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INTEGRAL INEQUALITIES IN A COMPACT ORIENTABLE
MANIFOLDS, RIEMANNIAN OR KAHLERIAN

By YosHiko WATANABE

Introduction. Obata [2] has recently obtained some integral inequalities satisfied
by a function f in a compact orientable Riemannian manifold. In this paper, we
study integral inequalities satisfied by a vector field in a compact orientable
Riemannian manifold and in a compact Kihlerian manifold.

§1. Integral inequalities in a compact orientable Riemannian manifold.

Let M be an n-dimensional compact orientable Riemannian manifold. We
denote by d the operator which operates on a skew symmetric tensor of degree p,
w: iy, and gives a skew symmetric tensor of degree p+1,

du: V@-uilm@p—VzluuZ...zp--- —Vzp%il...zp_lz,

by 6 the operator which operates on # and gives a skew symmetric tensor of de-
gree p—1,

ou: gfiVjuiiz...,p,
and by D the operator which operates on # and gives a skew symmetric tensor of
degree p+1,
Du: Vithsyay+Voghisgeapt+Vaylhiyny s

V, being the operator of covariant differentiation with respect to the Christoffel
symbols {;*;} formed with the fundamental tensor ¢;; of M. Furthermore we denote
by 4 the operator dd-+dd and by [] the operator 6D—D3. For a vector #, we have

du: g’fViVjuh—Kh’ui,
and
Ow: gV ¥ jun-+Kptus,

Ky being the Ricci tensor. We define the global inner product of two tensors a;,...,
and bi,.., of the same order p by

(@, b)= ;')]-T SMai1'~-%pb“mZpd0»

do being the volume element of the manifold M.
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At first we get by virtue of Ricci identity, the following equation in M for
any vector field v,

ViV 090 =V i)'+ j07)(7 v%)
= V0 — K, o0 4 092

(1)

Similarly, we have

(2) Vil i 1= 7 v+ )7 10°).
Thus, applying Green’s theorem [3] to (1) and (2), we get
A) SM[(V Vi —K, pv! -+ 9%?)do =0,
and

®) \ L7000 s =0,

respectively, and, subtracting (A) from (B), the integral formula
© | [0 77709~ ylds=0,
M

where VI=g"l,.
On the other hand, we have the following identities;

(3) 7 000D = 00 0)— 5 7 =T 0 )20,

(4) W ) FViv))y=—F )V 10h)+ %(V ViV )V 04 Fivd),
Substituting (3) and (4) into (C), we get respectively

) S [K 09+ (7 0,) (7 i) — %(m =T ) Pipr— 20y — (Viv")z]dozo,
M

E) S [K; W — )T vd) + % ViV ) Viv Vvt — wi)z]da: 0.
M

From these equations we obtain the following

ProprosITION 1. In an n(=2) dimensional compact ovientable Riemannian mani-
fold M, we have the following integral inequalities for any vector field v:

1) (Ko, v)=—Fv, o).

The equality occurs if and only if the vector field v is harmonic.
2) (K, v)=(dv, dv)+(ov, ov).

The equality occurs if and only if the vector field v is parallel.
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n—1
7

3) (Ko, v)=(dv, dv)+ (0o, ov).

The equality occurs if and only if the vector field v is concircular.

Proof. From (D), we immediately obtain inequalities 1) and 2) and in 1) the
equality occurs if and only if

%(V Vi—V )V v —Vii) 4 0%)*=0,

from which we have Vv;—V»,=0 and V;»*=0, which mean that the vector »* is
harmonic. In 2) the equality occurs if and only if (F;)(Fiv/)=0, which shows that

the vector v* is parallel.
On the other hand, the inequality

1 )
I:Vivj‘ . a0 gu] [VW — % F av®) g”] =0

that is,

T )Pi0h)= - Ty

is valid for any vector v* and the equality occurs if and only if the vector v is
concircular. Substituting the above inequality into (D), we obtain 3), and we com-

plete the proof.

On the other hand, we know the following theorem proved by Ishihara and
Tashiro [1]:

THEOREM A. If an n-dimensional compact Riemannian manifold adwmits a

non-homothetic concircular transformation, then the manifold is conformally diffeo-
morphic to a sphere in an (n+-1)-dimensional Fuclidean space and vice versa.

Using theorem A, we can restate 3) of Proposition 1 as follows:
COROLLARY 1. In an n(=2) dimensional compact simply comnected orientable

Riemannian manifold M, we have

(Kv, v) =(dv, dv)+

n—1
" (dv, ov)

for any vector field v. For a non-parallel vector field v, the equality occurs if
and only if the manifold M is conformally diffeomorphic to a sphere in an (n+1)-
dimensional Fuclidean space.

Remark. If v;=F,f, Corollary 1 reduces to

COROLLARY 2. Let M be an n(=2) dimensional compact Riemannian mawnifold.
If f is a function over M, we have

(K grad , grad /)= 22 (4, 47)
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For non-constant function f, the equality occurs if and only if the manifold
is conformally diffeomorphic to a spherve in an (n-+1)-dimensional Euclidean space.

Corollary 2 was proved by Obata [2].

PropOSITION 2. In an n(=2) dimensional compact simply conmected ovientable
Riemannian manifold, we have, for any vector field v, the following integral inequalities:

1) (Ko, v)=Fv, Vv)+(6v, ov).
The equality occurs if and only if the vector field v is a Killing veclor.
2) (Ko, 0)=(v, Tv)+ ”;2 (60, ov).

The equality occurs if and only if the vector field v is a conformal Killing vector.

3) (Kv, v)=— (L, L)+ (0v, 0v).
The equality occurs if and only if the vector field v is parallel.
" (Ko, )= —(L0, L0+ L o, 0),

The equality occurs if and only if the vector field v is concivcular and for non-
parallel vector field v the equality occurs if and only if the manifold is con-
formally diffeomorphic to a sphere in an (n+1)-dimensional Euclidean space.

Proof. The inequality 1) is obvious by (E) and the equality occurs if and only
if Pw;+V w)(Fo?’4F70%)=0, which shows that the vector ¢»* is a Killing vector.
On the other hand, we have the inequality

e L 2 e |20,
that is,
oo b7 00470 = 2 Py,
which is valid for any vector and the equality occurs if and only if the vector »*
is a conformal Killing vector. Substituting the above inequality into (E), we get

2). Using (E) instead of (D) in 2) and 3) of Proposition 1, we can easily prove 3)
and 4).

§2. Integral inequalities on a compact Kidhlerian manifold.
Let M be a Kihlerian manifold, that is, M is an even-dimensional space with

a mixed tensor Fy’ and with a Riemannian metric ¢g;, which satisfies the following
conditions:

FjiFj—=—3),
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FiF gs=gjs,
and
ViFih=0.

First, we recall some important formulas in the theory of Kihlerian manifold

[3]:
(5) KSFjh=— %‘Kkjthkj:

(6) K Fl'=F K"

We assume that the Kihlerian manifold M is compact in the discussion which
follows.

RemaArk. For a harmonic vector in a compact Kihlerian manifold, we know
the following theorem [3]:

THEOREM B. A necessary and sufficient conditions for a vector v; in @ compact
Kahlerian manifold to be covariant analytic is that the vector v; is harmownic.

Combining 1) of Proposition 1 and Theorem B, we obtain

COROLLARY. In a compact Kahlerian manifold, for any vector field v we have
the following integral inequality:

(Ko, v)=—v, Pv).
The equality occurs if and only if the vector field v is covaviant analytic.

Next, in a compact orientable Riemannian manifold M applying Green’s formula
S G T, fds=0
M
to f=(1/2yw;, we find that
(F) [, (77 07007 o =0.
M
Forming the difference (F)—(D) and the sum (F)+(E), we obtain respectively

G) S [(9”'7 W o — Kb, + %(V W;—V 0) Vi —F w8+ (7 ivi)z]da:O,
M

(H) S I:(g"jVile)h-l— Ki"vi)vh + %—(Vivj-l-Vﬂ)i)(Vilﬂ—f-V]vi) —(V@UZ)Z:IdO':O
M

On the other hand, we get the following two pairs of equations which are
valid for an arbitrary vector v* in a Kihlerian manifold, by virtue of (5), (6) and
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the Ricci identity:
% (FIV s — FSV 10 (F,V 03— 15V j0,) =00V j0;)— FIF"W 0:)(F jv,),
Vil(P o) — (F3FF 03)0,]1=(g"F F 0s— K 0a)v* + 20V j03) — F BTV o)V 1),

%(FJ'SV ' —FsWIvs)(F,V 0s— FrilVl 9" =WV j0;)— FBEV s0:,)V j0,),

ViAW) —(F 3 F™F wi)o,1= "V F svi 4 Krvi v+ T o)V 10 ) — F 3 F™F ) j05).
Accordingly, we obtain

V0wt —(FPE7T vi)or]
(7)

=(g*F V sv;— Ki*vn)v*+ %(F BP0 — F¥V ) (F)V 0i— FT o),
V(7100 —(FIFT7 w5)v,]
(8) 1
=(g"F F ;+ Ki*vp)or+ 5 (F3V v — FsW 0" ) IV vi— Fyil 07).

Applying Green’s theorem, we obtain the following integral formulas in a compact
Kihlerian manifold M:

(I S [(g“V ¥ svi— Ko, )v" + —é— (F37 or— F sV p) (Fy 7 0,— F,7 jv«r)]da':o,
M

(@D S [(g“V F s+ Kt op)or -+ %(F Y pr— FWW s (F, "V 0 — FyilV jvr)]do:O.
M
Forming the difference (H)—(I) and (J)—(G), we obtain respectively

S [ZKLJ‘D’U] =+ %(Vil)]-|-V]Di)(Vﬂ)j-l—Vﬂ)i)—(Vﬂ)i)z
M

(K)
— % (B30 wr—F#Vivg) (F, 7V 0, — F,V jvr)}do:O,

S [21(”010] - }z—(Vivj—V,vi)(Vfw—W) — iy
M
(D) 1
+ 5 (FIV s — F ) (F, "V y0s — FpilV jvr)]dazo.
From equations (K) and (L), we obtain the following Propositions.

ProposiTiON 3. In a compact Kahlevian manifold, for any vector field v, we have
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(Kv,v)= % [(0v, ov)—(Lg, L9)].
v v

The equality occurs if and only if the vector field v is covariant analytic.

Proof. From (K), we can easily obtain the above inequality and we can see
that the equality occurs if and only if

(FIV st — FeV ) (F, "V 0,— FV jv,)=0,
which means that the vector v* is covariant analytic.

PropoSITION 4. In a compact Kihlevian manifold, for any vector field v, we
have

o, v)=0.
The equality occurs if and only if the vector field v is contravariant analytic.

Proof. From (L), we obtain
(Kv,v) < %[(dv, dv)+ (v, o).

On the other hand we know that the equation (4w, v)+(dv, dv)-+(dv, 6v)=0 is valid
for any vector » [3], so we have

(Ko, v)-i——:lz—(dv, =0, that is, (2Kv+4v,v)=0,

which shows that the above inequality is valid. The equality occurs if and only il
(F3V r— F W) (F, 'V w0, — Fril 07)=0,
which means that the vector ¢* is contravariant analytic.

CorOLLARY 1. In a compact Kihlerian manifold, for any scalar function f,
we have

(K grad £, grad ) = (47, 47).

The equality occurs if and only if the grad f=f, is contravariant analytic.

COROLLARY 2. In an n-dimensional compact Kdhler-Einstein space M, if f is
a proper function of 4 corvesponding to the eigenvalue 2 (=constant), then we have
2K

1=— 22
- n

’

where K=9YK,, is a scalar curvaturve, The equalily occurs if and only if V. f=f,
is contravariant analytic,
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Proof. Substituting the conditions that 4f=21f and the space M is an Einstein
space (K,,=(K|n)g;;, K=constant) into the inequality
{ Kurirraos 5 aryas
which is valid for any scalar function f by Corollary 1, we have
P\ rrars S pa
On the other hand, applying Green’s theorem to Fi(f-fi)=f.fi+f(4f), we get

SMﬁ fido—=— SMf(A Fydo—=—2 SMf2da.

Therefore we have

— -lnilg f2d0<—S fdo,

for any scalar function f. Accordingly, we have

— = that is, Z<£+i>_2_0.

n 2
We see by easy computations that the constant 2 appearing in 4f=2f is necessarily
negative, we have i1=—2K/n.

Remark. We know the following theorem of Yano [3]:

If a compact Kihler-Einstein space with K>0 admits a Killing vector field »?,
then the equation 4f=—(2K/n)f admits a solution other than zero given by
f=m/2K)F jv; and vice versa.

Thus we conclude that —2K/»n in A<—2K/n of Corollary 2 is best possible.
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