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THE SPHERICAL DERIVATIVE OF REGULAR AND
MEROMORPHIC FUNCTIONS OF BOUNDED CHARACTERISTIC

By MasanNoBuU Tsuzuxki

1. Introduction. Let D be the open unit disc in the complex plane. If f(2)
is a meromorphic function in D, we denote the spherical derivative of f(z) by

@1
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Lehto and Virtanen, and Noshiro obtained the following results [2], [4].

o(f(2)=

THEOREM A. A non-constant f(z), meromorphic in D, is normal 1f and only
if it satisfies an inequality

sup (L—=[zDe(fN=C,
wherve C is « finite constant.

CorROLLARY A. If (2) is normal mevomorpluc in D, its characlenistic funclion
T(r) fulfills the following velalion :

T(r):()<log 1ir>'

Let A(r) be a positive function such that A(#)=o(r) (»~0). The connection
between p(f(2)) and Picard’s Theorem is shown by the following result of Gavrilov

[1].

THreOREM B.  Let f(2) be meromorplic in D. 1f for a sequence {z,}, lim|z,|=1

and a
71»1_}113° (1= |za|)]0(f(2n))= +o0,

then, Picard’s Theorem holds for f(z) w the union of any infinite subsequence of
the discs

Dyp={zeD|a(z, z0) <e(1—|za*) Al —|za|D)]},

for each >0, where o(z, z,) is the non-Euclidean hyperbolic distance belween z and
2y in D.
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The aim of this paper is to show that for regular functions in D the bounded-
ness of 7'(r) imposes a restriction on the growth of p(f(2)), but does not for
meromorphic functions.

The author expresses his heartiest thanks to Professors O. Ishikawa, M. Ozawa
and N. Suita for their kind remarks in preparing this paper and to Mr. Hidenobu
Yoshida for his valuable advice.

2. THEOREM 1. Suppose that f(z) is regular and of bounded type in D. Then
(1) (1—|2Do(f(2)) Seft-17D,

where ¢ is a positive constant.

The result (1) is sharp in such a sence that no improvement is possible on the
order of 1/(1—|z]) in (1).

THEOREM 2. Let ¢(r), 0=r<1, denole any positive monolonicelly increasing
Sunction with

lim ¢(r)=-co.
Then, there exists a meromorphic function f(2) of bounded lype in 1) such lhal
. 1—]z|
lim —— 2))= o0,
me® p(f(2))

|2)=r

Proof of Theorem 1. By the condition of f(2) we can assume that

T5(2)
my(2) ’

where m;(2) is regular, |7;(2)|<1, (i==1,2), and =,(2)#0. Schwarz’'s lemma yields
inequalities

J(&)=

1 .
|71'1,'(Z)I§'m (221, 2)

Hence

(2) LN E

On the other hand if #(z) is regular and of bounded type in D, =(z) satisfies

1
1—]z|°

(3) LOETE
where ¢ is a fixed positive constant [5]. From (2) and (3)

|mo(2)7y (2)| 47" ()71 ()]
|7:(2)]*

1—lzho(f(2) =1—]z])

=etla-13D),
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since 1/(z,(2))? is regular and of bounded type in D. We require a lemma to prove
the latter of theorem 1 and theorem 2. Let

Zp=1—e"" (n=1,2, ).

Consider the Blaschke-product

(4) B(z)— 1] 1 ol
LemMA.  For the product (4) we have
®) lim (1—)| B (wn)| = B

n—r0

where B is a positive constand.

Proof. Let
= XTp—2
By(=)= n 1 —ZnZ n—l;,lﬂ 1—z,2"
Then,
1
B(xp)=— Bp(xp)
We write

B2l gp—Xn 2 Xn—&
pr(xp)Izn]l lﬁxpxn neptl l—xpxpn
(6)
=Tu(p)T:(D).
Since, for n=1,2, -, p—1
Zp~—Tn 1—en-?

1—zprn ~ 14en?’

we infer that

p—1 1 ~7n
748> 1
and hence
. © l—e"
l =[] =——=A>0.
fin 1= ] 7= A2
Similarly,
_!i_rp_ TZ(P)_Z_A.
P
Therefore

1im [ By(xp)|=B>0.

p—roo

By (6) this establishes (5).
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Completion of Theovem 1. We form the function
f@)=B(a)et/a-5,
f(2) is evidently regular and of bounded type in D. For p=1,2, -,
f/(xp):B/(xp)e(1+xp)/(1—xp)
and hence, from the lemma

lim A—2)0(f(xy))
e(1+-7’P)/(1—~’”P)

p—roo

-=B>0.

Therefore we have the remainder in theorem 1.
Proof of Theovem 2. Choose a natural number K; such that

(7) Klle'(z&)l[l (:cl-l— >x1}>¢(x1), et> K}f .

After natural numbers K, K, -+, K,-1 are defined, we choose K, with inequalities

1

szlB’(xp)l’ (et )xp}>g0(mp) B>

(8)
K, <K, i=1,2,-, p—1.
By this process we have a increasing sequence {K,},p=1,2, -, satisfying (8). Let

= (zatl/KH—z
Bi@=]1 1— (o 1/K0)z"

With B(z) in the above lemma we form the function

_ Bk
f=p o5
It is obvious that f(z) is meromorphic and of bounded type in D. Now,

B'(xp)
Bi(zp) '

o(f(zp)=

Hence, from (8) we obtain

o(f(xp)) > ¢(xp)-p
and

= (@) _ ~Tm o(f(xp)

m:}' () poe 9(Tp) =t

This holds too, when we take as ¢(7), ¢(»)/(L—7).
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