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ON ALMOST CONTACT STRUCTURES

By KOTCHI O Π T T T E

Introduction.

Let Γ be a pseudogroup of differentiate transformations of a manifold V and
let M be a differentiate manifold. A T-atlas on M is a collection of local diffeo-
morphisms {λ%\ Ul] of M into V which satisfies U Ui=M and faλ^εΓ for all ϊ and
y such that t/ t f ϊ £7,^0.

Two Γ-atlases are said to be equivalent if their union is a Γ-atlas. An equiva-
lence class of Γ-atlases is called a T-structure on M.

By an almost T-structure on a manifold M we mean, roughly speaking, a
structure on M which is identified with a Γ-structure up to a certain order of
contact at each point. It is a G-structure of a certain order.

Let Γ be a pseudogroup of contact transformations. Then a Γ-structure is a
contact structure and an almost Γ-structure is an almost contact structure. An
almost contact structure is a G-structure of order 1.

Sasaki defined in [3] a (φ, ξ, ^-structure. The structure is closely related to an
almost contact structure, but, precisely speaking, it is not an almost contact
structure.

The relation between a (<f>, ξ, ^-structure and an almost contact structure is
similar to that between an almost complex structure and an almost homogeneous
contact structure [2]. In fact, a (φ, ξ, yy)-structure is a G-structure of order 1 and
the Lie algebra of the structure group is the linear Lie algebra
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An almost contact structure is, however, a G-structure of order 1 and the Lie
algebra of the structure group is the linear Lie algebra
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where

Let X be the sheaf of germs of Γ-vector fields on F, infinitesimal automorphisms
of a Γ-structure, and X(ϋ) the stalk of X at the distinguished point 0 of V. Then J7(0)
is a filtered Lie algebra. As to the most of classical examples, ^(Oys are flat
filtered Lie algebras, that is, they are isomorphic with graded Lie algebras. But
the filtered Lie algebra associated with a contact structure is infinite and non-flat.

§ 1. Preliminaries.

Let M be a differentiate manifold of dimension 2n+l and F(M) the bundle
of linear frames of M. Then F(M) is a principal fibre bundle over M with struc-
ture group GL(2w+l,R).

Let G be a subgroup of GL(2n+I, R). A G-structure on M is a reduction of
F(M) to the group G.

Let PG(M) be a G-structure on M and let U be a coordinate neighborhood in
M with a local coordinate system #°, xl, - ,x2n. We denote by Xa the vector field
d/d#α, α=0, 1, - - ,2w, defined in £7. Every linear frame at a point # of £7 can be
uniquely expressed by

where (Xa

β) is a non-singular matrix. We take (xa, Xa

β) as a local coordinate system
in π-1(U)c.PG(M)t where π denotes the projection Pσ(M)->M Let (Fj) be the
inverse matrix of (Xa

β) so that Σ ^^ί=Σ ^^"/3=^. Let e0, <?ι, ••-, <?2w be the
natural basis for R2W+1. Ler u be a point of PG(M} with coordinates CE*,^) so that
M maps ea into Σ -^f(^).r, where x=π(u).

If ^Γ€ rr(M) and if

then

This implies that the components of a vector X with respect to a frame & is
given by

Let 0 be the Lie algebra of G. The cohomology class c in Horn (R2rι+1ΛR27MΛ

1) To simplify notation we adopt the convention that all repeated indices under a
summation sign are summed.
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R2 W + 1)/dHom(R2 W f l, g) determined by the torsion form of a local G-connection is
called the first order structure tensor of the G-structure PG(M).

§ 2. Contact structures and almost contact structures.

Let y°, y1, •• ,yzn be the natural coordinate system of R2W+1. Let

<x=dyθ- ~ Σ (y*ndy*-y*dy*n)*
Δ

Let X be the sheaf of germs of all vector fields X on R2" ' ! which satisfy

where λ is a function depending on X. Let JC(Q) be the stalk of X at the origin
0. Then J?(0) is a non-flat filtered Lie algebra of infinite dimensions. The linear
isotropy algebra g of j?(0) is the linear Lie algebra

0-0

A

PROPOSITION 2.1. cj is involutive.

Proof. Let £0, #ι, -",^271 be the natural basis for R27l+1. Let

Then we have

and hence

-

Σ Λ = -5-

On the other hand, since gα)=§ , we have

Therefore

2) Indices /, /, k,... run over the range 1, 2,..., w.
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2n-l

dimg c υ=dimg-f 2 d*.
fc=0

This implies that g is involutive. (Q.E.D.)

A diffeomorphism /: U—*Uf , where U and £/' are open subsets of R 2 W h l , is
called a contact transformation if it satisfies

where Λ is a non-zero function on U. The collection, Γ, of all such contact trans-
formations forms an infinite, continuous pseudogroup.

Let M be a differentiate manifold of dimension 2w+l. A Γ-structure on M
is called a contact structure. Giving a contact structure on M is the same as
giving a 1-form ω up to a scalar factor on M which satisfies

The theorem of Darboux states that a 1-form ω satisfying ω/\(dω)n^Q can locally
be written as

A local coordinate system in which the form ω can be written as above will be
called an admissible coordinate.

Let Γ0 be the subset of Γ consisting of the elements which leave the origin 0
invariant. Let j: Γ0— >GL(2n+l, R) be defined as follows: for /eΓ0, /(/) is the 1-jet
determined by /.

Let G=y(Γ0). Then G is a subgroup of GL(2^+1, R) whose Lie algebra is g,
the linear isotropy algebra of _£(()).

Let M be a differentiate manifold of dimension 2n+l. An almost contact
structure on M is, by definition, a reduction of the bundle of linear frames F(M)
to G, that is, a G-structure PG(M) on M

Given a G-structure Pa(M) on M, we can define, up to scalar factors, a pair of a
1-form {ω} and a 2-form {Ω} which satisfy {ω}/\{Ω}n^Q. In fact, for each
let u be a point of Pβ(M) with π(u)=x. For any tangent vectors J£ and Y at
set

ΩX(X, Y) = σ.(da)o(u-lX,u-*Y),

where «r0 and (da)Q denote, respectively, the values of a and da at the origin θ€R2W+1,
and p and σ are scalars. From the properties of G, this definition is independent
of the choice of u.

Conversely, given, up to scalar factors, a pair of a 1-form {ω} and a 2-form
{Ω}, let Pa(M) be the set of all linear frames u satisfying
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for any vectors X and Y at x = π(u). Then Pa(M) is a G-structure on M.
Thus giving a G-structure on M is the same as giving a pair of a 1-form up to

a scalar factor {oj} and a 2-form up to a scale factor {Ω} which satisfy (ω}Λ{β} M

^0 at every point of M.
Let Mo be a manifold with a contact structure. Since every Γ-structure gives

rise canonically to an almost Γ-structure, M0 has a G-structure PG(MQ\ an almost
contact structure.

THEOREM 2. 1. Let PG(Mo) be the almost contact / structure associated with a
contact structure on Mo. Then the first order structure tensor c has the following
representative'^

Proof. A representative of c is given by the torsion tensor of a G -connect ion.
Let Π be a connection and V the covariant differentiation with respect to Π.

Then Π is a G-connection if and only if

(*) Vω=0.

Let T be the torsion tensor of Π and Ta

βr the components of T with respect to an
admissible coordinate system O°, x\ •••, x*n). Then the equation (*) implies

TO v vi+nTί _L ___ V ^iT('i+n _ Π1 JQ — p" 2j # -t _/o T 2 -̂ ^ ^ jo — u>

'Γ'o V1 ~,t+w7^i _ . ι _ V wiTi + n __ Π
-/ j+n,0 ^~ Zj -A- -̂  j + w . ϋ Γ "̂ Γ AJ & -L j+n,Q — v,

T o, _ __ yi Ύ,ι\-n'T(ί

1 4- V1 ^Ti+n — Π•L jk O ~~2 jk ~~

T^o JL V ^τ^-n^Γί ! V ^ιTi+n _ Π
^ j-\-n,Tc\n Li %< -L j + n , k I rt ~t~ ~ Li & J-j+n,k-in — U,

3) Since the cohomology class c is an element of Horn (R^^ΛR2^1, R2"1-1)/^ Horn (R2«H,
g), a representative of c is in Hom(R2w+1ΛR2nU, R2ft+1). In other words, a representative
of c is a torsion-type tensor.

4) Indices a, β,γ, run over the range 0, 1, 2, •••, 2w.
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We can take T as follows:

To _ 5;
3 I n , k — — Ojic

and the other components are all zero.
Since the first order structure tensor c is independent of the choice of a G-

connection, our assertion is now clear. (Q.E.D.)

§ 3. The integrability problem for almost contact structures.

Let M be a differentiable manifold of dimension 2«+l and Po(M) a G-structure,
an almost contact structure, on M. PG(M) is said to be integrable if it determines
a contact structure on M.

THEOREM 3. 1. Let c0 be the structure tensor of the almost contact structure
associated with a contact structure and c the structure tensor of PG(M). Then
Po(M) is integrable if and only if C=CQ at every point.

Proof. The necessity is clear. We shall prove the sufficiency.
Since Q is reductive, there is an invariant complement C to 3 Horn (R2w+1, β) in

Hom(R2?ϊ+1ΛR2n+1,R27*+1).5) Let c be the element in C which corresponds to c under
the isomorphism Horn (R2n+1/\R2n+\R2n+1)/d Horn (R2n+1,g)^C. Then there exists a
G-connection Π on Po(M) whose torsion is c. More precisely, let τ be an element
of Hom(R2w+1ΛR2nl l,R2w+1) whose components (τr

aβ) are given by

Then it is easily seen that τ belongs to C. This, together with Theorem 2. 1,

implies that τ is just c.
Let σ: U^PG(M}, u=σ(x), be a local cross section. If we set

where X, FeT^(M), then θ is a R2rm-valued 2-form on M defined in U.
Let σ: U—>PG(M), ΰ=σ(x), be an another local cross section and set

5) C is a (l/3X2w—l)(2«+l)-dimensιonal subspace of Horn (R2^+1ΛR2w+1, R2ri+1).
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Then Θ difΐrs from Θ by a scalar factor. Hence we have a global 2-form Θ up to
a scalar factor.

Let T be a tensor field of type (1, 2) on M determined by Θ. The dimension
of the space of G-connections with torsion tensor T is equal to dimQα ) = (l/3)(w+l)
(2w+l)(2w+3). On the other hand, let a be a 1-form on M Then the dimension
of the space of G-connections satisfying Va=0 is equal to dim {^€Hom (R2w+1, ά)\a°i
=0}=2n(n+l)(2n+ϊ). Since dim Horn (R2n+\Q) = (nJ

Γl)(2nJ

Γl)\ there exists a G-
connection, with torsion tensor T, which satisfies Vα=0.

Let {ω} and {Ω} be the classes of 1-forms and 2-forms on M determined by
Pa(M). Then we can find locally a 1-form ω in {ω} and a G-connection with
torsion tensor T which satisfy

Vω=ϋ.

The 1-forrn ω satisfies

2dω(X, Y)-ω(T(X, Y))

for all X and Y. In fact, for all X and Y, we have

and

0 = (Vyω)(Z)- Y>ω(X)-ω(VyX).

Hence we obtain

X ω(Y)-Y ω(X)-ω([X, YJ)

= ω(VxY)-ω(VrX)-ω(]iX9 YJ),

that is,

2dω(X, Y) = ω(T(X, Y)).

If X=Σ ξaXa and Y=Σ η"X«, then

ω(T(X, F)) = p er0(θ(^, Y))

On the other hand



ALMOST CONTACT STRUCTURES

2(da)0(u-lX,u~1Y)

505

= Σ (dy*(u~lX) - dy^u-1 Y)-dy\u~l Y) - dyi+n(u-lX) }

Therefore we have

dω(X, Y)=

This implies that dω€{Ω} and hence ω satisfies

Hence {ω} defines a contact structure on M. (Q.E.D.)

Appendix. Cosymplectic structures and almost cosymplectic structures.

Let ?/0, yl, ~ yy
2'n be the natural coordinate system of R2τH1. Let

a=dyQ and β=Σ dyzΛdyί+n.

Let J7 be the sheaf of germs of all vector fields X on R2Λ+1 which satisfy

Q and Lxβ=0.

Let _£(0) be the stalk of X at the origin 0. Then J7(0) is a flat filtered Lie algebra
of infinite dimensions. The linear isotropy algebra Q of (̂0) is

o-

J7(0) is isomorphic with

where gα) denotes the &-th prolongation of g.
A local diffeomorphism / of R2n+1 is called a cosymplectic transformation if it

satisfies

The collection, Γ, of all such cosymplectic transformations forms an infinite, continu-
ous pseudogroup.
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Let M be a differentiable manifold of dimension 2n-\-\. A Γ-structure on M
is called a cosymplectic structure. Giving a cosympletic structure is the same as
giving a pair of a closed 1-form ω and a closed 2-form Ω which satisfy w/\Ωn^Q.
Let M be a differentiable manifold of dimension 2n+l. Let G be a subgroup of
GL(2n+~L, R) whose Lie algebra is β.

An almost cosymplectic structure on M is, by definition, a reduction of F(M)
to G, that is, a G-structure Pa(M) on M Giving an almost cosymplectic structure
on M is the same as giving a pair of a 1-form ω and a 2-form & on M which
satisfy ω/\Ωn*?Q. The answer to the integrability problem for an almost cosymp-
lectic structure is the following

PROPOSITION. An almost cosymplectic structure whose structure tensor of the
first order vanishes is cosymplectic.

Proof. Let Po(M) be an almost cosymplectic structure on M and (α>, Ω) the
associated pair.

Let Π be a linear connection and V the covariant differentiation with respect
to Π. Then II is a G-connection if and only if

Vω=0 and V^=0.

Since the first order structure tensor of Pa(M) vanishes, there exists a torsionfree
G-connection.

In general, let Π be a torsionfree linear connection and η a differential form.
Then

where Jl is the alternation operator. Hence, let Π be a torsionfree G-connection.
Then we have dω=0 and dΩ=Q. This proves the Proposition. (Q.E.D.)
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