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ON ANALYTIC MAPPINGS AMONG ALGEBROID SURFACES
By Hipeo Muto
§1. Introduction.

Let R, »=2) and S, (m=2) be algebroid surfaces defined by irreducible
equations

1.1 "+ ARy An(2)=0
and
1.2) u™+By(w)u™ '+ -+ + Bp(w) =0,

respectively, where A,, -, An, By, -, Bn-y and B, are meromorphic functions in
the finite plane. In this case we shall extend every boundary component of R,
(resp. Sn) over z=oo (resp. w=o0) if it has an algebraic character, that is, for a
certain large value 7, it has no branch point over |z|=r, (resp. |w|=7,) with the
exception of points over z=oco (resp. w=o0). Here we assume that R, and Sp
have an infinite number of branch points.

Let pg, (resp. ps,) be the projection map (z,y)—z (resp. (w,u)—w). Let ¢ be
a non-trivial analytic mapping of R, into S,. In the sequel when we speak of an
analytic mapping of R, into S, we shall always mean a non-trivial one. If ¢
preserves the projection maps, that is

Psp(D)=Dsnp(q) ~ Whenever g, p=Dhr,g,
then ¢ is called a rigid analytic mapping of R, into S,. Otherwise we say that
¢ is a non-rigid analytic mapping of R, into Sp.

In the subsequent lines we make use of the inverse mapping pzl, as an #-
valued analytic branch, of the z sphere onto R,. We set

MR)=Pspopopa'(2).
Then %(z) reduces to a single-valued function of z when and only when ¢ is rigid.

In the present paper we shall study analytic mappings of R, into S,. In §3
we give two sufficient conditions for the rigidity of any existing analytic mapping
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of R, into S,. In the case of #=m=2 and n=m=3, Ozawa [8] and Muto [5]
showed that every analytic mapping of R, into S, is rigid. Hiromi and Muto [4]
gave a sufficient condition for the rigidity of any existing analytic mapping of R,
into Sn. In §4 we give several non-existence criteria of analytic mappings. In
§5 we study the multivaluedness of 4(z), when ¢ is non-rigid. In §6 we give a
relation between the orders of branch points of R, and S., when there exists a
rigid analytic mapping of R, into S,. In §7 we give a theorem on the growth of
analytic mappings. Some of the results in §4, §6 and §7 contain earlier results
in Ozawa [7], [8], Muto [5] and Hiromi and Muto [3], [4]. In § 8 we discuss analytic
mappings of R, into itself. Our basic tool is an elegant result obtained by Heins [2].

The author wishes to express his heartiest thanks to Prof. M. Ozawa for his
valuable advices.

§2. Preliminary.

Let ¢ be an analytic mapping of R, into S, and 4(z) the corresponding func-
tion of z. We assume that the function %~ is a k-valued algebroid function. Let
R} be the proper existence domain of %(z). Let po, pr,po=2 be a point on R,
whose order of ramification being counted with respect to R; is po—1. Let
Qo, Ps,,do=w, be the p-image of p, on S, whose order of ramification is 2,—1. Then
we have the following expansion in a neighborhood of z,:

@1 W@ =wot+a(/z—z) ++  a*0
or

a
2. S S 0.
@.2) WE)= /e 250
We define

n(o; QO, Sm) log 7

1( dat
N(#; qo, Sm)= WSO("(’" o, Sin) — 1(0; o, Sw)) e + i

where

n(¥; oy Sm)= > T.
o(p)=q0, VR, PISr
Suppose that the point g, whose order of ramification is 2,—1 lies over wi.
Then we define a function #,(g) as follows: In the case of wy3co

do

—_— |w—uJ0|§50,
| —1,|

uo(g)= ,Zi log
0

=0 otherwise;
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In the case of wy=0c0

||

o0 || = o,

1
uo(q)= TIOg
0
=0 otherwise.
By making use of this function we define m(r; qo, Sn) in the following manner:

1 ,
mrigo Sy == wlptrre M.

For another point ¢, on S,, we define N(#; ¢, S) and m(r; g1, Sn) analogously.
It is well known that there exists a function #(g; qo, ¢1), which is harmonic in ¢ on
Sn save at g, and ¢, where it has a positive normalized logarithmic singularity and
a negative normalized logarithmic singularity respectively, and which is bounded
in the complement of some compact neighborhood of {go,¢:}. Using this function
we can obtain a simple relation between the sum m(; ¢, Sw)+N(7; g, Sw) and T'(r, &),
where T'(r, %) is the Nevanlinna-Selberg characteristic function for A(z). That is

1
2.3 m(r; ¢, Sw)+N(7; ¢, Sn)= o T (r, H)+O(1).
Let R.(») be the part of R, which lies over |z|=r. Put

1 r
N3 S) = So(n(t; S0 —n(0; S5+ log 7,

1 7(0; S2)
n n
nr; S= %, (c—1),

Bp(0

where 7 has already been defined in (2.1) and (2.2). By the Nevanlinna-Selberg
second fundamental theorem for %4(z) we have

l
@49 (—2B)T(r, )= X, N(r,w,)—N(r; Sp)+0(log r T'(r, 1)
v=1
outside a set of finite measures, [6], [10]. Using (2. 3), we have
1 14 l 14
2.5) (l - Z 2,>T(r, B+01)= Y, N(r;w,)— 3, AN(; ¢uy Sw)-
y=1 v=1 v=1
Hence, by (2. 4) and (2. 5), we have

@.6) (% 5 Rv—2k>T(r, W= 3 2N g Sw)— N(r; S)-+O(log r Tr, 7))
v=1 y=1



194 HIDEO MUTO

outside a set of finite measure. Hiromi and Muto gave this relation in [4].

§ 3. Sufficient conditions for the rigidity.

First, we introduce two counting functions. We denote by x(r; B, R,) the
number of branch points of R, and #*(»; B, R,) the number of branch points of R,
whose order of ramification is #—1, which lie over |z|=r, respectively. Corre-
spondingly we define

log 7,

N B, Ri)= QB Re)

X

g;(n(t; B, Ra) —n(0; B, R) 9

log 7.

*(()-
N*(T; B, Rn): " (OynBv Rn)

(" onxt; B, Ry B, Ry L
0

N

We obtain the following

THEOREM 1. Assume that the inequality

N*(r; B, Ry)
N B, Ry =0

holds for a set of r of infinite measure. Then every analytic mapping of R, into
Sm is rigid whenever it exists.

Proof. Let ¢ be an analytic mapping of R, into S, and #4(z) corresponding
function. A theorem in [4] implies that the proper existence domain of %(z) is not
R,. So, let Ry, be the proper existence domain of /4(z). Suppose that A(z) is k(=2)-
valued function of z, then Rj; has an infinite number of branch points whose order
of ramification is £—1. Hence #4(z) is an algebroid function of z. Therefore we
can apply the Nevanlinna-Selberg second fundamental theorem, [6], [10].

Let #.(r; qo, Sw) be the number of simple g, points of ¢, that is, =1 in (2.1)
or (2.2), n(r;q,Sn) the number of multiple ¢, points of ¢, that is, =2 in (2. 1)
or (2. 2), being counted multiply and 7#,(r; g0, Sw) the number of distinct multiple g,
points of ¢, which lie over |z|=<r, respectively. Correspondingly we define

72(0; o, Sm)

e log 7,

N o, Sm) =~ S(nz(t G0 Sa) = 12 03 4o, S L 4

”3(0; G5, Sm)

1
Ns(7; @o, Swm)= —S (n3(t; @o, Sm) — 713(0; o, Sm)) - log 7,
0
1 s .
N o sm>———8 (1(6; oy S) — 700; oy Sm»— ﬂ;f;’—s—llog "
0
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where 2,—1 is the order of ramification of gq,. Let {g,} be the branch points of
Sm. By (2. 6), we have

<7;- ‘i - 2k>T(r, »

14
= 2 AN®; ¢, Sn)—N(; S)+O0(log » T'(r, h))

v=1

14 154
= 2 AN gy Sm) + lest(r; @y Sm)—N(7; Sp)+0O(og v T'(r, b))
v=1 . y=
v v -
= ZII AN:(r; q,, S™) Z}l ANi(r; ¢, Sm)+O0og r T'(r, b))

v %
= 3 AN 40 S)+ X ;—m T(r, h)-+Odog r T(r, )
v=1 y=1

outside a set of finite measure where 1,—1 is the order of ramification of ¢,. Since
only the branch points of R, can be simple g, points, by eN(r; B, Ry) =N*(r; B, Rx),
we have

vooa
( P ~2k) T(r, h)
ll
3. 1) = 2 AN ¢, Sm)+0og v T'(r, b))
y=1
=N(r; B, Ru)+0(og r T'(r, b))

=C\N*(r; B, R,)+0(og v T'(r, h))

for a set of infinite measure, where C, is a positive constant. On the other hand
the ramification theorem implies the following relation:

N*@r; B, Ri)=N(r; B, Ry)=Q2k—2)T (1, k).

Consequently we have

(lz % _c2> T(r, )=0(og r T(r, h))

y=1

for a set of infinite measure, where C, is a positive constant. This inequality is
untenable, since S, has an infinite number of branch points for which 2,=2. Thus
h(z) must be an entire function of z, that is, the mapping ¢ is rigid. This com-
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pletes the proof of theorem 1.

REMARK. There exists a pair of algebroid surfaces R, and S,, for which there
exists a non-rigid analytic mapping, even if the surface R, has an infinite number
of branch points whose order of ramification is #—1. In fact, let R, and S. be
algebroid surfaces defined by

y*=(exp z—1)(exp (exp z—1)—1)?,
ut=w(exp w?—1),

respectively. Then there exists a non-rigid analytic mapping ¢ of R, into S,
induced by A(z)=+/expz—1, that is p=pzlo/cpzr,.

However we have the following

THEOREM 2. Assume that the surface Sn has an infinite number of branch
points whose order of ramification is m—1 and that n=m. Then every analytic
mapping of R, into S, is rigid whenever it exists.

Proof. Let ¢ be an analytic mapping of R, into S, and 4(z) the corresponding
function. Let {g,} be the branch points of S,, whose order of ramification is m—1.
Suppose that ¢ is not rigid. Then, since n=m, ¢ has no simple ¢, points. Let
#(r; 4., Sm) be the number of distinct ¢, points of ¢ over |z|=r. Put

7(0; ¢.» Sm)

s log 7,

]\7(7‘; 4y Sm) =

o a
= So(n(t‘,qum) 705 4, Sw) -+

where 1,—1 is the order of ramification of g,. Further put T'(r, ©)=T(, k)/m.
Then we have

6g)=1— i o deon)

=K
r—>c0 T (7’, GD) -

where K is a positive constant independent of v. Thus A(z) must be transcen-
dental. On the other hand we have, by (2. 6),

> 40(q.)=2km.
It is untenable. Therefore the mapping ¢ must be rigid. This completes the proof

of theorem 2.

§4. Non-existence criteria for analytic mappings.

THEOREM 3. Assume that Sn is the same as in theovem 2 and that n<m,
Then there is no analytic mapping of Rn into Sy,
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Proof. Theorem 2 asserts that every analytic mapping of R, into S, is rigid
whenever it exists. Since n<m, we have 0(g,)=K, where K is a positive constant
independent of v. By the same procedure as in theorem 2 we can see that it is
untenable. Thus there is no analytic mapping of R, into S,. This completes the
proof of theorem 3.

THEOREM 4. Let Sy be the same as in theovem 2. Assume that n is a prime
number and that n>m. Then there is no analytic mapping of Rn into Sn.

To prove this theorem we use the following theorem, [4].

THEOREM A. Assume that there exists an analytic mapping ¢ of Ry into Sm.
If n is a prime number, then ¢ is rigid. If n is not a prime number, then the
corresponding function h(z) of ¢ is k-valued, where k is a proper divisor of n and
@ may or may not be rigid.

Proof of theorem 4. By theorem A every analytic mapping of R, into Sy is
rigid whenever it exists. Let {g.} be the branch points of S,, whose order of
ramification is m—1. Since » is a prime number, we have 6(g,)=K, where K is a
positive constant independent of v. By the same procedure as in theorem 2 we can
conclude that there is no analytic mapping of R, into Sp.

REMARK. We can obtain the same assertions as in theorems 3 and 4 if the
number of branch points of S,, whose order of ramification is m—1 is greater than
a constant dependent on # and .

By the same method as above we can prove the following two non-existence
criteria for rigid analytic mappings.

THEOREM 5. Assume that Sn has at least three branch points whose order of
ramification is m—1 and that n<m. Then there is no rigid analytic mapping of
R, into Sp.

THEOREM 6. Assume that S, has at least three branch points whose ovder of
ramification is m—1 and that n is not an integral multiple of m. Then there is
no rigid analytic mapping of R, into Sp.

§5. Non-rigidity of analytic mappings.
Let Rs and S. be algebroid surfaces defined by irreducible equations

¥°=G(z), u*=gw),

respectively, where G and ¢ are entire functions having an infinite number of zeros
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whose orders are less than 6 and 2, respectively.

Let ¢ be an analytic mapping of Rs into S; and % the corresponding function
of ¢. Then theorem A asserts that 4(z) must be k-valued, where £ is a proper
divisor of 6.

Furthermore we have the following

THEOREM 7. Assume that there exists an analytic mapping ¢ of R into S,.
Then the corresponding function h(2) is either single-valued or three-valued, that is,
the case where it is two-valued does not occur.

Proof. Let u* be the analytic mapping of S, into the finite plane defined by
w*=uops,. Then w*.p gives an analytic mapping of R, into the finite plane. Thus
we have

w*opopg=rot+f1y+-+fov°
where fo, -++, f1 and fs are meromorphic functions of z in the finite z plane. Further
W¥opoPpy=uoPs,° QoY =Uoh.
Hence
uoh=Ffo+ fry+--+rs°.
Since #?=g(w), we have
goh=(fotSfry+-+ Sy
By ¥°*=G(2), we have
goh=fo*+ [’ G+2[1fsG+2/of1G
+2(fofr+FofsG+ s fG)y
H( P+ FEGH2f o fot 215Gy
+2(fofst+Sif et FofsG)Y?
+(f2+ G2 o fat2f 1 )y
+2(fofs+ fifstfof )y’

Suppose that 4(z) is two-valued function of z. Then we have

(5. 1) fofs+f1f4+fzfs=0’
(5.2) fof1+f2st+fsf4G=0,
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(6.3 I+ G2 o o210 fsG=0,
6.9 FP+ [ G2 ofut-211f5=0.
By (5.1) and (5. 3), we have
(6.5 (fit+Fa®)=—=2(fo+ fs*)( fo+ o)
By (5.2) and (5. 4), we have
(. 6) (fetFsy®)?=—2(fo+ fov) 1+ Sy’
From (5.5) and (5. 6), we have
v (et Sy’ =i+
Therefore we can see that
S1=Se=fu=[s=0.
Hence
goh=_fo+ fsy*).

Thus every zero of g must be a perfectively branched value of 4. It is untenable,
since ¢ has an infinite number of zeros. This completes the proof of theorem 7.

Let S; be an algebroid surface defined by irreducible equation
ut=g(w),

where ¢ has an infinite number of zeros whose orders are less than 4. Then, by
the same method as above we obtain

THEOREM 8. Let Rg be the same as in theorem 7. Then for every analytic
mapping of Rg into Sy the corresponding function h(z) is either single-valued or
three-valued, that is, the case where it is two-valued does not occur.

§6. Necessary condition for the existence of analytic mappings.

Let R, and S, be general algebroid surfaces. First, we define the order of
branch points of R, as follows:

— log N(r; B, Rw)
OB, Ry =lim T Tlogr
roco ogr
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We also define 9yz,s,, analogously.
We obtain the following theorem:

TueorREM 9. Assume that Oy, ry<oo and 0<Pye, s,y <o and that there
exisls a rigid analytic mapping ¢ of Ry into Sn. Then

On B, Ry =YPN (B, S
where v is a positive integer.
To prove this theorem we use the following theorem [1]:

THEOREM B. Let E(2) and F(z) be transcendental entire functions. Assume
that the zeros of E(2) have a positive exponent of convergence. Then the zeros of
E-F(z) cannot have a finite exponent of convergence.

Proof of theorem 9. Let 4(z) be the corresponding function of ¢. It is sufficient

to prove that 4(z) is a polynomial. For we can prove our assertion by the same

argument as in [3].
Assume that %(z) is an entire function of infinite order. Let {g,} be the branch
points of Sn. Then we have

N(r; B’ @, Sm)=N2(7’; B, Dy Sm)+N3(7; B’ ®, Sﬂb):
Ns(f; B’ (23 Sm)§2N(1‘; 0} h',)-<—:6T(r’ h)

outside a set of finite measure, where

N@; B, ¢, S =3, N 4, Sw),
y=1
N2(7'; B: Dy Sm)= ZINZ(r; q. S’m)y

N3(r; B’ [’ Sm)= Z:INE(V; 4y Sm)-
On the other hand
¥ N w, =N B, ¢, Sn)
y=1

for an arbitrary but fixed number p of the projections {w,}2, of all the branch
points of S, and for all ». By the Nevanlinna second fundamental theorem we

have
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(b—9Tr, = 3 N w,, b).

outside a set of finite measure. Thus we have
KT(”: §0)§N2(r; B; SD’ Sm)

for an arbitrary but fixed number K and for all r outside a set of finite measure.
Only the branch points of R, can be simple ¢ points for a branch point g of Sy.
Hence

6. 1) KT (r, 9)=Ny(r; B, ¢, Sm) =N (r; B, Rn)

holds outside a set of finite measure. It is a contradiction [cf. 3, pp. 239-240].
Therefore %4(z) must be of finite order.

Next we shall show that %(z) must be a polynomial. Assume that 4(z) is a
transcendental entire function of finite order. Then, by theorem B the order of
N@; B, ¢, Sp) must be infinite. This contradicts the following relation which holds
for all r=v,:

N(T; B’ ©, Sm):NZ(r; B; ©, Sm)'l_N?»(r: B’ ®, Sm)
=N(@; B, R))+6T(, h).

Therefore /4(z) must be a polynomial.

§7. Growth of analytic mappings.

TureoreM 10. Assume that there exisls an analytic mapping ¢ of Rn into Sp,
then it satisfies

= NGBR) _
r—oo T(ry SD)

Proof. First, we assume that the corresponding function 4(z) is a k-valued
algebroid function of z. Suppose that our assertion does not hold. Then we have

N@; B, R))<MT(r, p)

for all sufficiently large #, where M is a positive constant. By the relation (3. 1)
we have

(i A — 2km> T(r,0)=MT(r, ¢)+0og rT'(r, ¢))

v=1
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outside a set of finite measure. Since S, has an infinite number of branch points,
it is untenable. That is, our assertion holds.

Next we assume that A(z) is a k-valued algebraic function of z. Then we
have

T (r, p)=0(log 7).
On the other hand, since R, has an infinite number of branch points we have
log r=0(N(r; B, Ny)).

Hence, in both cases we have

= NGB R _
T—0 T(T, gD)

This completes the proof of theorem 10.
RemARrk. By the same method as above, we have

r—r00 T(r, SD)

’

when the order of ¢ is finite.

§8. Analytic mappings of R, into itself.

Our surface R, is of parabolic type and its universal covering surface is of hyper-
bolic type. Under this abstract situation Heins [2] discussed an analytic mapping
of an open Riemann surface into itself. One of his interesting results may be
stated as follows:

THEOREM C. The analytic mappings of an open Riemann surface R with non-
abelian fundamental group and of parabolic type into itself are univalent. If R
does not have any planer boundary elements, the maps in question are onto.

By making use of this theorem we can obtain the following theorem which is
an extension of earlier results in [3], [4], [9]. The earlier result in [3] and [4] was
proved by making use of the Nevanlinna value distribution theory.

THEOREM 11. Let R, be an algebroid surface and let ¢ be a rigid analytic
mapping of R, into itself. Then the mapping ¢ is an analytic mapping of Rn onto
itself and the corresponding function h(z) must be of the form e**P'iz-+b with a
suitable rational number plq.

Proof. Since ¢ is rigid, the corresponding function /(z) is a meromorphic
function of z in the finite z-plane. If %4(z) is transcendental, then there is at
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least one point w such that the equation /A(z)=w has an infinite number of roots.
Hence there is at least one point ¢ over w which is covered by ¢ infinitely often.
It contradicts the univalency of ¢.

Suppose that 4(z) is a rational function. Then, as above we can see that /()
must be of the form

az+b

m, ad—bc=0.

h(z)=
Since ¢ is an analytic mapping of R, into itself, we have ¢=0. That is, ¢ is onto

and %(z)=Az+B. Considering the iterations of ¢ we can prove our assertion.

In general, there exists an algebroid surface R, admitting a non-rigid analytic
mapping of R, onto itself. In fact, let R, be an algebroid surface defined by

s (- 2225

where {@n} are suitable complex numbers. Then there is an analytic mapping of
R, onto itself induced by /4*--22=1, that is, p=pgzie/ehpr,.
However we can prove

THEOREM 12. If the part of Rn. which lies over |z|=r is comnected for all v,
then every analytic mapping of R, into itself is rigid.

Proof. Let ¢ be an analytic mapping of R, into itself and /% the corresponding
function of ¢. By theorem A, / satisfies

Wt puR)AF -+ pu(2) =0,

where %k is a proper divisor of #. Since ¢ is univalent, the coefficients pi, -+, pr—-1
and p; are rational functions. Let R} be an algebraic surface defined by

Yo+ pi(2) yE T 4 A pr(2) =0
and R}’ be an algebraic surface defined by
2E 4 py()2E e pi(y)=0.

Then R}/ is also k-sheeted. We can extend the mapping ¢ over z=oo. Then the
extended mapping induces an analytic mapping ¢’ of Rj into R}/. Suppose that
k(z) is k-valued, then R, must have a branch point whose order of ramification is
k—1 over z=o0, since R, has only one boundary component. The fact that ¢ is
onto asserts that R}’ also has a branch point whose order of ramification is k—1
over z=oo, Using the analyticity of ¢’ around the point which lies over z=co,
we can see that £#=1. This completes the proof.
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