KODAI MATH. SEM. REP.
20 (1968), 279—281

A REMARK ON MINIMAL IMBEDDING OF SURFACES IN E*

By BANG-YEN CHEN

1. In [1] Prof. T. Otsuki introduced some kinds of curvature and torsion
form for surfaces in a higher dimensional Euclidean space and proved some in-
teresting formulas and theorems, one of them is given as follows:

THEOREM. Let x: M?>—E* be an immersion of an oriented closed surface M?
in 4-dimensional Euclidean space E*, then we have

(1) Sssml(e)dZ'gz -nSMZG(p)dV—f—ZSM_{ —(—’2”— —a)G—l— J—_z/;}dw
and
@ (e cwavid s v=zlav—ia-om,

where g denotes the genus of M? My={peM? w(p)=0} and M={peM?, i(p)=0}.
The aim of the present paper is to use the above results to prove the followings:

PropPosITION. If x: M?*—E* is an immersion of an oviented closed surface of
genus g in E* with 24=0, and G(p) denotes the Gaussian curvature of M? at p,
then the following inequalities hold:

(3) SUG(p)dvzzin,
and
(4) SVG(p)dVé—@z,

where U={peM? G(p)=0}, and V={peM? G(p)=0}.

THEOREM 1. Let x: M*—E* be an immersion of an oriented closed surface of
genus g in E* with 2p=0, then x: M*—E* is a minimal imbedding if and only if
the equalities in (3) and (4) hold.
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1) We follow the notations in [1].
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2. Proof of Proposition. Since by the assumption, 2¢=0, we have
(5) M_={peM? Xp)(p)<0}=¢, Mi=U and M,="V.

Therefore formulas (1) and (2) reduce to the following forms:

(6) [, m@asi——a cwav

and

) | jmazi=s\ cwav-1a-oz.
53 v

Now, by virtue of the Morse’s inequalities we have

mo(e)=1,  mu(e)—mo(e)=29—1,
(8)
ms(e)—mu(e)+mo(e)=2(1—g)=y(M?)

for any eeS3, except a set of measure zero, so that we get
(9) my(e)=1, mu(e)=2g and ma(e)=1.

This gives us

(10) S 3m1(e)d2322963=4gn2.
So

Substitute (10) into (6) and (7), we get

4gn2§ng G(B)AV—41—g)
U
and

407r2§—rrg G(p)av,
|4

these imply the inequalities (3) and (4).

3. Proof of Theorem 1. Let x: M?—FE* be an immersion of an oriented
closed surface of genus ¢ in E* with 2x=0, If x: M*—E* is a minimal imbedding,
then by the definition of minimal imbedding, we have

11) mo(e) =msy(e)=1 and mi(e)=2¢g

for any eeS3, except a set of measure zero. Now, substitute these equalities into
(6) and (7), we can easily get

12) SUG( PdV=dz,
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and

(13) SV G(p)dV=—4gn.

Conversely, if the equalities (12) and (13) hold, then let us substitute (12) and
(13) into (1) and (2), we get

S my(e)=4gr?=2gc;,
N

therefore

(14) my(e)=2g almost everywhere on Sj3,
Substitute (14) into (8), we have

(15) mo(e)+ms(e)=2

for any eeS3, except a set of measure zero. Therefore by the fundamental formula
(16) in [1], we know x: M?*—E* is a minimal imbedding. This completes the proof
of Theorem 1.

With use of the result in §1 due to Otsuki, we can easily prove that if M?
is an oriented closed surface immersed in £*, then the set {peM? A(p)>0} is a
positive measure set. The further results of G(p) see [4].
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