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ON A SYSTEM OF LINEAR ORDINARY DIFFERENTIAL
EQUATIONS WITH A TURNING POINT

By Minoru NAKANO

§1. Introduction.
1° The system of differential equations to be discussed here is

,dY

g = A@aY,

(1.1 B

in which ¢ is a positive integer, ¢ is a small complex parameter and A(x,¢) is an
n-by-» matrix function holomorphic in both variables in the domain ® defined by
the inequalities

1.2) D x| =0, 0< ]e| =s, larg ¢| =40,.

We assume that the matrix A(z,¢) is expressed by the asymptotic expansion
such that

(1. 3) Alw, &)~ 3 A@)e,  e—0
=0

is uniformly valid in |z|=xz, and |arge|=6,. The coefficients A,(x) are then
necessarily holomorphic in |z|=x, (Wasow [12]).

Sibuya [8] has proved that the local asymptotic analysis, as ¢—0, of such
differential equations can be reduced to the study of the special case that A(x,e)
satisfies the following hypothesis:

Ay(0) is nilpotent and of a Jordan canonical form.

It will therefore be assumed, from now on, that Ay0) has this special property.

In this paper we investigate the case that Ay(0) has # Jordan blocks. As Ay(0)
is nilpotent, which means that A,(0)=0, the leading matrix Ae(z) in (1. 3) must be
of the form

. 4 Ao(x)=2"G(x),
with p a positive integer, G(z) holomorphic at z=0, and G(0)=0.
AssumpTION 1.

A(2)=x7G(x),
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where p is a positive integer, G(x) is holomorphic in |x|=x,, and all eigenvalues of
G(x) are distinct. That is to say, the origin is a turning point of order p.

In this case, without loss of generality (Sibuya [7], Wasow [12]) it can be
assumed that G(x) has the diagonal form:

g1(x) O

(L.5) Cw=| @)
(@)
with
1. 6) 95(x) = gr(x) in |x|=wz, for jxk,
a.7 gi(x)= ’gogjh:c" in |z|=x.

Furthermore, we can assume that A(x,¢) is of a triangular form (Iwano [4],
Sibuya [8]):

g1() O

Az, &) =[ap(z, l~az?| 9,
' gul)
(o (x) h
-9 aP(z) af(x) O
| .

= a(@)  afp(@) - af(@) - af (@)

that is to say, eu(x,)~0, e—0 in D for j<k, and

1.9) @ji(z, &)~ 2 af(x)e", e—0 in D for j=4,
r=0
where
[}
1. 10) a@(x)= Z( )a%x" in |zl=x, afing =0,
h=m$!-
213

in particular for j=1,2,---,%

L. 11) @5, &) ~aPg (x)+ il aH(@), =0 in D.
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2° For the simplicity we construct a characteristic polygon for the differential
equation (1. 1) and we investigate the restricted case that it consists of one segment
(Iwano [4)]).

The characteristic polygon, convex downward, can be constructed by joining
the following points in the plane with a rectangular coordinate system (X, Y):

(r)
PR=(sr k) G2k =012,

R=(g, —1).
In particular P{?=(0, p), and P{=(0, co) for j>% because m 1s, by definition, infinte
for a®(x)=0.
For our requirement the coefficient of (1. 1) has to fulfill the following
AssUMPTION 2.
m_(i‘}):pzl (j:1’2;"'>n),

L o v
TS T S iy

(]ék; 7’:1» 2) "')'

3° Under these hypotheses, we can obtain two types of asymptotic represen-
tations of a fundamental solution of the differential equation (1.1) whose domains
of validity overlap each other in neighborhoods of the turning point for ¢ arbitrary
small.

Y
P
\p\
»
Mk (7)
7+1-k P
.._p+1 7 9 _(V—p)=
L I X ¥-2=0
“
g ' 3
0 _7___oP\ ~° .
J+1=kp+1 L’

Fic. 1. Characteristic polygon
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In 1966 Wasow [13] analyzed the simpler case of p=1 and »=2, in which the
restriction p=1 seems to be essential.

§2. A formal outer solution.
In this section a formal solution for x=0 will be obtained.
4° The linear transformation

@.1) Y=K@)V,

where

1

w0

2.2) K(x)= 220/m
O s LDV

together with ¢ some positive integer less than zp, changes the equation (1. 1) into

2. 3) e"ﬂ =B*(z,¢)V,
dzx
where
2. 4) B*(x,e)=K*(x)A(x, ¢)K (x)—e"K~Y(x) d—li,:i—@

In view of ASSUMPTION 2, the equation (2. 3) can be rewritten in
dv
—1/a.1? —
2. 5) [z=12] x-—dx =B(x,¢)V,

where a=o0/(p+1), and

—-Z‘l—wadu(x'; €) T
Vg (2, 6) & 0s(, €) 0
B(:L‘, e)= 1-()-1)¢/n—9/a 1-(3-k)2/n—9/a 1-0/q,
s aji(x, €) - x1™Y @ji(x, €)X a,(x, €)
2. 6) [ 1P DUR=0/G (g g)eeeiiiiiiee it 2% (3, €)
0
. 1 0 | .
y [z=%%])° 2 ~ 21 Br(x)[x %]
. =0
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The coefficients B,(x) are holomorphic in z¥*", and in particular
@7 By(x)=G(z)=diag [91(x), g2(x), -+, gn(@)].
In fact, for the diagonal elements of (2. 6) hold the equalities

o ©o
xl—d/aa]j(x, €)=xp+l—"/agj(x)+ Z: Z ayj)h[x—l/aE]Txh+1—ﬂ/a+r/a
sl

:gj(fl?)"' i i a‘(fg)h[x—l/ae]th+1—0/a.+r/a,
iy

for j=1,2,---,n, because the value A+1—c/a+7r/a vanishes for r=0, and it is not
less than positive values m{}—p+r/a for r=1 by ASSUMPTION 2.
For the non-diagonal elements we have

©o o
1—(j—k)2/n—9/, _ ~1/a.7 ht 1= (k) 4/ n—0/a+1/a (7"
2= U-B/n a’djk(x, E)— Z Z [1‘ 1 ae] ht1-G-k/n-9/atr “0;-151,
=1, __ (7
h—mjk

where A+1—(j—k)g/n—ola+r/a is not less than (+1—E){(mE/(G+1—k)—p
+rla(j+1—k)}+(F—E)(p—g/n), which is positive by AssuMPTION 2 and the definition
of g.

The relation (2. 6) means that

B(z,e)— i Br(x)[x™ %] = En(x, &)[z7%]™ ",
r=0
where E,(x,¢) is bounded in the domain 9D.

5° The transformation z'/**=t¢ takes the equation (2.5) into

@8 [t—ne]ﬂt—‘fITV —C*t, )V,

where
C*(t, &)= [anB(z, )] peson— i; CHOlE"T,

and in particular
9:(¢°") O
g2(t*") .

" ga(t™)

C¥t)=an

Then we can diagonalize the coefficient C*(¢,¢) by the method introduced by
Turrittin [10] as follows.

Let Ty(t, e)=I+[t""c]*Qx(t), where I is the n-dimentional identity matrix and
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Qx(t) are holomorphic matrix functions which are appropriately determined suc
cessively as follows.
The transformation V=7TxZ* changes (2. 8) into

et o — Z =C B, 7%,

where

aQx
dt

=(CF+[t"e]CHF -+ [t ' Ci)
+ [t ] CF+-CFQ—QCH)+ .

C®(¢, e)=TH'C*¥Ty—[t el ot ——

Since the eigenvalues angi(®"), ---, ang,(t**) of C¥(#) are distinct, C¥+C¥Qr—Q:C¥
can be diagonalized by determining elements of Q.

Let P*(t, &)=, Tu=1+ 251 PF)[t™]” be a formal series obtained by products
of Ty (k=1,2,---). Then, by virtue of the theorem of Borel-Ritt (Friedrichs [1] or
Wasow [12]), there exists a holomorphic function P(¢,¢) having P*(f,e) as its
asymptotic expansion in the domain ®’ defined by inequalities

2.9) D =k, largt|=t, 0<|e|=e, |arge|=60, 0<|t7"| =1,

where #,, which may be equal to z}’*", and #, are sufficiently small constants, but
t, is arbitrary.
By the transformation

V=PZ,
we get
(2. 10) [t ]"t———— =C(t,¢)Z,
where C(t,¢) is holomorphic in ©’ and expanded asymptotically, as ¢™" tends to

zero, in X2, C,(O[t"]", and C,(#) is diagonal and holomorpnic in ¢ in ¥/, in
particular

g1(2%")
g2(2%™) . O

" gate®)

Co)=an

The result obtained above is summarized in

LeMMA 2. 1. Assume that the condition (1.6) is satisfied in the matrix (2.7)
and put xV*=t. Then the differential equation (2.5) with a matrix coefficient, in
general, not diagonal or mot evem asymptotically diagonal, can be reduced to the
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differential equation of the form (2.10) with a coefficient holomorphic in ' and
asymptotically diagonal.

Thus we can calculate a formal series solution of the differential equation
(2.10) and get the following theorem.

THEOREM 2.1 [Formal outer solution]. Assume that the differential equation
(1. 1) satisfies AsSUMPTIONS 1 and 2, then for xzx0 it can be reduced to (2.10),
which possesses a formal sereis solution

@ 11) 2o~ 520 |exo| R0 |

with properties:
a) the relation

ZiO)=t""Z¥®)

holds, where Z¥() is a polynomial of degree r, at most, in logt with coefficients
holomorphic in |t|=t,, and bounded in the damain ®’;
b) F.(t) is diagonal and of the form

{Fo(t) =f,log t+F¥®),

(2.12)
F,@)=t""F¥{) O=r=0-1),
where FX@) (r=0,1,2, -, 0) are holomorphic in |t|<t, and f, is a constant matrix.

Proof. Since the coefficient of (2. 10) is diagonal, we obtain

o Pt
z(, e)=exp[z S e’“"CT(t)t"(‘"”“dt].

Define the matrix functions C,(¢) and F,(¢) by
oo t
C)= 3 Cutt  and F,(t):S C D142,
k=0
Then, for r=0¢ we have

o (t
=2 S Cradmr=-1q¢
k=0

Crx
— _oy logt T k-n(r=o)
roncr-n log k#n(Zr—a) k—n(r—o) g

from which by changing notations we have
2.13) F,@)=frlog t-+t "2 FX@),

where fr and F¥(f) are holomorphic in |¢|=f. In particular,
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it cak
F,)=C,ologt+ 33 ——1t*
k=1 k
can be written as (2. 12).

For 0=7r=¢, we have

tlﬁ»n(a—-r)

Ft)= 3. Cue

— n(u—r)Fi: t R
k=0 k+n(o—7) g ®

where F¥(#) are holomorphic in |¢]|=t,.
As for Z,(¢), it follows from

Z(t, )= exp[ SR ef-v] exp [ §, F®) er—v].

r=o+1

In fact, in view of (2.13) we have

exp[ 3 Fr(t)e""jl:I+l“"Z§"(t)e+t“2"Z;“(t)sz—|—---,

r=¢+1

where Z¥(#) is a polynomial in log# of degree » at most. Q.E.D.

§3. A formal inner solution.
This section is devoted to a formal solution in neighborhoods of z=0.
6° The transformations

r=e% (stretching transformation),
3.1

Y=K(E"U,

where a=a/(p+1) and K(c*) is defined by (2.2) with ¢* instead of z, take the
original equation (1. 1) into

au _ .
3.2 < =D, 9,

where
3.3 D*(x, )= K~ 1(e"A(x, ) K (%)
ran(x, S)Ea—a

A21(Z, €)™ @oy(x, €)e* 0 O

@iz, e~ GDnTa= (g @)em UGG L g €)g0

,_anl(xy e)s—(n—l)aq/nﬂz—a e rer e ann(-% E)Sa_"_j
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Let ¢/»®*b=p. Then the equation (3.2) can be rewritten in the form

au
3.4 7 =D(t, .0) U,
where
3.5) D, p) ~ ;}) D, (t)p".

The coefficient D(, p) of (3.4) is clearly of the same triangular type as A(z,¢),

J10 O

(3.6) Dyty=t"G=*| . ,

0 ‘o
and for »=1 D,(¢) is a polynomial in # of degree, at most,
() me=r[no+m—1g/n+p—(p+1D/o,
hence D,(¢) is of the form

D, (§)=7/mo+ (= 1a/ntp= 01 /5 DX (f)

with D¥*(#) bounded at f=co.
Therefore (3. 5) is written in

(3 8) D(l‘, p)___ ZE)D,—(Z‘)‘OTzt(n_l)q/n+p_(p+1)/aEm+1(t, p)[tl/"”p]m+1

with En.1 (£, p) bounded in the domain under consideration for m»=0,1,2, .-,
[t|=t5>0.

The relations (3. 5), (3. 6) can be proved as follows.

For the main diagonal elements of (3. 3), namely, for

djj(x, e)ea—az Z gjhth+p5ah-l-ap+a—v+ Z Z d‘(/}%ther+a,—a+ah’ (]=1’ 2’ 3’ ey %),
h=0 r=1 ’L=”‘§jr
we can show by AssuMPTION 2 that as+ap+a—oe vanishes for =0, and it takes
positive values for =1, and r+a—o+ah takes positive values for »=1 and Az=my;.
This means that a,;(z, ¢)¢*° contains none of the terms of negative powers of e,
and that the constant term with respect to e of a@j;(x,¢)s® " is only g¢;¢?, which
proves (3. 6).
Similarly for the off-diagonal elements

o 0o
ajk(x’ e)sa—a—u—kmqm: Z Z‘ a%ﬂea—v—(J—k)aqmmnw (j>k),
=1 h=m§l?
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we can see easily that the exponent of ¢ takes positive values only by AssumMPTION
2 and the definition of ¢ (see (2. 2)).

Next, the validity of the equality (3. 7) will be shown.

Since p=¢e*®+H every element of (3. 3) is rewritten in

oo o
Cljk(x, s)ea—u—(]—k)aqm: Z Z a(r) thpv[nh np— -k ql+n(@+1H7T

r=1,___(7)
h—mjk

maxh
o >0
= Z ( _Z d‘“t‘)p = Z D@ jup’.

>0

The possibly highest degree of D), is the maximum of % with respect to r=1.
Hence, the possibly highest degree of Dy(#) is the maximum of % with respect to
7, j and k:

ms=maximum z=[s/ne—rla+(F—k)q/n~+Dlr=1,;_k=n-1
r>0n=j=zk=1

=s/no—1ja+(n—1)g/n+p,
which proves (3. 7).

7° In order to obtain a solution of the equation (3.4) together with (3. 5), we
will construct the recursion formulas of integral equations.
Let
U~ ZO U,()p"

be a formal solution of (3.4). The recursive conditions for this to be the case are

(3.9a) %% =Dy®) U,
dU, z
(3. 9b) e =Dy U+ bZ:lDb(l‘) U @zl

Since the coefficient Dy(#)=¢*G is diagonal, the solution of (3. 9a) is

U= exp[ =exp [G*(@)]-

el

From the variation of constants formula, solutions of the equation (3. 9b) are

Un(t)= Uo(t)Sr RGO b; Do(S) U, o(s)ds

(3.10)
:S LAl ORI O] Z‘ Dy(s)Ur_p(s)ds,
7,.() b=1
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where 7,(#) denotes the »* paths of integration terminating at £

8° It will be shown that there exist solutions of the integral equations (3. 10)
of the form

3. 11) U,()=t""U¥@®) exp [G*(®)],
where m*=m;+1 (see (3.7)) and U¥(#) is bounded in some domain &(#;) defined by

the inequalities:

ew): |tI>t, a’éargtéa'-}—;_%l—.
In particular, since Uy(¥)=1exp [G*(?)],
Uk)=1I.

Insertion of U,.(#)=Y,(¥)-exp [G*@®)] into (3.10) implies

3.12) Yr(t)=g ¢ O=T® 37 Dy(s5) Vyp(8)ed" O~ s,
b=1

7(8)

The j, k-element Y,(H);x of Y,(@) is, if denoting Xj-1 DpY, s=F@=[f%], of the
form

Yr(mk:S exp [(050— ge) 17+ — PP+ DI f ()ds
(D jx

(3.13)

S S*P/ @D exp [(gj0— gro)F*— )] f K (s¥)ds*,
)k

where asterisked letters are defined by

P+1 D+1
t sk S

*:—— —
(3. 14) ¢ FESE L

The arguments of the leading terms gj, of ¢g;(x) may be assumed to take their
values in

—r<arg gj0§77 (]=1’ 2’ T n)'

The paths of integration y¥({*);x are defined to be straight lines from #* to
infinity parallel to the straight lines passing through the origin

(3. 15) Re [—(gj0—0gr0)s*]1<0  (jxk)
in the domain
(3. 16) &* —a=args*=—a+tr O=a=n/2),

where « should be chosen so that none of lines Re[—(gjo—gxo)s*]=0 is on the
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boundaries of &*.
Therefore 7¥(#*);x is of the form

r;k(t*)jkt S*=t*+5jk7‘ (7’%0, |5jk|=1).
The paths 7}(#¥),, are segments from #* to arbitrary bounded points #§ in &*:
T;k(t*)jj: S*=t*+5]ﬂ‘ (0§7’§7’(t*)<00, |5jj|=1).

The original paths 7,(f);; are the inverse images of 7¥(#*);x under the transformation
(3. 14).
The domain © may be taken to be the inverse image of &* under (3. 14):

(3.17) & —a/(p+D)=arg ss(—a+n)/(p+1),

and the domain &(#) is a subset of & for |¢|>4.
Under the above conditions the next lemma is valid.

d

- ~
2 Ist =l N
arg s*— / \

a4 I’ \‘ Re\'—-(qio“g"")s*]:o
S*-plane
0

arg s*

=—a

Fic. 2. Paths of integration

LemMA 3. 1. If the matrix function FO @)t ° (¢>0) is bounded as t tends to
infinity in ©, then Y, )t~ C*D is bounded as t tends to infinity in &. In other
words,

(3.18) FO@=0@%) in &) implies Y, (£)=0@¢*") in &(&).
Proof. Let
F™()=0(s*) in &)
=0(s*/ D) in S*({*).

For off-diagonal elements, i.e., for >4,
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Yr<t>ﬂc=S SP/PHD exD [(g10—ga0) (P s8] FAO(s)ds*

(M) g
:t*(c—p)/(pﬂ)g (L4047/t%) =P/ @+D) exp [—(gjo—gko)5jk7]
0

X [f}l;c(r)(s*)s*—c/(p+1)]5jkdr
=0@*C P/ @D in SH(g*)
=0@") in &%),

and for diagonal elements

ViD= serempgshds

7’;(“‘)]]
»
= So(t* +5]]r) €=/ (PrD [f}f}(r)(s*)s*—c/ (P+1)]5]jdr

=Q@FCP/@PILY in G*({]¥*)

=0@) in &),
by which the validity of (3. 18) has been shown. Q.E.D.

Now, it will be shown that
3.19 Y.@)=0¢"™) in &),
namely,
Y @)=t U¥®),

where U¥() is bounded in S(t) and m*=m,+1.

Indeed, (3.18) shows that F®(s)=Di(s)Yo(s)=Dy(s)=0(s™) in &(#) implies
Yi()=0@™") in €©(#), and the rest of the statement can be proved by induction.
Suppose Y;()=0@"™"), j=r—1, are known. Then

FM(s)= é Dy(8) Yr_5(s)

(3- 20) :Dl Y'r—1+D2 Yr-2+"'+Dr Yo
20(8m1+(7—1)m*)+0(3m2+(r—2)m*)_|_"‘+O(Smj+(r—j)mt)+”._I_O(sm,).

Since, however, the value of the difference [m;j+ (r—7m*]—[m, .+ (@F—ji—1)m*] is
(n—1)g/n+p+1—(p+1)/o, which is positive, the maximum of m;+(r—j)m* (1=7=7)
can be attained for j=1, and its value is m;,+(@—1)m*. This fact is followed by
F®(§)=0(sm*-bm%) - By applying (3. 18) once more we have Y,(#)=0@™), which
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shows the validity of (3.19), and hence (3. 11) has been proved.
The above results are summarized in the following

Lemwma 3.2. The integral equation (3.10) possesses a formal solution
U~ ZE) U(t)o",

where U,(t) is represented by (3. 11).

Thus, finally, we can get the formal solution of the differential equation (3. 4),
which is stated in

TuaEOREM 3.1 [Formal inner solution]. Let k() be defined by
0 if It|=4,

k(t)={
1 if [t>4.

Then the differential equation (3.4) possesses a formal matrix solution U of the
form

@3.2D) Utt, p)~ (g) o™l U i“(t)> -exp [G*(H)],

where UX®) are bounded in the domain ® and |t|=t, together with k()=0, and in
the domain © and |t|>t; together with k(t)=1, and m*=m,+1=1/no+m—L)q/n+p
—(+1D/o+1.

9° It can be shown that the analytic theory corresponding to the formal
theory obtained above is valid, i.e., there exist holomorphic solutions asymptotically
expansible in the outer and the inner solutions respectively and that there exists a
domain in which two different types of solutions are valid for ¢ arbitrarily small,
and so two solutions can be maiched at any point in that domain.

The author wishes to express his thanks to Professors Y. Hirasawa and T.
Nishimoto for their valuable advice.
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