SOME NOTES ON ALMOST HERMITIAN MANIFOLDS

By TSUNEO SUGURI AND SHIGERU NAKAYAMA

Introduction.

Several years ago Ishihara [1], [2] introduced the concept of the half-symmetric
p-connection and semi-symmetric ¢-connection in an almost complex manifold.

In the present paper, we study about a half-symmetric metric ¢-connection and
a semi-symmetric metric ¢-connection in an almost Hermitian manifold AM?%* and
obtain some interesting results. In §1, we get a necessary and sufficient condition
that an almost Hermitian manifold may admit a half-symmetric metric ¢-connection
or a semi-symmetric metric ¢-connection. In §2, we determine the semi-symmetric
metric ¢-connection that an Hermitian manifold may admit.

§1. Half-symmetric metric ¢-connection and semi-symmetric metric ¢-connec-
tion on an almost Hermitian manifold.

Let M2 be an almost Hermitian manifold having an almost Hermitian structure
(0:5(x), ¢?(x)). That is,
(1) ¢laptj=—0j,
1.1) .
{ (11) gabﬂo?iﬂo?]zgip
As is well known, the Nijenhuis tensor N¢;(x) of an almost complex structure
o'fx) is given by

1.2) Nejp=(¢%a, i— ¢, )P e— (P ay k— P2k, )P 5.

In the case of Nij(x)=0, the almost complex structure is integrable and conse-
quently the M?* becomes an Hermitian manifold.
In an almost Hermitian manifold M *", we consider a metric ¢-connection E%;(x):

1.3) Gitn=9jks n—JarE 5— 90 F 3, =0,
1.4 =0 6+ 0% E Yy i — 0% E §=0.
As is easily seen from (1. 3), such a E%(x) is given by
(1.5) Etp={fu} +Stm+S;+Sit

where, {4} is the Christoffel symbol formed by ¢:{x) and S¢; is the torsion
tensor of Ef:
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2 1 2 i .7 a b
(1. 6) Stip= T(Ejlc—Ekj)y Sjlc =005 "y

On the other hand, ¢;;=g:ap®, is, as is seen from (1.1), skew-symmetric with
respect to i and j. Consequently,

1.7 Oije=Pigy b+ Piky i+ Phry 5

is skew-symmetric in all the indices. Taking notice of (1.3), we have easily from
(.4

(1. 8) Vije=—2(SaxP% +Sari0® ;4 Sarj %)

And we see that Niz=0 is equivalent to
1.9 Siie=Si0c0%0 k+Sasc0% Pk Savrp®:?;.

N.B. In [5], Yano and Mogi conclude that N?;;=0 is equivalent to
1. 10) Seie=Sic@® 0%+ Sscak0® i+ Skar®19?;,

but in general this conclusion does not hold. The necessary and sufficient condition
that (1.9), (1. 10) may be equivalent is that S:; is skew-symmetric in all the
indices. In the case that this condition is satisfied, comparing (1. 8) with (1. 10), we

have?

1
1.9y Sijr= Tsoabcst??'igo'.’jso?k.

As is well known, we define the following operators @, (a=1, 2, 3, 4):

0T O, T = (Gt —agt) T,
(D Th, __*Ohb Ta, — 1 5}1. 50 b a
2L Ty ="Ug, b—“g‘( a0i+90-aﬁ0-l)T ()
. T ba — 1 b5a b
3 jtzoji Tba,— 7(5]51, — Q. z)Tba,
D T *ObaT — 1 5052 5.2
1 T5:=*0% ba—T(oj 2+ ¢%0%) Toa-

Now, we assume that the metric ¢-connection % is half-symmetric in the
sense of [1], [2]. That is,

1.11) D,0,5" 1 =0"058S%:.4=0.
As is easily seen, this can be rewritten as follows:

1) Compare Theorem 3.2 in [5].
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1.12) Sijre—Si0e0? 0%+ Saserp® i+ Savnp®ip®, =0.

Hence from (1.9) and (1.12), in an Hermitian manifold, as a necessary and sufficient
condition that a metric ¢-connection E'%, may be half-symmetric, we obtain

(1.13) Sijr=Si6c¢?10%-
This can be rewritten as follows:
1.13") Si700%=Sis¢?;.

Since this shows that S;,.¢% is symmetric with respect to j and %2, we have the
following

ProrosiTIiON 1.1. In an Hermitian wmanifold M**, a necessary and sufficient
condition that a metric p-connection E%y(z) may be half-symmetric is that Si;.¢% is
symmetric with respect to j and k.

Next we assume that in an almost Hermitian manifold, a metric ¢-connection
Ety(x) is semi-symmetric in the sense of [1], [2].® That is

2 2
(1. 14) Sh ik =— “‘n— ¢4(S[j5’]€-]): —% *O?%(S{bag]), Sj:Sfl]a.

As is casily seen, this can be rewritten as
1
(1. 15) Sijp= S (Si0ex—Sk0s5+ 0ixp® S0 — @i 6Se)-
In this case we see that (1.9) holds identically. That is, the following Pro-
position is obtained:

ProrosiTioN 1.2. When an almost Hermitian manifold M2 admits a sewmi-
symmetric metvic p-connection, the M* is an Hermitian manifold.

N.B. As is directly seen from (1. 15)
1
Sigeple= S (goiij+goi,Sk——guqfksc—gikgo{']sb)

holds. Since this is obviously symmetric with respect to j and &, from Proposition
1.1 we see that the semi-symmetric metric ¢-connection is half-symmetric. This
is known from the general theory in [1].

Now we suppose that an Hermitian manifold M?* admits a semi-symmetric
metric ¢-connection. Substituting (1. 15) into (1. 8), we have

2
(1.16) Qijp=— o (@St QruSi4©i,5%).

Contracting on both sides of this with ¢#*, we obtain
rré)iifg(ieﬁnigﬁ;ﬁrof semi-symmetric connection in [l1], [2] is different from the de-
finition in [5].
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4(n—1)

. be — >~ 7 Q.
(].. 17) DibeP 7 SL)

and for n=1, eliminaling S; {from (1. 16) and (1. 17), we get

1
(1. 18) Qijk= m (@jrpive+ Pri@ive+ Qi iQrne)p?°.

Summing up the result, we see that in order that an Hermitian manifold M?* (nx1)
may admit a semi-symmetric metric ¢-connection, it is necessary that (1. 18) holds.

Conversely, we assume that an Hermitian manifold M?" (1) satisfies (1. 18).
We consider to determine S;; from (1.8) and (1. 18). Now if we contract on both
sides of (1.8) with ¢/* and put as

‘.=__L_ o obe
Ss 4(%—1) DibeP™",

then

(1.19) 2(n—1)Si=n(Save@®. 0" —2San:ig"?)
is obtained. And we have, from (1. 8) and (1. 18),

(1. 20 Sajip®i+Sarip® j+Sarjpls

1 . .
=" (@Ss+ 0ruSi+@isSk).

From (1.19) and (1. 20), we will seek the solution S;; satisfying
9%Saiv=>S;.

Since we have (1.19) by contracting on both sides of (1.20) with ¢* we may
consider (1.20) only. Then, if we put as

1
(1.21) Sijp= 5 (9651 — 9575k 0irp®;Se — @10%6Se) + Sty

from Saig®=S;, we get

1. 22) Sajpg®?=0.

Next substituting (1. 21) into (1. 20),

(1. 23) Sajep®itSari9® 4 Sarjptr=0
is obtained. Hence if we put

(1. 24) Uijk=Sa kP

for simplicity, this #;; should satisfy the following conditions:
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(1) @it tbgnitte;=0,
(1. 25) (i) tasep=0,
(i)  thsji=—ttixy.
(i) is obtained from (1. 23), (ii) is equivalent to (1. 22) and (iii) is seen {rom the

fact that S;j is skew-symmetric with respect to j and £ And the solution of (1. 20)
is given by (1.21) and

(1. 26) Sejk=—UajxPs.

We will seek the u.; satisfying the system of equations (1.25). However
#.54=0 obviously satisfies (1. 25), and s,;x=0 is obtained from (1.26). In this case
as is seen from (1.21), this gives the semi-symmetric metric ¢-connection. Con-
sequently, when (1. 18) holds, we know that an Hermitian manifold A/?” admits a
semi-symmetric metric ¢-connection.

Summarizing the above, we have the following

THEOREM 1. 3. A mnecessary and sufficient condition that an Hermitian manifold
M (nx1) may admit a semi-symmetric metric g-connection is that

1
(1. 18) Pijx= m (90 jlchibc-l-Soki@jbc-l—soij@kbc)wbc

hwolds.

In an Hermitian manifold M?*", when the torsion tensor S;;: of the metric ¢-
connection E%, is skew-symmetric in all the indices, then (1. 9) holds. And
moreover, if this connection is half-symmetric, (1. 13) holds. Hence in an Hermitian
manifold M?", when the torsion tensor S; of a metric ¢-connection £, is skew-
symmetric in all the indices, in order that the E%, may be half-symmetric, from
(1. 9) and (1. 13) it is necessary that
(1. 27) D= PiseP? ¢’k
holds.

Conversely, since (1. 13) is obtained from (1. 27) and (1. 9)’, this is also sufficient.

Summarizing the above we have the following

THEOREM 1. 4. In an Hermitian manifold M?", when the torsion tensor Sijx of
the meltric p-connection E%, is skew-symmelric in all the indices, a necessary and
sufficient condition that the connection Et, may be half-symmetric is that

1.27) ©ijk=Pivc®i 0%k
holds.

N.B. (1.27) is equivalent to
(L. 27y Pijo k= Purvp’s
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which shows that ¢se¢% is symmetric with respect to j and &  Consequently, this
shows that ;0% is symmetric with respect to 7 and 4.

§2. Determination of semi-symmetric metric ¢-connection on an Hermitian
manifold.

We suppose thatNan Hermitian manifold M?* (g:5(x), ¢*5(x)) is conformal to a
Kihlerian manifold M2 (§.;(x), &*;(x)).
That is, we suppose that there exists a suitable function ¢(x) such that

‘ [ gi(x)=e" DG [(x),
@ 1) ] ]

@ i(x)=§*i(x)
hold.

0i(@)=09:a(x)p? (), Pij(x)=Gral(2)G? ()

are both skew-symmetric with respect to ¢ and j and
2.2) Pif(x)=e"" Gis(x)
holds. Since §.j(x) defines a Kihlerian metric,
! N =000, j— 05, a) — @ { @ ay = Py ) =0,

©. 3) l

Gigy b+ Gt i+ Pray =0
hold and vice-versa. Now if we denote the covariant differentiation with respect to

the Christoffel symbol {fj} of a Kihlerian metric §.;(z) as ., (2. 3) can be rewritten
as follows:

f @ i¢1a—F opi)@%— T 1Bra—F o) =0,
4 @i+ 5@+ i =0.

This is, as is well known, equivalent to

(2.5) Vi@ u=0.

Since we have from (2. 2)

@. 4

Qigyx=€"@iz st 0,  Pisy
Pije=Pis Pty 1+ Picrs 5
=e(Bigy b+ @iy 1+ By )
+(0,10i%+ 0, jorit0, kpes)
is obtained. Since §., is a K#hlerian metric, taking notice of (2. 3), we get
(2. 6) Vijk=0, Pkt 0, jPrit 0, xi;.

Contracting on both sides of this with ¢,
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2.7 Pinep**=2(n—1)0,.

is obtained, so substituting this into (2. 6), we have, (z=1)

1
2.8) Pijp= =1y (©jrPive+ Priive+ Qi jPrve) .

Summing up, we see that in order that an Hermitian manifold M2 (nx1) (945, ¢%5)
may be conformal to a Kihlerian manifold A7[2", it is necessary that (2. 8) holds.

Conversely, for »>2 if (2. 8) holds, it is known that an Hermitian manifold
M?» is conformal to a Kihlerian manifold M>2". (See [3], [41.)

Summarizing the above, we have the following well known
THEOREM 2. 1. A necessary and sufficient condition that a 2n (n>2~) dimensional
Hermitian manifold M?* may be conformal to a Kihlerian manifold M®** is thai
1
2.8 Q= m(nglcsﬁibc+§0ki§0jbc+¢ij§0kbc)¢"c
holds.

Now, since (1. 18) and (2. 8) are the same, from Proposition 1.2, Theorem 1.3
and Theorem 2.1, we get the following

THEOREM 2. 2. A necessary and sufficient condition that a 2n (n>2) dimensional
almost Hermitian manifold M?*» may admil a semi-symmetric metric ¢-connection is
that the M?® is conformal 1o a Kihlerian manifold.

If an almost Hermitian manifold M2" (»>2) admits a semi-symmetric metric
e-connection, from (1. 15)

1
Stje= o (0%:S;—0%Sk+iup,So— ¢ ¢%4Se)

holds. And since
Si= - 'n_o',z

2

holds from (1.17) and (2.7), when we substitute this into the above expression,
we have

St = % (00, 1—0%0, ;0% 190%0, e — 4?56, b).
Consequently, from this

Sjit= % (91920, 0— 050, 1— Qinp™0, v+ 01 10%0,0)
holds. Hence substituting these results into (1. 5),

1 ) .
(2. 9) Ejllc: {jik} + -2—(—5%0,j+(ﬁ7.’j§0?k0', c+gjkgzm0', a,)
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is obtained. On the other hand, as is well known from (2. 1), since
()= (R - (0,4 040,—020%0,0)

holds, substituting this into (2.9), we have
Eie= (i} (040, gt

namely

(2. 10) Ei={}}+*0%0,q.

This is the semi-symmetric metric ¢-connection.
Summarizing the above, we have the following

THEOREM 2. 3. The semi-symmeltric metric g-connection E4(x) that a 2n (n>2)
dimensional Hermitian manifold M (9:/(x) = e*@§.j(x), ¢ {(x)) conformal to «
Kdhlerian manifold M?" (§.;(x), ¢*;(x)) admits is given by

. 10) Eiy={}} +*0%0,q.
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