ON FIBERINGS OF ALMOST CONTACT MANIFOLDS

By Koicur Ocrue

Introduction.

We study, in this paper, relations between almost contact structures and the
induced complex structures. Throughout this paper, we consider the case in which
an almost contact manifold M is the bundle space of a principal fibre bundle over
an almost complex manifold M.

We induce, in §1, an almost complex structure on M.

We consider, in §2, two sorts of torsions N and @ of an almost contact structure
defined by Nijenhuis [4] and Sasaki-Hatakeyama [8] respectively, and investigate
relations between the integrability of the induced almost complex structure on M
and the vanishing of N or @.

In §3 we consider an almost contact metric structure on A/ and induce an
almost Hermitian structure on M and investigate relations between them.

In §4 we study, as special cases, an almost Sasakian structure and a Sasakian
structure on M and induce on M an almost Kéhler structure and a Kihler structure.

In the last section we study a relation between the Riemannian connection on
M and on M and a relation between the curvature of M and the curvature of M.

I wish to express my sincere gratitude to Professors K. Yano and S. Ishihara
who encouraged me to study these problems and gave many valuable suggestions.

§1. Regular almost contact structures.

Let M be a (2n+1)-dimensional differentiable manifold. We denote by % the
Lie algebra of all vector fields on M.

An almost contact structure on M is defined by a (1,1)-tensor field ¢, a vector
field ¢ and a 1-form 7 satisfying the following conditions [7]:

1D #(£)=0,
(1. 2) 2($(X))=0 for all X%,
1.3 7(é)=1,
14 #(X)=—X+nX)-¢ for all XeR.
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A differentiable manifold of odd dimension with an almost contact structure
is called an almost contact manifold.

DerINrTION 1. 1. A vector field on M is said to be regular if each point of M
has a regular neighborhood, i.e., a cubical coordinate neighborhood U(z!, ---, z?»+Y)
whose intersection with any integral curve of the vector field can be represented
by a single segment z'=const., ---, z**=const., and is said to be strictly regular if
all integral curves are homeomorphic to each other.

DeriniTiON 1. 2. An almost contact structure (¢, &, ) is said to be (strictly)
regular if & is a (strictly) regular vector field.

Let (¢, & ») be a regular almost contact structure on M and M be the orbit
space defined by &, then M is a manifold and #(U)(«?, ---, **) is a coordinate neigh-
borhood on M, where = denotes the natural projection of A onto M [6].

If, in particular, M is compact and (¢, & n) is a regular almost contact structure
on M, then any integral curve of £ must be homeomorphic to the circle S* and &
generates a global action of the circle group S* on M. An almost contact structure
(¢, &, ») is said to be invariant if ¢ and » is invariant under the action of G, the
1-parameter group generated by &.

TueorREM 1.1. If ($, & %) is an invariant strictly regular almost contact struc-

ture on M, then
(1) M is a principal G-bundle over M, and
(ii) % is a conmection form on M.

CorROLLARY. If (¢, & n) is an invariant vegular almost contact strucluve on a

compact manifold M, then
(1) M is a principal circle bundle over M, and
(ii) % is a comnnection form on M.

Throughout this paper, we shall only consider invariant strictly regular almost
contact structures. We denote by X the Lie algebra of all vector fields on M.
First we prove the following

THEOREM 1. 2. If we define a (1,1)-tensor field J on M as follows:
(.5) To(X)=dn(gs\X§), peM, peM, p=n(p),
where X% denotes the lift of XeX at p with respect to the connection v, then J is
an almost complex structure on M.

Proof. First of all, J is well defined, since, for any eeG we have ¢5a(g(;r"a)
=¢pa(dR XE)=(REp5.)( X F)=5(X¥), where we denote the right translation in M by
a€G by R, and the induced map by R¥.

Next, /?=—1. In fact, for any XeX we see that

JUX)=J(JX)=](drp(X*))=drg(dap(X*))*=drp(X*)
=dn(—X*+9(X*)§)=—dn(X¥*)=—X.
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Hence J is an almost complex structure on M. Q.ED.

Thus a manifold with an invariant strictly regular almost contact structure is
a principal fibre bundle over a manifold with almost complex structure.
We shall call J the induced almost complex structure on M.

§2. Integrability and normality.

DeriniTION 2. 1. Let (4, &, 7) be an almost contact structure on jg and J be
the induced almost complex structure on M. We define tensor fields N and @ on
M and N on M as follows [4], [8]:

@1 N&X, V)=[¢X, ¢¥1—9[X, V191X, o71+¢2X, 71,
2.2) 38X, =NE&, ¥)+2a9(X, V) € for all X, Vek
and

(2. 3) NX, Y)=[JX, JY1-JJX, Y1-J[X, JY]+]*X, Y] for all X, YeX.
We now prove the following
LemMmaA 2.1. We have

N(X, YV)=dzN(X*, Y*)
and
NX, V)=da®(X*, Y*)

Jor any X, YeX, where X* denotes the lift of XeX with vespect to the connection 7).
Proof. From (1.5) we get
NX, Y)=[JX, JY1-JJX, YI-JIX, JY1+J*[X, Y]
=[drdp X*, dn¢ Y¥|—drdldnd X*, dr Y*1*—dng[dr X*, drg Y*¥]*+ drd(dngl X, Y]*)*
=dr[pX*, § Y*]—dnp[pX*, Y*|—drp[X*, $V*]|+drd?[X, YT*
=dr{[pX*, pY*]—p[pX*, Y*]—g[X*, ¢ Y*¥]+¢°[X*, Y*]}
=drN(X*, Y¥),

where we have used the facts that dr is an isomorphism and ¢[X, Y]*=¢A[X*, Y*]
=¢[X*, Y*]; ~ denotes the horizontal component with respect to the connection 7.
The second relation is clear from the first and the fact that ¢ is vertical. Q.E.D.

The following result is the direct consequence of this Lemma.

THEOREM 2.1. We have N(X, Y)=0 if and only if ﬁ(X*, Y*) (or B(X*, V%))
is vertical for all X, YeX,
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DeFINITION 2.2. An almost contact structure is said to be integrable if N=0
and is said to be normal if @=0.

The following is easily seen from Lemma 2. 1.

ProposiTiON 2.1. If an almost contact structure (¢, &, 1) is integrable (or
normal), then the induced almost complex structure ] is integrable, ie., J is a
complex structure.

Now we prove the following Lemma for later use.

_ Lemma 2.2. We have de()?, 7):—77([)?, Y1) for any horizontal vector fields
Xand Y.

N Prgof. ~T his i§ an immediate consequence from the identity Zdr;()?, 17')=)? .
Y)Y - p(X)—9([X, Y] and the fact that » is a connection form. Q.ED.

The connection 7 is said to be involutive if [X, ¥'] is horizontal for all hori-
zontal vector fields X and Y.

THEOREM 2. 2. The almost contact structurve (¢, &, n) on M is integrable if and
only if
(i) the induced almost complex structure J on M is integrable, and
(i) the commection v is involutive.

Proof. By Theorem 2.1, N(X, Y)=0 implies that Nxx, Y*) is vertical for all
X, YeX. On the other hand, from (2.1) we have 77(1\~1(X*, Y*)=5([¢X*, ¢ Y*])=0
since ¢X* and ¢V* are horizontal. This shows that N(X* Y*) is horizontal.
Hence we have N(X*, Y*)=0. Now it is clear that [£¢, X*]=0 since X* is invariant
under the action of G. We see also [¢, ¢ X*]=[¢, (JX)*]=0. Hence we can easily
verify that ﬁ(é, X*)=0. We have thus proved that ]\Nf()?, )7')=0 is valid for the
lifts of vector fields on M or the vertical vector fields. Since N is a tensor field,
N(X, }7'):0 holds for any vector fields X and 7.

The converse is clear. Q.E.D.

Similarly we have

THEOREM 2. 3 (Morimoto [3]). The almost contact structure (P, &, n) on M is

normal if and only if
(i) the induced almost complex structure J on M is integrable, and
() 2(JX, JY)=2(X,Y) for all X, YeX, where dp=n*2.

Proof. By Theorem 2.1, N(X, Y)=0 implies that @(X* Y*) is vertical for all
X, YeX. On the other hand, from (2. 2) we have

P BX*, Y¥)=9([$X*, ¢ V¥])+2d9(X*, Y¥)=—2dy($X*, ¢ Y*¥)+2dn(X*, ¥¥)

= —2Am* NP X*, pY*)+2x*2)(X*, Y¥)=—22(]X, JY)+22(X, ¥)=0,
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which shows that #(X* Y*) is horizontal. Hence we have d(X*, Y*)=0. Now it
is clear that dp(¢, X*)=0 since

2dn(§, X*)=6&-p(X*)—X*- (&) —n([&, X*]).
Hence we have
@&, X¥)=N(&, X*)4-2dy(¢, X*)-£=0.

We have thus proved that #(X, ¥)=0 is valid for the lifts of vector fields on M
or the vertical vector fields. Since @ is a tensor field, 5()?, 17)=0 holds for any
vector fields X and ¥.

The converse is clear. Q.ED.

§3. Almost contact metric structures.

We now suppose that G-invariant Riemannian metric § is given on M which
admits an invariant strictly regular almost contact structure (¢, &, 7).
If we define a tensor field ¢ of type (0,2) on M by

@1 (X, Y)=§(X* Y*) for all X, YeX,

then ¢ is a Riemannian metric on M. We call ¢ the induced Riemannian metric
on M.

~DEFINITION 3.1 (7). (¢, &, 73, 9) is called an almost contact metric structure
on M if (¢, &, ) is an almost contact structure and, in addition,

(.2) g X=nX),
and
(3.3) X, oV)=GX, T)—n(X) - n@) for all X, VeX.

ProrosiTiON 3.1. If (¢, & 9, §) is an almost contact metric structure on M,
then & is a Killing vector field.

TureoreM 3. 1. If (¢, & 7, §) is an almost contact metric structure on M, then
the induced structure (J, 9) on M is an almost Hermitian structure.

Proof. It suffices to show that ¢ is a Hermitian metric on M. For any X,
YeX, we have

9(JX, JY)=§((JX)*, JY))=F(gX*, g Y*)=G(X*, Y*)—n(X*)p(Y*)
=0(X* Y")=9(X, Y)
which shows that ¢ is a Hermitian metric. Q.E.D.

Combining Proposition 2.1 and Theorem 3.1, we get



58 KOICHI OGIUE

COROLLAR~Y. If (@, & 9, §) is an integrable (or normal) almost contact metric
structure on M, then the induced structure (7, 9) is a Hermitian structure on M.

§4. Almost Sasakian structures and Sasakian structures.

In this section, we consider properties of the so-called almost Sasakian struc-
tures and Sasakian structures.

DerFiNiTION 4. 1. Let (¢, &, 5, §) be an almost contact metric structure on M,
and (/, ¢) the induced almost Hermitian structure on M. We define a 2-form © on
M and a 2-form £ on M as follows:

@1 60X, ¥V)=§X, ) for all X, V&,
and
4. 2) X, Y)=9(JX, Y) for all X, YeX.

We call ® and 2 the fundamental 2-form of the almost contact metric structure
and of the induced almost Hermitian structure respectively.

LEmmaA 4. 1. T*Q2=0.
Proof. For any X, YeX we get
(@*Q(X*, Y)=2(daX*, de Y*)=2(X, Y)
=g(JX, V)=G((JX)*, Y*)=§(¢X* Y*)=0(X* Y*). QED.

DeriNITION 4.2 ([9]). An almost contact metric structure is called an a~lmost
Sasakian structure if O=dy, and is called a Sasakian structure if O=dy and @=0.

TueoreM 4. 1. If (¢, & 1, @) is an almost Sasakian structure, then the induced
structure ([, 9) is an almost Kdhler structure.

Proof. Since z* is an isomorphism, we conclude from n*dQ2=dn*Q=dO=ddy
=0 that d2=0 which means that (J, ¢) is an almost Kihler structure. Q.E.D.

Combining Proposition 2.1 and Theorem 4.1 we get

COROLLARY. If (¢, & 1, §) is a Sasakian structure, then the induced structure
(], 9) is a Kdihler structure.

THEOREM 4, 2. The fundamental 2-form © of an almost Sasakian structure is
the curvature form of the connection 7).

Proof. For any X, Y%, we have
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DyX, V)=ayhX, h¥)=0X, hi¥)=@*2)hX, 1Y)
=drhX, dzh¥)=2dz X, d=¥)=@*2)(X, T)=6(X, V)
which means that ©=Ds. Q.E.D.

THEOREM 4. 3. Let (¢, &, 1, §) be an almost Sasakian structure on M and ], 9
be the induced almost Kdihler structure on M. Then (], g) is a Kdhler structure if
and only if (¢, & 7, §) is a Sasakian structure.

Proof. From the definition of almost Sasakian structure and Lemma 4.1, we
get dyp==*{. Moreover it is clear that 2 satisfies the second condition of Theorem
2.3, ie, AJ X, JY)=2(X, Y) for all X, YeX. Thus our assertion is easy to see
from Theorem 2. 3. Q.ED.

§5. Curvature tensor fields.

In this section we consider some properties of curvature tensor fields.
First we prove the following

ProrosiTiON 5. 1. Let (¢, &, 9, §) be an almost contact metric structuve on M
and (], 9) the induced almost Hermitian structure on M. Then

6.1 PxnPe=(pa ¥ = (X%, V)¢

Jor all X, YeX, where  (resp. V) denotes the covariant differentiation with respect
to the Riemannian comnection determined by g (resp. §).

Proof. By definition, p and / are characterized respectively by [2]:
for all X, Y and ZeX, and
20(7:V, 2)=X-¥, 473X, 2~ Z-4X, )+d(X, V1, DH+§1Z, X1, V)5 X, 1V, 2D

for all X,V and ZeX. 5
First we prove that the horizontal component of Vx.Y* is given by (pxY)*.
We have

20(dnf x. Y*, Z)=2§(F x.Y*, Z*)
=X*-G(V*, Z¥)+ Y*- §(X*, Z%)—Z*-§(X*, Y¥)+§([X*, Y*], Z9)+§([Z2*, X*], Y*)
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=X-9(Y, 2)+Y -9 X, 2)—Z-9(X, Y)+9(X, Y], 2)+9(Z, X], Y)—9(X, [Y, Z])
=2(pxY, Z),

which shows that dr¥ . Y*=pz7, ie., k7 x.Y*=(pxY)*.
On the other hand, we have

20(7x. Y%, ©)=X*-G(Y*, )+ Y*-§(X*, §—&-§(X*, V*)
+([X*, Y™, §)+9([§, X*], Y*)—F(X* [Y* €D
=§([X* Y*], &),

which is equivalent to
(5.2) 297 6 Y¥)= ([ X*, Y*]).
Hence the vertical component of Vx.Y* is given by (1/2)7([X*, Y*])-&. Q.ED.

ReMARK 5.1. The equation (5.1) can also be written as follows:
(5.3) Fx YV =F 5. V¥ =97 3. Y*)-E=— % x. Y*.

REMARK 5. 2. The equation (5.1) shows that VxY*=(pxY)* if and only if
the connection 7 is involutive.

It is well known that the curvature tensor fields R and R can be expressed,
in terms of covariant differentiation, as follows:

RX, Y)Z=pxpyrZ—pvPxZ—pix,vZ for all X, X and ZeX, and

~

R, VV=F3737 P72 —F 22 for all X,V and ZeX.
ProrosiTiON 5. 2.
(5. 4) (RX, X)Z*=—¢*| RX*, Y*Z*— —;—v([Y*, Z*)-Fx&
1 N N
5 U5, ZH) P (X, V)02

Jor all X, Y and ZeX.

Proof. From Proposition 5.1, we get

W xprZ Y =—¢F xprZ)* = —¢% x (17Y,,Z*— —;— [ Y*, Z*])- 5)

=] Py 2 %(X*-v([Y*, Z¥)) (Y, Z*])-ﬁxa]
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N o~ 1 ~
=—¢2{VX‘VY,Z*— L, Z*])-fo}

since ¢(&)=0. Similarly we get
J 1 ~
o732yt == Frlia 25— (X8, 29D D]

Moreover we get
Pexs 12 Vo= — ¢ x, v1l¥ = — 2 (F e, vnZ% — ([ X*, Y¥1)-7 2%},
since [X*, X*|=[X, YT*+n([X* Y*])-£&. Hence we obtain (5. 4). Q.E.D.

DerINITION 5.1 (Yano and Mogi [10]). Manifold with Kihler structure (/, ¢)
is said to be of constant holomorphic curvature if the curvature tensor field is
given by

(5.5) 4RX, Y)Z=k{9(Y, Z2)X—9(X,2)Y-2X, Z2)- JY+XY, Z).- JX-2(X, Y)-JZ}
where £ is a constant.

DerinNiTION 5.2 (Ogiue [5]). Manifold with Sasakian structure (¢, &, 5, §) is
said to be of comstant C-holomorphic curvature if the curvature tensor field is
given by

ARK, YZ=r+3)(0(¥, 2)X—4(X, 2)Y'}
(5. 6) + k=D XY =T m(DE+5 X, ZmT)-6—§F, ZmX)-¢
—0X, 2oV +6¥, 2)pX—20(X, V)9 Z)
where % is a constant.

Now we can prove the following

TueoreM 5. 1. If a manifold M with Sasakian structure (¢, & »,G) is of
constant C-holomorphic curvature, then the manifold M with the induced Kdhler
structure ([, 9) is of constant holomorphic curvature.

Proof. By DeﬁniEion 4.2, the conditions for M to be a Sasakian manifold are
given by ©=dy and @®=0. These are equivalent to

¢X)=F gt and Fzp)¥)=nF)-X—d(X, T)-¢ (Tashiro [9]).

On the other hand, we have Fx£=F.X* since [£, X*]=0. Moreover from
Lemma 2.2 we get n([X*, Y*])=—2dp(X*, Y*)=—20(X* Y*). Hence from (5. 4)
we have
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(RX, Y)Z)*=—¢*{ARX¥*, YNZ*=2p([V*, Z*)-F x £+ 29[ X*Z*])- P vk

+49([X*, Y¥1)-7 Z*)
=— ¢’ [(k+3{G(Y™*, Z9)X*—§(X*, Z*) Y*}

F(e—1){—O(X*, Z*)¢ Y*4-O(Y*, Z*)p X*—20(X*, Y*)pZ*}

+-40(Y*, Z*)p X+ —40(X*, Z*)g Y*—8O(X*, Y*)¢Z*]
=—¢*(k+3{F(Y*, ZH)X*—§(X*, Z*)T*

—O(X*, Z¥)p Y*4-0(Y*, Z*)pX*—20(X*, Y*)pZ*}.

Thus we obtain
AR(X, Y)Z=(k+3){9(Y, Z)X—9(X, 2)Y—-2AX, Z)- JY+Y, Z)-JX—22(X, Y)-JZ},

which shows that M is of constant holomorphic curvature. Q.ED.
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