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ON ALMOST CONTACT STRUCTURES

By Koricur Ocrur

Introduction.

Let T" be a pseudogroup of differentiable transformations of a manifold V' and
let M be a differentiable manifold. A T-atlas on M is a collection of local diffeo-
morphisms {2,; U,} of M into V which satisfies U U;=M and 4,04;*€l’ for all i and
J such that U,NU,=x4¢.

Two I'-atlases are said to be equivalent if their union is a I'-atlas. An equiva-
lence class of T'-atlases is called a I'-structure on M.

By an almost T-structure on a manitold M we mean, roughly speaking, a
structure on M which is identified with a I'-structure up to a certain order of
contact at each point. It is a G-structure of a certain order.

Let T be a pseudogroup of contact transformations. Then a I'-structure is a
contact structure and an almost I'-structure 1s an almost contact structure. An
almost contact structure is a G-structure of order 1.

Sasaki defined in [3] a (¢, &, 7)-structure. The structure is closely related to an
almost contact structure, but, precisely speaking, it is not an almost contact
structure.

The relation between a (¢, &, n)-structure and an almost contact structure is
similar to that between an almost complex structure and an almost homogeneous
contact structure [2]. In fact, a (¢, &, n)-structure is a G-structure of order 1 and
the Lie algebra of the structure group is the lincar Lie algebra

[ olo-..o
0 Aegl(n, C) f.
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0

An almost contact structure is, however, a G-structure of order 1 and the Lie
algebra of the structure group is the linear Lie algcbra
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where

anp(n)=1Aegl(@n, R)|*AJ+JA=0 for ]=<_0[n 6")}

Let _£ be the sheaf of germs of I'-vector fields on V, infinitesimal automorphisms
of a I-structure, and _£(0) the stalk of _ at the distinguished point 0 of V. Then _£(0)
is a filtered Lie algebra. As to the most of classical examples, .£(0)’s are flat
filtered Lie algebras, that is, they are isomorphic with graded Lie algebras. But
the filtered Lie algebra associated with a contact structure is infinite and non-flat.

§1. Preliminaries.

Let M be a differentiable manifold of dimension 2z-1 and I'(M) the bundle
of linear frames of M. Then F(M) is a principal fibre bundle over M with struc-
ture group GL(2n+1,R).

Let G be a subgroup of GL2n-+1,R). A G-structure on M is a reduction of
F(M) to the group G.

Let Pa(M) be a G-structure on M and let U be a coordinate neighborhood in
M with a local coordinate system z° zt,---, 2?*. We denote by X, the vector field
0/0z", a=0,1, ---,2n, defined in U. Every linear frame at a point x of U can be
uniquely expressed by

(Z Xg(Xa).‘t: R Z Xgn(er).z')’l)

where (X%) is a non-singular matrix. We take (2% X3%) as a local coordinate system
in x7(U)c Pe(M), where = denotes the projection Pe(M)—M. Let (Y4 be the
inverse matrix of (X4 so that 2 X:VY3=3 Y:X7=0; Let eqe1, -, e2a be the
natural basis for R#**!. Ler # be a point of Pg(}M) with coordinates (z* X§) so that
# maps e, into Y, X% X, where x=n(u).

If XeT»(M) and if

X=7 (X
then
u ' (X)=2 Yile..

This implies that the components of a vector X with respect to a frame # is
given by

(2 Y3, o, 2 Y580,
Let g be the Lie algebra of G. The cohomology class ¢ in Hom (R2**! AR2"+1

1) To simplify notation we adopt the convention that all repeated indices under a
summation sign are summed.
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R#"*1)/0 Hom (R?"*!, q) determined by the torsion form of a local G-connection is
called the first order structure temsor of the G-structure Pg(M).

§2. Contact structures and almost contact structures.

Let 9% ¢4, ---, ¥*" be the natural coordinate system of R2"*!, Let
0 1 n p +71\ 2
a=dy’— 0 2 W dyt—yrdyt).E

Let _£ be the sheaf of germs of all vector fields X on R*'' which satis{y
Lyxa=la,

where 21 is a function depending on X. Let _£(0) be the stalk of _£ at the origin
0. Then _r(0) is a non-flat filtered Lie algebra of infinite dimensions. The linear
isotropy algebra g of _(0) is the linear Lie algebra

(f0]0--0 24 o ]
x| -+ Aesp(n), 1R},
tA J
* 0 p

ProrosiTiON 2. 1. ¢ is involutive.
Proof. Let ey, ey, -+, esn, be the natural basis for R>**!, Let
dy=dim {teg|[¢t, es]="--=[¢, ex]=0}.
Then we have

k(k+1)

di= (- D@+ — BN+ =,

and hence
2n—1 2
2 di= -gn(n-l-l)(Zn—l—l).
k=0
On the other hand, since g™ =2&p(n)*’+g, we have

dim g = —;}—(n—l—l)(Zn—l—l)(Zn—I—B).

Therefore

2) Indices i, 4k, ... run over the range 1,2,..., 7.
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In—1

dim g =dim g+ D] d.
k=0

This implies that g is involutive. (Q.E.D.)

A diffeomorphism f: U—U’, where U and U’ are open subsets of R2"'! is
called a contact transformation if it satisfies

Sf*a=4a,

where 4 is a non-zero function on U. The collection, I', of all such contact trans-
formations forms an infinite, continuous pseudogroup.

Let M be a differentiable manifold of dimension 2x+1. A I'-structure on M
is called a contact structure. Giving a contact structure on M is the same as
giving a l-form w up to a scalar factor on M which satisfies

oA (dw)"=0.

The theorem of Darboux states that a 1-form o satisfying owA(dw)"*0 can locally
be written as

w=dz’— —;— > (2t dar—xvdatt™).

A local coordinate system in which the form w can be written as above will be
called an admissible coordinate.

Let T’y be the subset of I" consisting of the elements which leave the origin 0
invariant. Let j: T'y—GL(2n+1,R) be defined as follows: for fel, 7(f) is the 1-jet
determined by f.

Let G=jT). Then G is a subgroup of GL(2n+1,R) whose Lie algebra is g,
the linear isotropy algebra of _£(0).

Let M be a differentiable manifold of dimension 2x+1. An almost contact
structure on M is, by definition, a reduction of the bundle of linear frames F(M)
to G, that is, a G-structure Pg(}M) on M.

Given a G-structure Pg(M) on M, we can define, up to scalar factors, a pair of a
1-form {w} and a 2-form {£2} which satisfy {w}A{2}"=0. In fact, for each xe M,
let # be a point of Pe(M) with =(#)=z. For any tangent vectors X and Y at z,
set

05(X)=p-a(u™'X)
2.(X, V)=0-(da)o(u™' X, u™*Y),

where «, and (da), denote, respectively, the values of a and da at the origin 0eR2"*?,
and p and ¢ are scalars. From the properties of G, this definition is independent
of the choice of .

Conversely, given, up to scalar factors, a pair of a 1-form {w} and a 2-form
{2}, let Pe(M) be the set of all linear frames # satisfying
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{o}(X)=ay(X),
{2} o(X, V)=(da)o(ee" ' X, 2t ' Y)

for any vectors X and Y at x==(#). Then Py(M) is a G-structure on M.

Thus giving a G-structure on M is the same as giving a pair of a 1-form up to
a scalar factor {w} and a 2-form up to a scale factor {£} which satisfy {w}A\{2}"
20 at every point of M.

Let M, be a manifold with a contact structure. Since every I'-structure gives
rise canonically to an almost I'-structure, M, has a G-structure Pg(M,), an almost
contact structure.

THEOREM 2. 1. Let Pg(M,) be the almost contact structure associated with «
contact structure on M,. Then the first ovder structure lensov ¢ has the following
vepresentative:®

0 0 0
@)=|0 0 1I,|
0 —7, 0

(cip)=(caz™)=0."

Proof. A representative of ¢ is given by the torsion tensor of a G-connection.
Let II be a connection and V the covariant differentiation with respect to II.
Then Il is a G-connection if and only if

* Vo=0.

Let T be the torsion tensor of II and 7', the components of 7' with respect to an
admissible coordinate system («°, %, ---, *"). Then the equation (*) implies

1 | g
Tojo—gz x”"T;o%—?Z x5 =0,

1
Tg-l»n.o— o

o 1 )
9 Z -277'+nj‘;+n,0 + ‘2‘ Z z* }1::0:0;

1 ; 1 .
Tgk__z_z qrin T.lﬂﬂ +72 szﬁrn:O,

1 . 1 X
T_Oy—lrn,lcm“ ? Z -T“nT; ki + ? Z xZT;ika:Or

3) Since the cohomology class ¢ 1s an element of Hom (R2r+ AR2n+1 R2rt1)/g Hom (R2rH,
g). a representative of ¢ 1s in Hom (R2n+1 AR2r11, R2rt1),  In other words, a representative
of ¢ 1s a torsion-type tensor.

4) Indices a, 8,7, - run over the range 0,1,2, ---, 2.
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1 ) 1 .
5jlc+ T_l;fn./c_“ _2“ Z :L'“”T; |rn.lc+ *2” Z xl-l ‘?iz,kzo-

We can take T as follows:
TS ne=—05i

and the other components are all zero.
Since the first order structure tensor ¢ is independent of the choice of a G-
connection, our assertion is now clear. (Q.E.D.)

§ 3. The integrability problem for almost contact structures.

Let M be a differentiable manifold of dimension 2%-+1 and Pg(M) a G-structure,
an almost contact structure, on M. Py(M) is said to be integrable if it determines
a contact structure on M.

THEOREM 3. 1. Let ¢y be the structure lensor of the almost contact structurve
associated with a contact structuve and ¢ the structuve temsor of Pg(M). Then
Pa(M) is integrable if and only if c=c, at every point.

Proof. The necessity is clear. We shall prove the sufficiency.

Since ¢ is reductive, there is an invariant complement C to d Hom (R?"*!,g) in
Hom (R2*+1 AR+ R2741)® Let ¢ be the element in C which corresponds to ¢ under
the isomorphism Hom (R?*** AR?**!, R?**1)/60 Hom (R?**!,g)=C. Then there exists a
G-connection Il on Pz(M) whose torsion is ¢. More precisely, let = be an element
of Hom (R2»+! AR2"+1 R27+1) whose components (c7s) are given by

0 0 O
@=|0 0 I}
0 -, 0

(i) =(rz™)=0.

Then it is easily seen that ¢ belongs to C. This, together with Theorem 2.1,
implies that = is just c.
Let o: U—Pyz(M), u=o(x), be a local cross section. If we set

0,(X, V)=r(u"' X, u"'Y),

where X, Ye Tw(M), then © is a R*'!-valued 2-form on M defined in U.
Let &: U—Pg(M), #=3&(x), be an another local cross section and set

0.(X, V)=1(@'X, @ 'Y).

5) C is a (1/3y(2n—1)2n-+1)-dimensional subspace of Hom (R2#n+1/\R2ni1, Rentl),
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Then O diffrs from © by a scalar factor. Hence we have a global 2-form © up to

a scalar factor.
Let T be a tensor field of type (1,2) on M determined by ©. The dimension

of the space of G-connections with torsion tensor 7' is equal to dim g =(1/3)(n+1)
(2n+1)(2n-+3). On the other hand, let « be a 1-form on M. Then the dimension
of the space of G-connections satisfying Va=0 is equal to dim {#eHom (R?**!, )| act
=0} =2n(n+1)(2n+1). Since dim Hom (R**'',g)=(n+1)(2n+1)?, there exists a G-
connection, with torsion tensor 7, which satisfies Va=0.

Let {w} and {2} be the classes of 1-forms and 2-forms on M determined by
Py(M). Then we can find locally a 1-form ® in {w} and a G-connection with
torsion tensor 7' which satisfy

Vo=0.
The 1-form o satisfies
2do(X, Y)=w(1'(X, Y))
for all X and Y. In fact, for all X and Y, we have
0=(Vzo)(YV)=X-o(Y)—o(VxY)
and
0=(Vyo)(X)=Y o(X)—o(VyX).
Hence we obtain
X-o(Y)=Y -o(X)—o(X, Y]
=0(VyY)—o(VyX)—o(.X, Y],
that is,
2do(X, Y)=wo(T(X, Y)).
If X=36X, and Y=, »°X,, then
o(T(X, Y))=p-ay(O(X, Y))
=p-ay(c(u™' X, u™Y))
=p-dy"(Z o5 XY Y e.)
=p: 2 o XYYy
=0T (VY=Y ey,

On the other hand
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2da)y(u™ X, u™'Y)
=22 @y'ANdy*")u' X, uY)
=2 A{dy ' X) - dyt (Y ) —dy"(w™'Y) - dy* " (u X))
= (Yigr. Yitny — Yiyh. Yinge)
=% (V3YEr— Y Yhery.
Therefore we have
do(X, Y)=p-(da)u* X, 0 *Y).
This implies that dewe{f2} and hence o satisfies
oA\ (dw)"x0.

Hence {w} defines a contact structure on M. (Q.E.D.)

Appendix. Cosymplectic structures and almost cosymplectic structures.
Let 99 4, -+, ¥*® be the natural coordinate system of R, Let
a=dy* and B8=2 dy*\dy*t™.
Let . be the sheaf of germs of all vector fields X on R?**** which satisfy
Lya=0 and  Lxp=0.
Let £(0) be the stalk of _ at the origin 0. Then _£(0) is a fla¢ filtered Lic algebra

of infinite dimensions. The linear isotropy algebra g of _£(0) is

0/(0---0
0 Aespn)}.
A

0

L(0) is isomorphic with
REvH 444D @ o,

where g denotes the k-th prolongation of g.
A local diffeomorphism f of R2»+! is called a cosymplectic transformation if it

satisfies

Jfra=a,

S*B=8.
The collection, T, of all such cosymplectic transformations forms an infinite, continu-
ous pseudogroup.
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Let M be a differentiable manifold of dimension 2nz4-1. A I'-structure on M
is called a cosymplectic structure. Giving a cosympletic structure is the same as
giving a pair of a closed 1-form @ and a closed 2-form 2 which satisfy oA Q"=0.
Let M be a differentiable manifold of dimension 27+41. Let G be a subgroup of
GL(2n+1,R) whose Lie algebra is g.

An almost cosymplectic struclure on M is, by definition, a reduction of (M)
to G, that is, a G-structure Pz(M) on M. Giving an almost cosymplectic structure
on M is the same as giving a pair of a 1-form » and a 2-form £ on M which
satisfy e AQ"x0. The answer to the integrability problem for an almost cosymp-

lectic structure is the following

ProrosiTION. An almost cosymplectic structure whose structure tensor of the
first orvder vanishes is cosymplectic.

Proof. Let Py(M) be an almost cosymplectic structure on M and (w, ?) the

associated pair.
Let II be a lincar connection and V the covariant differentiation with respect

to II. Then 1II is a G-connection if and only if
Vo=0 and VQ2=0.

Since the first order structure tensor of Pg(M) vanishes, therc exists a torsionfree

G-connection.
In general, let II be a torsionfree linear connection and 7 a differential form.

Then
dy=A(Vy),

where (/ is the alternation operator. Hence, let 11 be a torsionfree G-connection.
Then we have do=0 and d2=0. This proves the Proposition. (Q.E.D.)
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