to a sphere.

CoroLLARY 1. If a compact Riemannian manifold M of dimension n>2
admits an infinitesimal non-homothetic conformal transformation v* such that one
of the following conditions is satisfied:

A T S S ) n+1 _
4.3) I(s(a T Wijin WHI D) + WD) 4L K=const.,
2

@ 4 LK=0, 4;5( Wegen Wiin — HaTO? AK) 0,

n+2

y 4(a+0b)?

(4. 5) LK=0, £< Wi jon, WEIth — _(1%+T) AK) =0,

2
(4- 6) ,fK:O, ijih Wkith — MAK=601¢SL,

n+2

then M is isometric to a sphere.

COROLLARY 2. If a compact Riemannian wmanifold M of dimension n>2 and
with constant scalar curvature K admits an infinitesimal non-homothetic conformal
transformation v" such that one of the following conditions is satisfied:

4.7 L LWy jin WEIER) =0,
4. 8) L(Whjin WEIER) =0,
4.9 Wi jsn W =const.,

then M is isometric to a sphere.



288 KENTARO YANO AND SUMIO SAWAKI

§5. Generalizations of Theorem F, (2), (3).
We prove

THEOREM b5.1. Let M be a compact Riemannian manifold of dimension n=2
and admit an infinitesimal non-homothetic conformal transformation v* such that

LK=0,
and
Ki"o'=kp",
k being a constant such that
nk*= K2,

then M is isomelric to a sphere.

Proof. We have
Vi(K jiovt) = % oV K+ K 10700+ pK 1V 0

=kovt+p?K
=kVi(ov?) —nkp®+p°K,

by virtue of

ViK = —;—Z-K, Vivt 4 Vipi =2pg7,

and
Kjipjr—kpa;, V,;Z)i=np.

Thus, by Green’s theorem,
S pZKdV=nkS pdv.
M M
Substituting

1
Ap= - 'n_—lpK

obtained from (2. 12) and _£K=0, into the above equation, we find

—(n—l)S pApdV=nkS 2V,
M M
5.1)
(n——l)S p,.pidV=nkS pdV.
M M
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Now, from (2. 4), we have
S [K..pjpz___l__szzjdv_]_S <V-p~——1—dpg~> (Vypz__l_dpgﬁ)dvzo
ul " n(n—1) a\ T o T n ’
from which
S [kp-pi———l——fczpz]dwrg (V-p~—ldpg--><l7fp'”—ldpg”)dV:O.
ul n(n—1) a\ T g TE n

Substituting (5. 1) into this equation, we find

SMI:n_]- 0 =1 K2p? [dV + N Vips nd,og]I Vip ndpg dV=0,
or
—1—8 (nsz—Kz)dV+S (V-p~ N ) (pr% - iapgﬁ>dv=o.
nn—1) Ju x\ 7 m ’ n

Thus under the assumptions of the theorem, we can conclude
V-0;— 1 do-0:,=0
i 7 0°9ji=

which proves the theorem.
We also prove

THEOREM 5.2. If a complete Riemannian manifold M of dimension n>2
admits an infinitesimal non-homothetic conformal transformation v* such that

LG4 =0,
then M is isometric to a sphere.

Proof. From (2.13) and the assumption of the theorem, we have
1
Vips— - 4p0:=0

and consequently Theorem S of Tashiro proves the theorem.

§ 6. Generalizations of Theorems J, K and L.

We prove

THEOREM 6. 1. If a compact Riemannian manifold M of dimension n>2 and
with K=0 admits an infinitesimal non-homothetic conformal transformation v* such
that
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LK=0
and

n—2 Z i ~k< _ 4 >}_
n+2,L‘AK>+kZ=]0( n+1¥ged(Lo— s 4K ) =o,

r Zl,‘ (—n+1)kakz?k<,[f—
k=0

where | and m are non-negative integers, ax and Py constants such that Yl-, ar and
2o Br are mon-negative and not both zero, and

for a scalar function F, then M is isometric to a sphere.

Proof. When £K=0, we have from (2. 12)

and consequently

SMdeV= —(n—l)SMTl{- FapdV= —(n—1)SMpA (%_—F)dv

for a scalar function F, or

S deVz(—n+1)S odFAV
M M

6.1) =(—n+1)2SMpAZFdV

..................

=(—n+1)"S od*FAV.
M

From (3. 4), we have

LLomsv gy o (47— g K ) Jav

+S <Vapi L Ap.cm) (V Ipt— L Apg”)d V=0,
¥ n n
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W=t +(2<nn+21>) i(er-i0s ) Jev

+S (Vm— —Apgﬁ) (V o — —Apg”>d V=0,

S,.,[nizf” + (2(:+21))l Al<,£f —Z—,CAK)]dV

M n n
by virtue of (6. 1).

Thus multiplying these equations by 2(z—2)ay, 2(#—2)a;, -, 2(n—2)a; re-
spectively and adding all the equations thus obtained, we find

SM[ (Z ouc)fp +pZ( n+1)kak4k<,£f— ,CAK)]dV
6.2)

1
+2(n—2)<2 ak)g (Vjpi - ldpgji> (V:pi _1 Apgﬂ)dV: 0.
k=0 M n ”n

We also have from (3. 14)

S [;gp el (.,Cg— ,fAK)]dV
M
1
S ( 08— —Apgn> <V’pi - ;Apgﬁ)d V=0,

S [; o0+ 5 (= n+1)p4(,fg— ——.,CAK)]dV

S <l7]pt— — Apgﬂ> <l7fpZ — %Apgj‘)dV:O,

o+ g edn(Lo— S rar) |
SM[zg,o+8( niypd®( Lo — K ) Jav

+S <Vjp,; _L Apgji) (prf - lApgﬁ)dV.zo,
M n n

by virtue of (6. 1).
Thus multiplying these equations by 88, 83, -+, 88n respectively and adding
all the equations thus obtained, we find
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M[4<§0ﬂk)gp2+p é}o(—n+1)"ﬁk5"<,£’g - ;z%,L’AK)]dV

(6. 3)
+8<Z ﬂrc) S (me— L APQ!i) (pri L Apg”>dV=0.
k=0 14 n n

Adding (6. 2) and (6. 3), we obtain
4B )10+ 4(E oo 2 ot vradi{oo - 575 rax )
6. 4) + go(—-n+1)"ﬂk5’°<,£’g - %5 ,EAK)}]dV

l m 1 1
+20-2 B+ 8% o |{ (7o 200) (720= - d00)av=0.
k=0 k=0 M n n
Thus under the assumptions of the theorem, we have from (6. 4)
V:os 1 409 ;=0
o 7 09j:=

which proves the theorem by virtue of Theorem S of Tashiro.
We next prove

THEOREM 6. 2. Suppose that a compact Riemannian manifold M of dimension
n>2 and with Kx0 satisfies

(6.5) af—ard (-}%) + 800 — M(%—) =const.,

where a, as, bo, P1 ave non-negative constants not all zero such that if n>6
a1 n—6 ‘31 n—6

(6. 6) 1 = 3 ao=0, pry = 3 Bo=0.

If M admits an infinitesimal non-homothetic conformal transformation v
such that

6.7 LK=0, L4K=0,
then M is isometric to a sphere.
Proof. Since LK=0, we have from (2. 12)
1
p=—n—1)—=dp.

Thus we have, for an arbitrary function F,
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S p.,CFdV=—(n—1)S do~ rFIV
x PR

=—(n—1)SM do.r (%)dv

= £
——u-1 par(g)av,
by virtue of LK=0.

Thus, taking account of (2.7), we have

SMp,EFdV= —(n—l)SM ,{,m(%) +2pd<~%> —(n—2)p'F, (%)]dV
F

F 1 F
=00 [era(e) v2ral(e) + g -2 () Jov
and consequently

©.8) SMp,L’FdV= —(n—l)SMp,EA<—§—)dV— 1’1—"1—)2(1’—& SMpZA <§>dV.

Now substituting (2. 7) into (3. 2), that is,
1, 1 . 1 y
Gjiplpt+ 5 P AK dV+S Vioi— ——Apgji) (pr‘ -= Apg”)dV=0,
b n M n n

we find

[, |27+ yorr+ 222 ga fav
M 2 4

6.9)

1 )
+(n—2)S (Vjpi - —Apgﬁ) (pri— 1 Apgﬂ)dV= 0.
)4 n n
Substituting (6. 8) in which F=f into (6.9), we find

SM[2p2f— ”'2'1 pfd(—%) _ (i_%(”;g) Y (%) + ”22 o AK]dV

(6. 10) 1 1
+(n—2)S (ij— - Apgji> <pri — —Apgfi>dV=o.
M n n

Substituting (2. 20) into (3. 2), we find

1 L .
6. 11) S [2p2g+ —1—p£g+pZAK]d s 4S <Vjp1;—— 1 Apgji) (prz 1 Apgf‘)dV=O.
M 2 M ” n

Substituting (6. 8) in which F'=g¢ into (6. 11), we find

293
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, =1 g\ _ (—1n-2) g
V20— S5 erale) - vl ) kv

1 ) .
+4S ( i — — Apgﬂ) <pr’— %L—Apgﬂ)d V=0.

(6.12)

Thus multiplying (6.9) by ao, (6.10) by a:/(r—1), (6.11) by B, (6.12) by
Bi/(n—1) and adding the equations obtained, we find

s sre{ v bncorndfsn- )
6.13) — ”1'2 pz(ald(—f-i:)-l-ﬁ]A(—%—) } +{ ”42 <ao+ )—}-(,Bo +ni_‘1->}pZAK]dV

{(n 2)( >+4(,80+ A 1)}S (Vjpi—-;lzd,ogﬂ)(Vjpi—%Apgf"')dV:O.

According to the assumption, we put

aof— “1A<~%) +Bog— 14 (—%) =c (const.),
from which
6.1 it L) 50 ( L) =aur rpa-c
. 1 K 1 K 0 0 )
and consequently (6. 13) becomes
201y n—6 ) 2p, n—6 . Nt+2
SM[<n—1~ 1 ) f+<n 1~ 1 ﬁ°>"g+ e

(6. 15) 222 (w0 )+ (s + 525 ) orarc Jav

1 . 1 ,
+ {(n—Z) (ao + %) +4<ﬁo + %) } SM<Vm— " AP(in) (V - Apg“)d V=0.

On the other hand, from (6. 14), we have by integration,
o:S (aof-l-,Bog)dV—cS av,
M M

which shows that

Also we have from (2. 9)
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2 — 2 —_— =
SM,; AKdV =0 SMp[A(,CK) LUKV =0,

and consequently equation (6. 15) gives
Vi0:— 1 A0g ;=0
i 7 09i=Y,

which proves the theorem.

We next prove

THEOREM 6. 3. If a compact Riemannian manifold M of dimension n>2 with
K >0 admits an infinitesimal non-homothetic conformal transformation v* such that

(6. 16) LK=0, LA4K=0,

(6.17) s.ofaos+ad(-L) +po+a(45) | 0
K K

o, a1, Po, P1 being constants not all zero such that

(6. 18) 4(n—Dav=(n+6)a; =0, 4(n—1)Bo=(n+6)p.=0,

then M is isometric to a sphere.

Proof. We have from (6. 8)
(6. 19) SMP,L’de= ——(n—l)SMp,EA<%)dV— (ﬂ_l)zm—w)sﬂpm(%)dv.

On the other hand, we have

Sﬂpm (%.—)dVESM 4p? Tf;:dV=ZSM(pAp+pipi) —f{—dV

_ 2K, _z)_f_
_SM<_n_1p+zplp =av,

and consequently (6. 19) becomes

(6. 20)

SMPIde= —<n—1>SMp,cA<7’;—>dv+<n+2)SMPZfdV-(n—1><n+2)SMpipi—f?dV.

Similarly we have
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SMPIQd V= —(%—DSMP,L’A (—%)d 14

(6. 21)
+(n+2)SMp2ng—(n—l)(n-l—Z)SMpipi L av.

Now, from (6.9), we have

2 1 1
| [525 0+ gy o7+ oK |av
(6. 22)

1 1 .
+S (Vjpi_" = Apgji> (l7f‘oZ - —Apgf‘>dV=O.
M n n
Substituting (6. 20) into (6. 21), we obtain

n+6 n—1 f (n=1)n+2) . f l \
SM[ 2(n—2) Pf— 2(n—2) pIA(f)'—m“PiP 7{*+ N4 AK]dV
(6. 23)

+S (Vjp,-— lApgj,) (prz - —]'—Apg”>dV=0.
M ”n n
From (6. 11) we have

1 1 1 7
|30t Lo+goak |av
(6. 24)

+S (Vjpi— ld,o,tm) (Vj‘oi—- lApgji>dV=0.
M ” n
Substituting (6. 21) into (6. 24), we obtain

n+6 n—1 g n=Dn+2) ¢ 1
SM[ g Pzg——s—f’f"<f>“‘s—f’ip7+71“P“’K]‘W
(6. 25)

+S (Vjpi— iApgﬁ) (prz— 1 Apgﬁ)dv=0.
M n n

Multiplying (6. 22) by ao, (6.23) by —a:i/(n—1), (6. 24) by 4B:/(n—2), (6. 25) by
—4p:/(n—1)(n—2) and adding the results thus obtained, we find

S,,[(nzioz - 2(n—n1J)r(?z—2) “‘)"sz“(nzfoz - 2(n—n1J)r(Z-2) ﬁ‘)”zg

+ gy oL (w0 st (L) +uo+5ud (L)) + ot f +u0) e it

(6. 26)
I TA
o=y oty

1 4 ;
L T L) L

+»1~(a——1—a»+ 4 g A S Pipi— = dogys) (790t — L dpgit\d vV =0
I\ am1M T2l T ™ ) )\ e ) (Tt =5 pg) e
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We have here
S 0*dKdV =0,
M

by virtue of (2.9), £K=0 and £4K=0, and

1 - n+6 1 n+2

T T T a1 O ) 4=

Qo

1 n—=6 1 . n+2
b 1P =ty B 51 P = g A=0

ao, a1, Po, fi nOt being zero at the same time, and consequently

1 4 4
b Dy =0

thus (6. 26) gives
1
Vivi— ;l“dpgji=0,
which proves the theorem.
§7. Generalizations of Theorems I, N, O, Q and R.

We prove

THEOREM 7. 1. Suppose that M is a compact and orientable Riemannian mani-
fold of dimension n>2 and with scalar curvature K and admits an infinitesimal
non-homothetic conformal transformation v* such that LK=0. Then in order for
M to be isometric to a Sphere, it is necessary and sufficient that

f 1 2 —
SM(GﬂpJp +op AK)dV—O.

Proof. Since the necessity is evident, we prove the sufficiency. When _£K=0,
we have from (3. 2)

1 1
S <Gj¢p7p‘+ E—pw{>dv+ S (Vjpi— —zlp.tm) (pri - lApgﬂ)dV= 0.
M n M n n
Thus, from the assumption, we can conclude that
V;0; L dog:=0
j0i— Py 095i=Y,

which proves the theorem.
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THEOREM 7.2. If M is a complete Riemannian manifold of dimension n=2
with scalar curvature K and admits an infinitesimal non-homothetic conformal
transformation v™. _Lg;=2pgj, p>const. such that LK=0, then

P K2 =n(n—17(F;0)(7pd),
equality holding if and only if M is isometric to a sphere.
Proof. We have
(V i— -1—499 ) <pr’— ldpg"") =i00)(Pip%) — l(411)220
jpl 7 Ji n joe n =V,
from which
1 . )
;(AP) =00 (77 p").

But since _£K=0, we have from (2. 12)

1
n—1

dp=— Kp,

and consequently
p*K*=n(n—1)*(V;05) (V7 p%),
equality holding if and only if M is isometric to a sphere.

THEOREM 7.3. If M is a compact and orientable Riemanmnian manifold of
dimension n>2 with the scalar curvature K and admits an infinitesimal non-
homothetic conformal transformation v™: _Lgj=2pqj, p>const. such that LK=0,
then

n(n— 1)8 KjipiptdV= S 0:K2dV,
M M

equality holding if and only if M is isometric to a sphere.
Proof. Since LK=0, we have

Ap=—= n—1 s
and consequently, we have, from (2. 4),
S [K 070" — __L_.OZKZ]{ZV_F \ <V‘Pi" ldpg Z) (Vjpz — ldpgﬁ>dv=0
w7 nn—1)" Ja\ '’ w0 n ’

from which
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n(n—l)S Kjip’pidV§S 2KV,
M M
equality holding if and only if
7. L Aog;=0
0= - 4005:1=

that is, M is isometric to a sphere.

THEOREM 7.4. If M is a compact Riemannian manifold of dimension n>2
and admits an infinitesimal non-homothetic conformal transformation such that

LK=0, LLGuGN=0  L.L4K=0,
or

LK=0, LL(ZyjinZ ¥ ) =0, LLAK=0,
then M is isometric to a sphere.

Proof. The first part of the theorem is a special case of Corollary 1 to Theo-
rem 3.1 and the second part is a special case of Theorem 3. 2.
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