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AN ELEMENTARY PROOF OF THE BIEBERBACH CONJECTURE
FOR THE SIXTH COEFFICIENT

By Mitsuru Ozawa

In our previous paper [2] we proved the Bieberbach conjecture for the sixth
coefficient. Our proof did not lie on the elementary level, since we made use of
Jenking’ inequality there. In this note we shall give an elementary proof of the
Bieberbach conjecture for the sixth coefficient.

In the sequel we shall make use of the same notations as in [2]. From the
methodological point of view there is nothing new in this note. Indeed we shall
use the same method as in [2].

In [2] the main part was proved in the elementary method. Indeed we did
not use Jenkins’ inequality in Sections 2, 3, 4 and 5. Hence to give an elementary
proof is rather trivial to the present author.

Section 6 was devoted to the case 1=p=1.6, £*<1/10. Then we have by the
area theorem

3Pty =4—p*=3,
which is better than Jenkins’ inequality
NPy =1+4207°<1.005.

This remark enables us to bring our proof into the elemetary level by slight modi-
fications. And we can borrow the same estimations as they were in [2].

Section 7 was concerned with the case 1=p, 1/10=k*=<5—2+/5. Again the
area theorem gives a better inequality than Jenkins’ in this case. Hence we can
bring our proof into the elementary level by slight modifications and can borrow
the same estimations as in [2].

Section 8 was concerned with the case 0=p=1, A2=5—2./5. In this case
the area theorem is not better than Jenkins’. Hence we need a new consideration.
In this case we have

3@ +y'H=4—p'=4
in general. This implies that
ly] =1.1548, ly’|=1.1548.

There were four subcases in Section 8.
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Case 1). y=0, £2=<1/29. By starting from (A) with B=0, we have
Ras=6—P(p)—X— —:c y'y— —Z—x’%}—}- —py*+3yy,
_e_2_ 2, W o 25 ., 5 D

3 .7 29 11 7

+3y’y +22'¢".
Now we have
2 2, 1, 25 ., . 11548 ,
P(p)=6 5 317 12015 64 p(2—p) 3 y4

1
=6—g50 ¥(2):

&(p)=384-640p>+138.576 p*4-750 p* — 287 p°.
It is easy to prove that ¢(p)=¢(1)=1625.576 for 0=p=1. Therefore

1625.576 6.424
P(p)z6— —960 =43+ 960

>1.075(p*+ 22+ 3y%+3y’2+-5n2 4572+ 7¢'2).
Hence we have

Rtg < 6— 1075 42— X ¥ = gryr g 2% gy O pray O
Ao © 4 ﬁ

ﬁ

+ —Z— Dpy?+-3yn—3.225y%—5.37577,
X*=X41.075(z"2+3y"2+57'2+76'%),  a>0, >0.
Here we put a=1.3, =1.4. Then the quadratic form of v,7
o O—TPn 1271187720

for 0=p=1. Hence

3 12,,72 5
5.2 11.2

/4

Ra;<6—0Q, Q=X*

We make the associated symmetric matrix of @
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172424 p*—14pz"*—(50/T)">  29p°—11" 28p 16
29— 11" 51.6+28p—(12/1.3)z> 24 0
28p 24 8 0

16 0 0 1204

It is easy to prove the positive definiteness of this matrix for 0=p=1, k2=5—2./5
<0.528. Hence we have the desired result.
Case 2). y=0, £2=1/29. In this case we have

psy—29px’2y=29p3<% —k2>'y§0.

Hence we may omit them in this case. And we can apply the above estimation
in Case 1).

Case 3). y=0, k2=<1/29. The same holds as in Case 2). Hence we can apply
the above estimation in Case 1).

Case 4). y=0, 1/29=Fk2. Firstly we assume that 0.5=p=1. We start from (A)
with B=3/2. Since

—py(284x'—15px)= —p*y(28.4k*p—152) =0
for 0=p=1, k2=5—2./5 <0528, we have

9-7p 2___5_ ’2 l_ 3 __0'_6_ ’2
5 Vgt gy — —pry,

Rate=6— P(p)— X— %x’y’y—l—

2
P(p)=6—5 — 5"~

1, 25,

with the same X as in the above case. Further
PPy—0.6px"*y=—yp*0.6 - 0.528—1)<0
for k2=5—2+/5 <0528. Since P(p)=P(1)=4.4510416 for 0.5=p=1 and

2
|5 27| = 1ol arrrn = 25 sy

=— (0 528)'723.75=0.6186,

we have

Rty < 6—3.7694— Xp /- 22y 5B ,s

88" 2

<6— 3;176 — PP Q(ﬁ)—l———(g Tp—5.64)y? ——(376 58)7%,

QB =X+ 218 (oo 3y By T — p>0.

ﬂ
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The coefficient of y? is negative for 0.5=p=1 and that of 7? is negative by putting
p=75. Hence we have

Ras<6—Q, Q=Q(7.5).

It is easy to prove the positive definiteness of @ for k2=5—2+/5, 0=p=1. Hence
we have the desired result.

Next we assume 0= p=0.5, k2=<5—2+/5. We start from (A) with B=0. In
this case

3
- 28—91790’22/ + % y= %ps@%z— = 1'16”148 (15.312—1)<0.25875

and

3 3 4—p?
i——z‘x'y'?/lzzm'l(yz-i-y’z)é - kip<0.:36%.

Hence we have

Rae=6—P(p)— X+ %pyz—l—Syrj—— %x’zrj—l—o.62225.

Since P(p)=P(0.5)>5.393836 for 0= p=0.5, we have, with a>0,
AT Xy D gy 0 T,

Rae<6—4.77— X+ Sax + 3 724 4py + 3yy

=6—Q(a)—Y(a),

Qa)=X— S—Sax“+ %E(x'2+3y'2+577'2+7g'2),

4Y (a)=(14.31—7p)y*—12yn+(23.85—2.5a)7?.
Since Y (8)=0 for a=8, we have
Ra:<6—Q, Q=Q(8).

Now to prove the positive definiteness of @ for 0=p=1, k2<5—2,/5 is very easy.
Hence we have the desired result.
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