ON AN ESTIMATE FOR SEMI-LINEAR ELLIPTIC
DIFFERENTIAL EQUATIONS OF THE SECOND ORDER
WITH DINI-CONTINUOUS COEFFICIENTS

By YosHikazu Hirasawa

§1. Introduction.

In this paper, we are concerned with the a priori estimate for derivatives of

solutions of the semi-linear elliptic differential equation
n a2u au 1)

(1. 1) 1,;,__101;‘(.%‘) M =f <x, U, —a-;>

Concerning the estimate of this sort, Nagumo obtained a result on the assump-
tion that the coefficients a.;(x) satisfy the Lipschitz condition ([4],® pp. 211-215,
Theorem 2), and thereafter Simoda [5] and the author [3] improved Nagumo’s result
on the assumption that the coefficients a;;(x) satisfy the Holder condition.

As, however, it is desirable from a theoretical point of view, that we have the
a priori estimate under the weakest possible condition on the continuity of the
coefficients a@;;(x), we shall form, in this paper, an a priori estimate of the same
type as obtained in the above-cited papers, provided that the coefficients «;;(x) satisfy
the Dini condition.

The Dini condition which we impose on the coefficients a,;(x), is more restrictive
than usual, but it seems to be considerably general.

Our method of proof in this paper is analoguous to one in the previous paper
[3], which was composed of Nagumo’s one and Cordes’ modified results [2]. There-
fore, the parts of the proof which can be carried out in the same way as in the
previous paper, will often be omitted.

In §2, we shall give two definitions concerning Dini functions, and prove two
lemmas in regard to the properties of Dini functions given in these two definitions.

In §3, we state the main result of this paper, whose proof is left to §5. A set
of lemmas will be made in §4, and two other results will be proved in §6.

§2. Dini functions ¢(?).

In this section, we make some preliminary remarks on Dini functions ¢(#)
which define the modulus of continuity of the coefficients a@,;(x) in the differential

Received August 24, 1964.
1) 0u/ox denotes the n-dimensional real vector (9u/dx:, 0u/dx,, -, 0u/dxn).
2) The numbers in the brackets refer to the list of references at the end of this paper.
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ESTIMATE FOR SEMI-LINEAR ELLIPTIC EQUATIONS 11

operator Z:‘,Flaij(x)az/axiaxj.
For the sake of convenience we first give the following definitions.

DeriniTiON 1. We say that a real-valued function ¢(#) satisfies the condition
(D)) (0<d< +00), if

(i) ¢(#) is continuous and non-negative in an interval I: 0=¢=g;

(ii) ¢(#) is monotone increasing in I;®

(iii) we have

Sa L2108 dt< +o0;
o ¢

(iv) ¢(#) is concave below in [ in the weak sense.”

DerINITION 2. We say that a real-valued function $(f) satisfies the condition
(D'(9)) (0<0< +00), if '

(i’) @@ is continuous and non-negative in an interval I: 0=¢=4J, and twice
continuously differentiable in the interval I”: 0<¢=0;

(ii’) d@(@)/dt=0 in I’;

(iii’) we have the same as the condition (iii) of (D(9));

@iv") &@@)/dt*=0 in I'.

As a Dini function we shall take, in this paper, a function satisfying the
condition (D(d)), but we shall need a function satisfying the condition (D’(d)) in
lemmas.

For any functions ¢(#), ¢(¢) satisfying the conditions (D(d)) or (D’(d)), we put
in general

t o(?)

o ¢

dt, @(t):St é;i) dt.

0

o(t)— S

It is obvious that a function ¢(#) (or $(¢)) satisfying the conditiop (D)) (or
(D’(®))) tends to zero as t—-+0, and the corresponding function @(¢) (or @(¢)) does so.
We shall now prove the following:

LEMMA 1. Let ¢(t) be a function satisfying the condition (D(9)). Then, for any
positive number 7>0, there exists a function () satisfying the condition (D'(0)),
such that

PO =P =@+,
() =P =D(t)+7

n the interval I. 0=t=0.

Proof. If ¢(t)=0 for some value ¢ in the interval I”: 0<¢=9d, then, by virtue

3) That is, the inequality ¢(¢1)<<¢(¢;) holds for any ¢y, £,el, such that #;<¢,.
4) That is, the inequality o(¢;)+p()<<2¢((#1+172)/2) holds for anv fis fael.



12 YOSHIKAZU HIRASAWA

of the conditions (ii), (iv) of (D(9)), we see p(#)=0 in the interval 7, and hence, in
this case we have only to take $(¥)=¢(#)=0. We can therefore assume ¢(¢)>0 in
the interval I’.

Let %’ be a positive number such that 3’=7/6. Then the function

gO=pO)+7't
satisfies the condition (D(d)) and the inequalities
p(O=¢O)=e@®)+y in I
P(H<g@) in I,

and moreover this function ¢(#) is strictly monotone increasing with respect to #in
I.» Consequently, by putting #,=0, we can determine uniquely a decreasing sequence
of positive numbers {#} so that ¢(te..)=¢(%) (=0, 1, 2, ---).

If we draw the curves y=¢(f), y=¢(¢) on the (¢, y)-plane, and denote the points
(t, @(tx)) by P, then the points P, lie on the curve y=g(¢), and by connecting each
couple of two points (P, Pe.1) by the segment P.P:.;, we have a concave polygon
y=n(#) with an infinite number of vertices {P} k=0, 1, ---}, such that ¢(¢)<=(?)
=¢(#) in I’ and ¢(0)==(0)=@(0)=0.

As there are no points of the curve y=¢(#) in a sufficiently small neighborhood
Ui of each vertex Py, we obtain a desired curve y=¢(#) by modifying the polygon
y=x(¢) in the neighborhoods Uj.

LEMMA 2. Let $(t) be a function satisfying the condition (D'(3)) and let $(¢)
be a function defined by the expression

. ()
dt?

ap(t)

T

()y=—t +6().

Then $(B)Jt is improperly integrable over the interval I: 0=t=6, and we have

#={ £ de=—1 L 2g+00),
where

é(t)— S @' dt.

0

Proof. Since it holds that

< dp(t do(t . 1 [, det ®
so-pem=| GPa=Gp| § amplt R

for 0<z =0, we see

5) That is, g(¢,)<$(t,) for any #y, el such that #,<t,.
6) For a function g(¢), the notation g()|;=- means the value of g(¢) at ¢=<.
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. a@ ] _
‘L'lir-(r'lo {t dt Ht=1_0.

We have therefore on integrating by parts,

e L8 ae— tim {[+ 20 o] =+ Z0 g0,

ar

by which this lemma can be easily proved.

§3. Statement of main result.

We use the notations d;# for ou/dx; and 9,0;u for 0*u/dx;0x,. x and d,u denote
the n-dimensional real vectors (zi, xs, -+, x») and (0:%, 0qu, ---, 0,2) respectively. We
use 0;'u for ou/ox;’ and the notations of the same kind for the others too.

We define |z —z®| and |d;%#| as follows:

n 1/2 7 1/2
gD —z®| = { Z (2D — 2, )2 and ]8,u| — { Z (aiu)z} .
=1 =1

In the present section, we state a theorem about the a priori estimate for
derivatives of solutions of the semi-linear elliptic differential equation

3.1) Liw)= )"j_ @i(@)9:0 u—F(x, 1, d20).

Let D be a bounded domain with the boundary D in the n-dimensional Eucli-
dean space and let d be the diameter of D.

Let (a:5(x)) be a symmetric matrix satisfying the uniform ellipticity condition
with two positive constants 4, 4, (A=A4):

(3.2 Al¢P= i:laﬁ(x)&&éﬁ &7
1,J=

for any real vector é€=(&, &, --+, &) and for any point xeD. Furthermore, the
coefficients @;;(x) are supposed to satisfy the condition:

n 1/2
(3.3 2 (@i(@e®)—aif(e®) =e(|la®P—2®))
1,7=1

for any z, ®eD such that |2®—2z®| =<4, where ¢(¢) is a function satisfying the
condition (D(9)) given in §2.
Let ® be a (2rn-+1)-dimensional domain defined by
D={(x, u, p); xeD, |u| =M, |p|<+oo},

where M is a positive quantity and p denotes the #-dimensional real vector (pi, pe,

'“,pn)
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We suppose that the function f(x, #, p) is defined in the domain ®, and satisfies
the condition of growth order with respect to p:

3.4 | f(x, u, )| =Bl p*+1I
for any (z, u, p)e®, where B and I' are positive constants.

THEOREM 1. Suppose that the above-mentioned hypotheses are fulfilled. Let
u(x) be a solution of the equation (3.1), belonging to C*[D]P and satisfying |u(x)|
=M, and let N be the oscillation of u(x) in the domain D.

If the condition

BN _ntl /1 ntl\7?
3.5 8K(n)—zl—— <1 (K(n)— TB< 5 —2—> )
1S fulfilled, then we have
(3.6) |02u(a)| éC(";O(d)“l 0|S§ ; ){u(x)} +C®p(@)®
r—a|sp(a

Jor any point aeD, where p(a)= dist(a, lj), and CP and C® are positive constants
depending only on A, A, B, I', N, n, d, 0 and on the function o).

The proof of this theorem is left to §5, and especially the dependence of the
constants C®, C® on 4, A, B, I', N, n, d, d and ¢(¢) will be made clear at the end of §5.

§4. Lemmas.

We use a letter 7 for |z|={X™~,x:?}2. S[r,] denotes a closed sphere r=r,, and
C¥[r=7,] denotes the family of all functions which are v times continuously dif-
ferentiable in S[r,], where 7, is a positive real number.

LEMMA 3. Let w(x) be a function belonging to Cr=r, and let $(t) be a
function satisfying the condition (D'(ry)). Then we have

’S 5 (Biaju)zg?)(r)rz‘”(roz—rz)zdx}l ‘

<70 2,7=1

1/2
“4.1) ~{ S _ (Au)ng(r)rz‘"(roz—rz)zdx}

n 1/2
gmz{ S (aiuw(r)r"dx} :
1

r<70 1=

7) C?[D] denotes the family of all functions which are twice continuously differen-

tiable in D.
8) The notation Osciz—a|<p(ay{®#(x)} denotes the oscillation of #(x) in the sphere |zx—a|

=p(a) possessing the point @ as the center,
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where ¢ is a positive constant depending only on n, but not on v, and $(r) is a
function defined by

b g2 B0

t.2) dy=—r LD, B0

7

+é@)

Proof. Suppose, in the first place, that «(x) belongs to C}[r=7], and multiply
the identity

5 @omr— (=] 3 6ar| - 3 00,100 0m)
2,7= 1= 21,0=

by the factor k(r)=¢(r)r*—"(r,2—7%)?, and integrate the result over the sphere S[r].
Then, on integrating by parts we obtain

J; ES i (3131%)2/?(7’)6136—8 3 (du)2k(@)dx

770 2,5=1

4. 3)
=S ) { 3T @t dk(r)— 3 (3:)(@70)3:9; k(r)ldm

1=1 2.7=1

Furthermore, by the limiting process, it can be shown that the above relation
(4. 3) holds for any u(x)eCr=r,].
Now, since

0:0,k(r) =

22 { k() 1 dk@) } 0i, dk()
7? dar? v dr r adr
and 1™, x;0;u=70,u=rdul/dr, we have

k() 1 dk(r)
dr® 7

1 dk(r

@s 3 (aiu)(a,-u)aia,k(r)zl

2,7=1

](a w20 5 Gy,

Hence, by the expression (4.4) and the formula

Qhr)= dk(r) n n;l dl;(:) ,

it is easily seen that the integrand 7, in the right-hand side of the relation (4. 3)
has the form

L=1, 3 (a0 — I,
=1

where

d*k(7) + n—2 dk(r) I— d?k(r) _ i dk()

L= dr? r dr dr® r dr °

Moreover, by making use of the inequality X, (d:%)*=(0,u)?, we get
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(L = (| L]+ L)) X (@)
=1

We next evaluate the two terms I and I..
Since

TED — . yrontrt—r2-4-000) — (= D+ =) - =),

d*k d?d
TED - LOD iy 2 PO n it nyyrnirt—r)

F+oN{(n—1)(n—2)rs* — (n* —11n+22)r*r*+(n—5)(n—6)r*}r ™,

we obtain

11={P1(7o, Nr:— = & W) + Py(ro, 1)1 ( ) + Ps(7o, r)so(r)}

d2 (r) dso( )

+P5(70y )7

I,= { Py(ro, n)r® + Pe(ro, r)co(r)}

where
Pi(ry, )=(12—7%)?%, Pu(ry, 7)={—n—2)r%+m—10)r%} (rs?—7?)?

Ps(ro, )=m—2)1*+n2—n—4)r’r*—3(n—06)r*,

Py(ro, n)=r*—71%)?, Ps(ro, )={—2n—3)r*+2n—11)r*} (rs>*—7?),

Po(r,, N=n(n—2)1r,* —(n—2)(n—"7)rr*+(n—4)(n—6)r.
Consequently, the inequalities

ag() a*9(r)
dr =0, ar* =0

8()=0,
yield
I = { 51 1P ) } {2 <aiu>2}¢<r>r—n,

where ¢(r) is the function defined by the expression (4. 2).
If we put

“« Max {; \P(re, r)l} Max {é]Py(I, t)l},

0=7r<70

then ¢’ is a positive constant depending only on #, but not on 7, and we get

J=cr, S Z @) p(@r—rdz,

=710 1=

from which the desired inequality (4. 1) follows with c=/c’.
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LeMMA 4. Let a;(x) be continuous functions defined in the sphere S[r,] and
satisfying the comdition

n 1/2
[ Zl(aij(x')—aij)z} =e<1
1,)=
Jfor any point xeS[r,] and for a positive constant ¢ not depending on zx.

If §(t) is a function satisfying the condition (D'(r,) and if u(x)eCr=r., then
we have

[S 3T (D0 n(ret — 72)2dx}l/2

r<70 2,7=1

= 1 {S ( i‘ a; ,-(x)éh&m) 2¢(r)1'2*"(r02—r2)2dx}1/2

1—e¢ 2,9=1

-+

c n N 1/2
roz{g (Qsu)2p(r)r—™ dx} ,
1—e rSro 1=1

wheve ¢ and H(r) arve the same as in Lemma 3.

By using Lemma 3 and by adopting the function $(r)r*~* instead of 7%+« we
can easily prove this lemma as Lemma 2 in the previous paper [3].

LemMMA 5. Let a;j(x) and u(x) be the same as in Lemma 4. If ¢(t) be a
Sunction satisfying the condition (D(ry)) and if we put

T(O=20(t)+01), O@O)= S @ i@,

0

then we have

n 1/2
4. 5) { S PN (aiaju)zgo(r)rz—"(roz—rz)zdx]

<70 2,7=1

= VO ) M TP Max (o) |

7 . @:5(x)0:0 ju(x)
2,0=

where c is the same as in Lemma 3, and wn denotes the surface avea of the n-
dimensional unit spherve.®

Proof. Let 5 be a positive number. Then, by virtue of Lemma 1 in §2, there
exists a function ¢(#) satisfying the condition (D’(r,)), such that

()=o) =et)+7,

4. 6)
o) =D =P(t)+7

9) That is, wa=2nn2/I'(n/2).
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in the interval 0<¢=7, Therefore, we get by Lemmas 2 and 4,

= 1 S f} (0:0;)p(V)r*=—"(re2 —r?)2dx ] "

r<7r0 1,7=1

= { S i (3iaju)¢(7’)7’2"”(7’02—1’2)2dx]1/2

rS70 2,7=1

=

115 [{57§r0< i aij(x)aiaj%>2{5(7’)1’2‘70(7’02—7’2)2dx}1/2

2,7=1

+ croz{ S nl (@)’ p(r)yr—m dx} 1'2]

rSr0 1=

“S‘N/l “’_-_«"—Z“z[ro{gb(ro)}lle\rfgx Z’\“_, @i ()20 0(z) |+ {T (ro) } 2 %%Xlazu(x)l],

vy=

where

[
airm)_[ 48 +2¢(t>+d><t>j

=170

Since #d@/dt=0 in the interval 0<¢=r,, the function
V() =260+ ()
satisfies the inequality
To=T@
in the interval 0<¢=7,, and further, it follows from the inequality (4. 6), that
Y= =r)+3y

in the interval 0=¢=<r,.

Thus, we obtain

=2 o) +rpMax| 3 (@) | +elF00) +37) Max[0.u(a)] |
- TET0 | g,9=1 =70

and making »—0, we have the inequality (4. 5).

LEMMA 6. Let G(x, &) be Green's function of Laplace’s equation du=0 with
respect to the sphere S[r.], and let f(x) be a bounded measurable function in S[r.]:
(Jf@)|=M). Then we have the estimate

wn—lgm 3,600, &) £ (E)dE | = calrs,
=70

where oy denotes the surface area of the n-dimensional unit sphere, and
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_ 2 _p( L ﬁl)
Cn= n——k_l‘B(n)’ B(n)-B( 5 D) .

For the proof of this lemma, see Lemma 3 in a paper of Aké [1], p. 384.

§5. Proof of Theorem 1.
Let @ be a point of D and let X, be a closed sphere defined by
Se={z; |lz—a|=rp(@)}  (0<r<D),

whose boundary is denoted by ..
If we put

pre= Max {[.1(x) p(2)}, pula)= dist (z, 5,

then there exists a point x‘? in the interior of 2., such that
[0z0(x )] 0e(27) = pte.

Let #’=Tx be a linear transformation of variables, by which we have

3T ai @)= 3000w (x),  u(a)=u(T-'z"),

2,7=1 =1
and further put
f(xy M, al‘u):f,(x,a u,) axru,),

n n
2 @i(®):du(x)= 3] bij(x")ds'd;'u'(x").
7,7=1 2,7=1

Now, let 2 be a positive constant, and let S, and S¢;, be two concentric closed
spheres with radii Ap.(z‘®) and 220.(x‘?) and having the point z®’/=Tz® as the
common center.

If the constant 2 is so small that

1 21 1
5.1 IE— NME = —=,
G- 1) ‘8MA<2J2¢A<2MA
then, as in the proofs in the papers [3], [4],” we obtain
S CSanc T(20),
and
(.2 10:20(2)| SN 2 pe(@ ),

10) See [3], pp. 62-63; [4], pp. 212-213.
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(6.3 S, w(@), 0a’ (@) =] f (@, u(x), 0:0(2))| S2Bp ()2 p 21

for any x' = TxGS(zx)C T(ZZ,).
Furthermore, let G(x’, £) be Green’s function of the equation 4’#’=3.",0,/0:"u’
=0 with respect to the sphere S, and let 4/(x’) be the harmonic function defined

in S, and taking the boundary values #’(z’) on the boundary :Sm of the sphere
Scy. Then the following inequality can be obtained also in the same manner as
in the proofs in the papers [3], [4]:
6.4 02/ (xO")| =( 1 )+(11)+(ID),
where

(1) =04z,

(1) =

ot 2.6, o1 we, ae%'(f))dfly
S

4LJ=1

) =~wn—lgs 2.6, &) 3 (6“—bi,-@»ai'a/u'(ads|,
)

and w, denotes the surface area of the n-dimensional unit sphere.
Moreover, we see

BB e (uaryy,

¢-9 D =760 %
and
(5. 6) m)gfﬁﬁwmw&%%mmwmm

where B(r)=B(1/2, (r+1)/2)71.

This time, we attack the estimate of the third term (III) in the right-hand
side of the inequality (5. 4).

It follows from the property of the transformation z’=Tz and the condition
(3. 3), that

< 172 n 172
{ P (bij(.’l),)——aij)z} é%{ Zl(aij(x)_aij(x(o)))z

2,7=1 1,y=
5.7

< n

§0(|x—x(°’|)§ %go(N/le/__x(o)/D

1}:;]

if v/ 7|2 — 2| <o.
Consequently, by making use of the estimate

11) In order to form this estimate, we use Lemma 6,
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Iaz:G(x(O),, é)léls_x(o)lll—n
and by putting r=|£—2z®’| and 7r,=2p.(x‘®), we obtain

1

n

amn =

SS 19.G(2”, s>|[ 5 <6if—bi,~<s»2} (Z @vorw ey a
) wi=1

1,7=1

.8

IIA

n n 12 B
wnd Sm [ 2 (a”"a/“'@)?] o/ Tnyri-nds,

1,9=1

where the constant 2 is taken so small that in/A p(z®)=é.
Moreover, the inequality

(5.9) 20{(x”)=2p(a)=d
shows that the inequality (5.8) has the meaning if only we take 4 so small that
O<2§25/J Ad.

Now, since

n 1/2
szSré\n{ P (ai’a/u’(é))z} o(n/ Aryr-rds

2,9=1

n

{Srsr,‘”(*/ Enr—nds}m{ [, 500w @ru zor df}m

lIA

~|oetvan| ||

we get easily

PR '(5))290(~/A7’)7’2‘”d$} :

r=

fo= T o 2,2 @n ) {@('\/Arl)} {S i (ailal/u/(s))zﬁo(N/ZT)rz—n(Toz—1’2)2515}1/2

r=ro01,J=1

by putting ro=2r=220.(z”) and by taking 2 so small that

(5. 10) 0<2

lIA

:LH{ i

Hence, by observing

—

o/ T =0(v 5 ) =0/ 70,

we have

. 1/2 n . 1/2
(1II) gK’ro‘z{q)(M A‘ro)l {S > (09,4 (€))20(n/ Er)rz‘”(roz—rz)zdf} ,

r=701,7=1

where K'=4n/3s/ 0, A.
We next modify the above estimate by making use of Lemma 5 in §4.
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The function ¢(x/ A7) satisfies the condition (D(ry)), and it is seen by virtue of
the inequalities (5. 1), (5.7) and (5. 10), that if the constant 2 is taken so small that

= . 1 ) 7 — 1
(b. 11) 1= Mln[ Sx/ﬁ’ _'\/_ :4'_ _d} and ZSD(,\/AdX)é 3

we can choose 1/2 as ¢ in Lemmas 4 and 5 in §4. Therefore, taking 4 in this
manner, we obtain by Lemma 5,

() =28/ 0, K {D( Ar0)}

e(U(/ An) " Max |az,u'<s>1],

% bis©)0/2,//©)

uy=

-[ro{sou/ )} Max

=70

+c Max | 9z.2'(8) | },
rs70

<2/ KU oo Max| 2 bu@90, )
TS70 1,J=

where
(5.12) V(N Aro)=1{20@)+ D)} i yiro

and ¢ is the positive constant given in Lemma 3, which depends only on .
On the other hand, it follows from the estimates (5. 2) and (5. 3), that

|02’ ()| =/ Al0at(@)| /2 A0z ) 1t

3 biy (239,02 | =| F1(a, W/ ("), Dutd'(a")]

wr=1
=2Bpx ) ut+ I
for any »’=Tx€Ses, and hence, by putting
K=4n| A(>2+/20,K"),
we have
(5.13) D =KT(/ ZdD[2{2Bos(x ) p2+ T pw @)} A4-ca/ Ao )11,

which is the last form of the estimate of the third term (III) in the right-hand

side of the inequality (5. 4).
Now, since

(5. 14) (024" (@) ZA/ A 10216z P) | =0/ Ape(5©) "ty
it follows from the inequalities (5. 4), (5.5), (5. 6) and (5. 13), that
N Aplz®) 1y,

Bn) 1o
= 2oy g(sg {a/(z")}
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ZB(n)

+ {2Bo(x ) P+ pu(x )} 4

+ KU/ AdD2{2Bp(x ) p*+ 1 pu(x )} A4-cn/ Zpe( ) g,

and consequently we obtain

(5. 15) ACopes® = {1=¥'(w/ AdDC:}pts + %Cz—\é();
where
— ABA B(”) A
= VA T HEY (/A dl)} CimKenf 4,
_ B .| Bn) — \
Com g w8 W)+ RS+ KT/ Aot

We remark here that, for the validity of the inequality (5. 15), it is sufficient to
take 2 so small that the inequality (5. 11) holds.
Furthermore, since

4B [ B(n) B(n)
CoCa= ,\/A {n—i—l +KW(“/A‘H)}[ A4 s a[sm){u(ﬁ)}
B _
+ T 12‘ nﬁf{ +KU(/ gdz)}p(a)zf],

by virtue of the condition (3. 5), the constant 2 can be taken so small that
6. 16) {1—¥(/ Ad)C1}2>4(C)(A7C),
— 1
(5.17) 1=/ ZdnC, =5
If we determine 2 in this manner, then an algebraic equation in X:
. 1
AC X2 — {1—W(¢gdx)c1}X+7— C.=0

possesses two distinct real positive roots R, R:(0<R;<R), and we have either of
the two following inequalities:

ﬂxSRl or R2§[l;.

We see however that p. depends continuously on » and lim,,.oz.=0, and
therefore it holds that

ﬂx é R1~

Thus, by making +—1, we get
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|020(a)| = Ri0(a)~?,
and by observing

4CCs 4G,
R= G =0/ Ad0CT = 2

we have the desired estimate

|02(a)| éC“’p(d)‘ll _920( ){u(:v)} +C®p(a)

where C® and C® are positive constants depending only on A, 4, B,I', N, n, d,
0 and the function ¢(#).
Exactly writing, we obtain

_ 4B o 84 {B(n)
“=wa A e

where B(n)=B(1/2, (n+1)/2)~, K=4n/A and

¢ o(?)

o t

+KU(/ Ad T,

5. 18) ?If(t)=250(t)+S a@.

The dependence of the constants C® and C® on the function ¢(#) is seen from
the definition (5. 18) of the function ?'(#) and from the restriction that we must
choose 2 so small that the inequalities (5. 11), (5. 16) and (5. 17) hold.

§6. Other results.

In cases where the growth order of the function f(z, #, p) with respect to p is
less than in Theorem 1, we have the following results.

THEOREM 2. If we suppose the condition
6.1) | f(x, u, p)|=B'|p|+1,

instead of the condition (3. 4) in Theorem 1, then the condition (3.5) may be omitted
and we have

(6. 2) |022(a)| é—C‘”p(a)'1| OIS;I . ){u(x)} +C®p(a)
z—a|<p(a;
for any point aeD, wheve C® and C® are positive constants depending only on A,
A, B, n,d,é and the function o).
Proof. In this case, we obtain, instead of (5. 6) and (5. 13),

2B(n)

6.3) D=~ )

{2B' e+ T'0(x )} 4,
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6.9 (UID=K¥(/ AdD[2{2B’ pet 0z )} 2+ cn/ Ao ®)pe.],
and therefore it follows from (5. 4), (5.5), (5. 14), (6. 3) and (6. 4), that

N Ao (z®)

_ B o

't B(”)
oo ®y O W@+

T 2Bt To(z )}

+ KU/ AAN2{2B’ pet pe(x )} A4-c/ A0e(x®) 1]
We thus have

= 1
(6.5) [1—{2C 4+ ¥/ AdDC }pe = —C
where
B'd | B(n) — , a1
C= ,\/A {n+1 +2KW(\/Ad])}, C —K(Ja\/z—
_ 1 B(n)
Co= va [B(n)a 980’) {u(w)}HZ{ | +2K¥(/ Adl)] (a)zl”]-
By taking 2 so small that
P Min[ L, }
= 8v/ 1 «/ Ad
(6. 6)
o/ AdD) =~ ACHI(/ FanCy' =,
we obtain
(6‘ 7) #:§ %‘CZ,

from which the estimate (6. 2) follows along the same lines as in the proof of
Theorem 1.

THEOREM 3. If we suppose the condition
(6. 8) | f(x, u,pI=T

instead of the condition (3. 4) in Theovem 1, then the condition (3.5) may be omitted
and we have

6.9 |0.24(a)] éK‘“p(a)‘ll _O;S;:( ful=)} +K®p(a)

for any point aeD, where K and K® are positive constants depending only on
A4, A, I'yn,d o and on the function ¢(f).
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Proof. In this case, we get also the inequality (6.5) and we see that C,=0,
and C//, C. are the same as in the proof of Theorem 2.
Hence, by choosing 4 so small that

(6. 10)

. 1 0
=M —, 2
= Min 8,\/ ¥

N

- A _ A5
o/ Ad) = o U/ AdD)= ﬁc/f'}*j’

we have the inequality (6. 7), from which the estimate (6. 9) follows along the same
lines as in the proof of Theorem 1.

[1]
(21
[3]
[4]
[5]

REFERENCES

Axk0, K., On the equicontinuity of some class of functions. J. Fac. Sci. Univ.
Tokyo, Sect. I, 9 (1963), 383-395.

CorbES, H. O., Vereinfachter Beweis der Existenz einer Apriori-Holder Kon-
stanten. Math. Ann. 138 (1959), 155-178.

HirasawA, Y., On an estimate for semi-linear elliptic differential equations of
the second order. Kodai Math. Sem. Rep. 16 (1964), 55-68.

Nacumo, M., On principally linear elliptic differential equations of the second
order. Osaka Math. J. 6 (1954), 207-229.

SiMODA, S., Traité sur la théorie des équations elliptiques et semi-linéaires, IV.
Mem. Osaka Univ. Lib. Arts Ed. 12 (1963), 1-9.

DEPARTMENT OF MATHEMATICS, TOKYO INSTITUTE OF TECHNOLOGY.





