ON AN ESTIMATE FOR SEMI-LINEAR ELLIPTIC
DIFFERENTIAL EQUATIONS OF THE SECOND ORDER

By YosHikAzU HIRASAWA

§1. Introduction.

In an excellent paper [3],”> Nagumo obtained a result on the a priori estimate
for derivatives of solutions of the semi-lincar elliptic differential equation

n %u ou\ 2
L1 L= % a@) 5o =f{w 5y )
and he utilized his estimate in establishing an existence theorem for solutions of
the boundary value problem of the first kind concerning the equation (1. 1). Through-
out his paper he imposed the Lipschitz condition on the coefficients a;;(x) and
used the fact that the functions a;;(x) are differentiable almost everywhere in
obtaining his a priori estimate for derivatives of solutions of the equation (1. 1).

In the present paper, it will be shown that, by imposing the Holder condition
on the coefficients a.;(x), we may have also a result of the same type as obtained
by Nagumo in his work.

Though our process of proof is, for the most part, similar to Nagumo’s one, a
part of it has been suggested by a work of Cordes [2] and especially Lemmas 1 and
2 in §3 of the present paper are the modifications of Cordes’ results.

Our main result will be stated in §4.

We use the notations dq,u or diu for du/ox,, and 0x,0.,;u or diju for 0*ufox:dx,.
x and 0,u denote the n-dimensional real vectors (x;, &s, -+, Z») and (0,u, dat, -+, Onit)
respectively. We use 0,4 or 0;u for du/dx;, and the notations of the same kind
for the others too. Especially d,# means du/dr for r=(3 " x)"".

We define |x—a&'| and |0,u| as follows:

1/2

== lél(xi‘xé)zj and |d.u|= {é (&-u)“’] -

§2. Preliminary remarks.

Let D be a bounded domain in the n-dimensional Euclidean space and let

1) The numbers in the brackets refer to the list of references at the end of this paper.

2) Qu/ox denotes the n-dimensional real vector (9u/d0xy, ---, 0u/dxy). TFor duldxi, dulox
and etc., we shall introduce, in this section, other notations which will be used 1n the
subsequent sections.
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L(u) = i . aij(x)aiaju
1=

be a differential operator satisfying the uniform ellipticity condition with two posi-
tive constants 4, A (4 =A4):

@1 AIEP= 3 au@is, <A1

for any real vector é=(&y, &, -+, &) and for any point xeD.

Then, for any point x£®eD, we can find a linear transformation of variables
z’=Tx which transforms the form X7 ,., a:;(x®)d:0;« into the form 4'u=7Y,".9;0;u,
and further we see that this transformation, at the same time, changes the form
D= @i )00 0 into the form X7, 0;udv.

We call the transformation defined by the above character the linear trans-
formation associated with the point z®@, and in the following of the present section,
we will give, without detailed proofs, certain properties of this transformation which
will be necessary later.

(I) First, we have

1 —
2.2 ﬁlwlélTxlév%m VA x| =T | =V A2

and since |09/ (x")|={ 27 ,=1 a:;(x)0:ud;u}"?, we get
2.3) vV A10:u(x)| =00 (@) =V A |0au()]

where we have put «/(x")=u(T-'2’) for any function u(x).
(II) Now, let a be a point of D and let 3 be a closed sphere defined by

Y={z; |x—a|l=p},

p being a positive number such that Y<D. Further let £ be an interior point
of X and let S be a closed sphere defined by

S={z’; |&'—Tz|=p"}.

Then we have the inequalities

NAp = |T % —x@|=V A
for any x’eS.‘, where S denotes the boundary of S. Therefore by being the bound-
ary of 2, the inequality
@. 4 VA < dist (@, 3)
implies an inclusion relation Sc7(Y), and in this situation we get
. 5) dist (z©, 3)— v Ap’ = dist (T-(S), 2).

(III) Let &’=Tx be the linear transformation associated with a point 2
belonging to D, and suppose that by &’=7w, the form };7,_, a:;(x)d:0;# is changed
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into the form
n
L'(u)= X bij(x")0;0u' (x'),
2,7=1
then we have
bij(x®’) =0y,

and

n 1/2 n n 1/2
L2 Gu@)-boeeny]” = 1| £ @@-aeon]”,
1,7=1 A 1,7=1
where '=Tz and 2/ =Tz,

Supposing further that the coefficients a,;(x) satisfy the Holder condition with
a positive constant H and a positive exponent a (0<a=1):

n 1/2
(2. 6) { > . (@i;(@D)— ai(@®))? } =H|z®—g®|e,
1,]=
we obtain
n 1/2 nza/z
2.7 { Zl(bij(-x/)'—bij(df'(oy)y}’ = A H|x'—x©"|e.
2,0= A

§3. Lemmas.

CH[|x| =7,] denotes the family of all functions which are % times continuously
differentiable in the domain {x; |x|=7,}, where 7, is a positive real number.

LemMmA 1. Let w(x) be a function belonging to C*|x|=r]. Then we have, for
any positive number « such that 0<a=l,

n 1/2 1/2
{ S Z (aiaju)21’2+“—"(7’02—7’2)2 d.’l?} — { S (Au)272+a—n(roz__r2)2dx}
r=ro

rSrgid=1
3.1
n 1/2
_S_crf(g > (aiu)zr“'"dx} ,

r<re =1

where v=|x|, and c is a positive constant depending only on « and n, but not on ..

Proof. Suppose, for the first time, that u(x) belongs to C3[|x|=7,], and multiply
the identity

(dup— 3 @daP= 33 90,(@a)@0}—4(5 Gy

2,J=1

by the factor #2te—7(»2—#%?2, and integrate the result over the sphere r=|x|=7,
then we obtain by integration by parts
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J= S > (G0t (ry — ") d — S (du)rrt+a—r(r*—r*dx

r<re WIF r=70
3.2

=S ) [ %, Quidr s =) — 3 l(aim(aju)aiaj{rw—n(roz—rZ)Z}]dx.

Furthermore it may be shown by the limiting process that the above relation
(3. 2) holds for any w(x)eC|x|=7r].
Since
A{ rz+a—n(702_ 7,2)2}
=a(2+a-—n)r“‘"(702—72)2—1—4(11——2(2—}—:1))72 {‘a—1l(7/02_72)+8’,4+a-—n’

and
050 {r*+a="(r 2 —7%)?}

=Q2+a—m){r*+(a—m)x.x,}r- 2t (r —r?)?
—4{2Q+a—n)xixj+ 120, }re (1 — 1) +8x i e,

the integrand in the right-hand side of the relation (3. 2) is equal to

L=(n—2—a){(1—a) é}l (6iu)2—(n—a)(0ru)2} remm(ryt—rE)?
+4(1—3~20) 5 @uufr*+ ey —r?)

——8(n—Z—a)(aru)zr““‘"(rnz—72)+8{ i}l (aiu)z—(aru)Z] priemn,
Moreover, by virtue of the inequality X%, (0:u)*=(0,u)% we get

L= |(n—2—a)2—a)| 3 (Que)re=r(rot—r2)
=1
+4n—3—2a| 3* @)t (ryi—r?)+-8 z"l Bauypitan
1=1 =
= {|(n—2— )2 — )| (o2 — 1) A — 3 — 2at| r*(r? — #%) -84 ‘i @saytra—r

n
=c'n' Zl (@:u)’re ™,
=

where we have put
¢ =r,"*Max{|(n—2—a)2—a)|(ry>*—1?)*+4|n—3—2a|r*(ry*—r?)+8r*},
0srsm

and hence ¢’ is a positive constant depending only on « and #, but not on #,.
We have therefore

J= S f] . @0 u)2r2+ - (r2—r?)tdr— S

du)?re—(r2—r?)? dx
rsro W= 70

s
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n

éc’ro“g ) @:su)?re—dzx,

r<ro U=

from which the inequality (3.1) follows with c¢= v¢’.

LemMMA 2. Let aij(x) be functions defined in the sphere r=|x|=r, and satisfy-
ing the condition

n 1/2
L ]Z=1 (aij(x)—éij)z} =<1
Jor any point x of the sphere |x|=r, and for a positive constant ¢ not depending

on x.
Then we have, for any u(x)eC|x|=r)],

i n 1/2
{S by (aia,-u)%w-n(ro?—rZ)de"
r<rg tJI=1
3.3)

1 n 2 1/2 c
= { S ( > a; j(x)aia,-u) prra=n(y 2 — rz)zdx} +
1 —é& r<ro 1 -

uy=1

n 1/2
6702{8 2 (@u)?re—rdxt .

r<ret=1

where c is the same constant as in Lemma 1.
Proof. Put L(u)=x7,-1 aij(x)0:0;u, then, by virtue of the relation
L(u)=du+ z”l(atj(x)—aij)aiaju,
1,J=
we obtain
1/2
{ S (L(u))21,2+a—n(702_72)2dx}
TST0

1/2
= {S (Au)27’2+“""(7’02—7’2)2dx}
=70

B [ Srsm < ix (@) —5”)3“81'”)2 7'2+“_”(7’02—72)2dx]1/2

J=

1/2
= i S (du)?re+ea—n(r®— rz)zdx}
TS70
n n 1/2
=0 (5 @ute —007) B @amyrsri—rydo|
r<ro \LJ=1 2,7=1

1/2

= { S (Au)zr”““"(roz-rz)zdx}
=70

n 1/2
_S{S Z (aia].u)zrzm—n(roz_7,2)2dx} )

rsro WI=1

Hence, combining the above inequality with the result of Lemma 1, we get
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(1—e¢) { S Zn: . (aiaju)27’2+"_”(7’oz—7’2)2dx } 1/2

r<re LWJIE

r 1/2 n 1/2
= { S (L(u))zr““—"(roz——rz)zdxl +cro21 S (aiu)zr“‘"dx} ,
r=ro r<ro =1
from which the inequality (3. 3) follows.

Remark. We will here find an upper bound of the constant ¢ given in Lemmas
1 and 2.
Put
o) =|n—2—a)2—a)|1—15)2+4|n—3—2a|t(1—1)+ 82,
then, by the definition we have
c*=c’= Max ¢(2).

0=ts1
Since
[n—2—a|=n—24+a=n—1, |n—3—2a|=n—14+2a=n+1
for n=2, 3, ---, we obtain
(O =4H{(n—1)A -+ n+1)H(1—18)+2t%}
=4{(n—1)— -3t} =4{m—1)+t},
and hence we get
ci=c' =4n.

Thus we can take ¢=2+# as the constant ¢ given in Lemmas 1 and 2.

Now, for the proof of the main theorem in the next section, we will use also
the following lemma due to Ako [1]:

LemMA 3. Let G(x, &) be Green’s function of Laplace's equation du=0 with
respect to a sphere |x|=r,, and let f(x) be a bounded function in |x|=r, (| f(x)|=M).
Then we have the estimate

=c. My,

a)S 3G (0, & F(&) de
1€l =70

where w. denotes the surface avea of the n-dimensional unit spherve, that is, w,
=2r"%/I"(n/2), and

2 1 n+l 1L n41\_ 1\, ntl n+2
| B(’é" 2 > B<7’ 2 )‘F(2>’< 2 >/F< 2

For the proof of this lemma, see Lemma 3 in a paper of Ako [1], p. 384.

§4. Main result.

In the present section, we consider the semi-linear differential equation of
elliptic type
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4. 1) 3 @i (X0 u=f (2, u, d510)
2,7=1

and give a result about the a priori estimate for derivatives of solutions of this
equation.

Let D be a bounded domain with the boundary D in the n-dimensional Euclidean
space and let d be the diameter of D.
The differential operator

L= 3 a@piu
1,]=

is supposed to satisfy the ellipticity condition with two positive constants 4 and /A
(A=A):

. 2) Awgéwmwémw

for any real vector £=(&, &, ---, &) and for any point xeD, and further the coef-
ficients a;;(x) are supposed to fulfil the Holder condition with a positive constant
H and a positive exponent a (0<a=1):

n /
4. 3) { Zl (aij(x(l))—‘azj(x(z)))z}l 2§Hl$“)—x(2)l“
1,0=

for any x®, x®eD.
The function f(x, «, p) is defined in a (2n-1)-dimensional domain
D={(=, u, p); €D, |u|=M, |p|<-+oo},

where M is a positive quantity and p denotes the n-dimensional real vector ( pi,
De, +++, Pn). Furthermore we suppose that the function f(x, u, p) satisfies the con-
dition of the growth order with respect to p:

“. 4) [f(x, u, p)|=BIp|*+I"
for any (x, u, p)e®, where B and I' are positive constants.

THEOREM. Suppose that the above-mentioned hypotheses are fulfilled. Let u(x)
be a solution of the equation (4.1) such that |\u(x)| =M, and let N be the oscillation
of u(x) in the domain D.

If the condition

BN 2 1 n+1\2\®
is fulfilled, then we have
(4. 6) |0zu(a)| <C“’p(a)“[ OIS§C( ){ u(x)} +C®p(a) ®

3) As seen in Lemma 3, B(1/2, 1/(n+1)) is the Beta-function, which can be expressed
by the Gamma-function as follows: B(1/2, 1/(n+1)=I"(1/2)"(n+1)/2)/T((n+2)/2).

4) The notation OsC|z—qa|<pa){#(x)} denotes the oscillation of #(x) in the sphere [z—a|
<p(a) possessing the point ¢ as the center,
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for any point aeD, where p(a)= dist (a, D), and C® and C® are positive constants
depending only on A, A, B, ", N, n, d, H and «.
Proof. Let a be a point of D and let ¥, be a closed sphere defined by
Ze={x; |x—a|=rp(a)} (0<£<1),

and put
Y= I\J{Iegx {10206(z)| 0o()},

where p.(x)= dist (z, i") and ¥, denotes the boundary of Y,. Then we can find a
point £ in the interior of 2, such that

[022(x )| po(X ) = pts.
Now, let #’=Tx be the linear transformation associated with the point 2,
that is, suppose that by &'=7x we have

¥ a@®)0du@)= 3 900 @),
=1

2,7=1
where u/(x’)=u(T'x’), and further put
f(xy u, axu)Ef/(x/’ u/’ ax'ul)’
3 a(@pdu@)= 3 b2 (%),
2,7=1 2,7=1
Then we obtain

L' @)= 3 90 (x")
2=1

=1 @', W, 0utd )+ 3 O =bi@ O @)
2,J=

Let Sy and Sy be two concentric closed spheres with radii 2e.(x‘?) and 22p.(x®),
and having the point x®’'=Txz® as the common center, where 2 is a positive

constant. If we take 2 so small that 24V A 0:(x) < p(2?), that is,

1
4.7 2< oV’
then, by (2.4) and (2.5) in §2, we have
Sy CSenc T(2)).

Now, let G(x’, &) be Green’s function of the equation 4’#’=0 with respect to the
sphere S¢;,. Then we obtain for any x”€S,

u’(x’)=h’($’)~wn‘lss G@', &) 1§, w'(§), deu'(§))dE
W

—wn—lg G@', &) % (i—bif @)1’ (€)de
S =

1

T
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where w, denotes the surface area of the z#-dimensional unit sphere, and 4’(z’) is the
harmonic function defined in S, and taking the boundary values #’(x’) on the

boundary S'(;) of the sphere S¢,.
We get therefore
4. 8) |0z 2" (2”7)| = (1) + A1)+ (11D,
where
D=0z h"(x")],

(II)=|cun“ISg 0Gx®’, &)f' (&, u' (&), osu’(§)) dE},

RO

d1m)= a),,-lg 0 G(x®’, &) an (5ij—bij($))8;6}u’(§)d§’.
S(l) 2,7=1

We see firstly

1 1 ntl)\™ s

4.9) 0= 2oy B( 5 T3) Qe @),

On the other hand, by (2.5) in §2, we have
10,0(2)|(1—22V A) p(2©) = 2200() | po () = pre

for any xeT-'(Ses)C 3., and hence by taking 4 so small that (1—21VA)1=42,
that is,

V2 -1
*.10) = IV
we obtain
@11 |0200()| =V 2 p(2®)1pr,

for any xeT-*(Sein)C ..
Therefore it follows from the condition (4. 4), that

(4. 12) | /(& u'(8), dert’ (&) =| f(x, w(x), D-u(x))| =2Bp(z )~ *p>+1I"

in the sphere Sc1, and thus, by virtue of Lemma 3 in §3, we get
_2 _1_ ntl ™ )-1,21 " (ONY]

4.13) M= B(— . 255 ) 2B e+ o)

In the next place we estimate the third term (III) of the right-hand side of the
inequality (4. 8).
By making use of the estimate

4. 14) [0 G(x, §)| = |E—a®!|'=m,
and by the inequality (2. 7), we have
(III)éwn-IS

D S(l)

n 1/2 n 1/2
-G, o1l 2 G—buer] | & ovarwer] e
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lIA

nZa/Z
w, A HS

where 7r=|6—z©’| and r,=2p.(x). Furthermore we see

n 1/2
{ Zl (a;a;ur(é))z} 7,1+a—nd£:’
7=

S (b

5 12
]158 {wzzl (aéagu’(g»z} ylra-ngg

r=71

1/2 n 1/2
g{ { ra—nds] {S pa (a;a;-u'<s>>2r2+a-nds}
r<ry r<ry LI=1

]=
a«)1/2 n 1/2
:{wn_rl_} {S Z (%3}%'(5))21’““_"0%}
[44 r<ry 2,7=1
and hence, by putting #,=2r,=22p.(x‘?), we get
1 WRIREY: n ., 1/2
= m{ a)a - } ‘S . ”Zil (aiaju'('f))27’2+“""(7’o2—72)2d5}

[

372 a

We have therefore

/2

1/2 n 1
} {S 37 (323}%’(6))27’2“—"(7’02—rz)zdf} .
r<n BI=1

n 1/2
(III) §K’Hro—2+“’2{ S 2 . (aga;.u'(s))ww—n(r&—72)%15} ,
=

rS7r0 L=

where

4 A\
= ——""
K'= 3 <2"awn42> ’

Now, by (2.7) of §2, and by 20.(x®)=<2p(a)=<d, we obtain
2 1/2
Zl(bij(x,)_‘aij)z} =H |z’ —x©®’|«
1=

=H,22p(x®))*=H,d“2*

for any x’€Scn, where Hi=nA2HJA. Hence, if we take 1 so small that H,d*1"
=1/2, that is,

4. 15) A «/dT <-2—;f%> "

then we can choose 1/2 as ¢ in Lemma 2 of §3.
Consequently we have by Lemma 2 of §3,

IA

n

(III)§K’H70‘2+“’2[2’S ) ( 5 bij(é)agﬁj’-u’(€)>27’2+“—"(7'02—r2)2d5}1/2

6J=1

n

VT roz{ S 1(0{%’(5))27“—"615'1/2].

r<ro =

Furthermore, since it follows from (4. 11) and (4. 12), that
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5 2 1/2
{ S < (z ]Z=:1 bu@ﬁﬁju’(@) 72+a—n(1,02_r2)2d§}

1/2

groz{ [ Irewve, 35%'(5))127’2“""615}

= 2(::105 @Bp(x @) 2p 24Ty 3*e?
and
> (3 v 20
i’ (£)'ram 4%n )-1 af
[STSTQ 1§1 (azu éNr df} = ,\/ o 0:(x®) 1o,
we obtain
4. 16) (IH)éKHVoa{(ZBP‘(x(m)—zp‘z_l_F)ro_’_‘l«/% pﬁ(x(O))_I#‘},
where
N 4 21—an22a 1/2
s K=V K= (S5 )
On the other hand, by (2. 3) of §2, we get
4.18) 022" (07| = VA |0:u(2)| =V A pe(x®) 1.

Thus by virtue of (4. 8), (4.9), (4.13), (4.16) and (4. 18), we have
VA p.(x®)  pe

1 1 »nt1\7 o
< - pf— ==
= B( =, ) Ose (w/(@")

-1
+ _nil B(—;— ) %T—l-l> @B (a®) p 2+ I pu(x®))2

+ KHry® t (2Bp(x®)2p24-Tro+4 «/ % px(x“”)"l#x]{

and hence we obtain

ACapd— (=t G20,

c,—-2B { 2 B(-—lz—, n_llr1>_1+2KHd“2“}, cl=4«/£l;KHd",
1

e B 515) 0 o by )
T VA 27 ntl |z—a|Sp(a) e n+1 27 ntl

+2KHd"x°‘>l’].

65



66 YOSHIKAZU HIRASAWA

Furthermore we see by (4.7), (4.10) and (4. 15), that it is sufficient for us to
take 4 as follows:

4. 19) 1= Min{ L _L(A_)““}.

While, since

_1 —_
cocz=%3—[3(1 L ) N+22p(a)2< B(l L) 1+2KHd“2“>F}

2 nt1 ni1 -\ 2" n+l
2 11\ -
-{«m3<7, n—+1) 2K HAA }

the condition (4.5) implies that we can take 2 so small that
4. 20) 2“C1<% and (A—2%Cy)?>4(AC)(A1Cy).

If we choose 2 in this manner, the equation in X:
AC X —(A—-2C) X+211Ce=0
has two distinct real positive roots R, and R, (R;<R;), and it holds that
wW=R, or R.=p;

however p, depends continuously on & and lim,..eu.=0.
We see therefore p.=<R;, and by letting « tend to unity, we have

|02u(a)| = Rip(@)~*.

Since
R = GG _ 4G
=21C,0—2C) T2
we get
|0zu(a)| §C(1),0(6l)'1l O'SSC( ){u(x)} +C®p(a,
rz—a|=p(a
where
4 1 n—l‘l -1 . A 2 1 n“i—l -1
A = —— —_— - @2 | _“ L nri o e
Cv=7va (2' 2 > , € «/A{n+13<2’ 5 ) —|—2KHdl}F,

which both depend only on 4, 4, B, ', N, n, d, H and a.

§5. Corollaries.

CorROLLARY 1. If we suppose that the condition
(5.1) | f(®, u, P)I=B'|p|+I’

is fulfilled instead of the condition (4.4) of Theorem of §4, then the condition (4.5)
may be omitted and we obtain
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5. 2) |0zu(a)| =CPp(a) Osc {u(x)}+C?p(a)
|z—a|<p(a)

for any point acD, where C© and C® are positive constants depending only on A, A,
B,I' nd,H and «a.

Proof. In this case, we have, instead of (4. 13) and (4. 16),
(5.3) (D =B’ pret-1'p(x))4,
5. 4) (I =KHry*{ @B p(x @)+ 1o +4 \/ % p:(w“”)"‘m},

but the estimate (5. 3) can be obtained only by (4.12) and (4. 14) without the use

of Lemma 3.
Hence it follows from (4. 8), (4. 9), (4. 18), (6. 3) and (5. 4), that

,\/z PR

1 ( 1 ntl
Jo.@®) "\ 2 T2

=

>_los(s§ (@)} + @B g+ T o ()2
2

+KHro“[(ZB’p,(x“’)—lm-I- Iyry+4 x/ % p;(x(o))'lﬂ;],
and further we have
5.5) A=2"CoHp= % Cs,

where

_ Bd . . KHd& n
C=Tg i+ =% <23'dz+4\/7),

1 1 n+l1\7!
—_— . - O 2 201 _ e
C, Vi {B( 5 g > Ix_alsécp(a){u(x)}-{—l 0(a)*(1-+2KHd“2)I }.
Therefore, taking 2 so small that
Lol d A N~ wer = 1

5. 6) A= Min { 8’\/2 , \/Z <-21’Z—H:> } and 2 C1§ 7,

we get

6.7) PN

from which it follows along the same lines as in the proof of Theorem of §4, that

|02u(a)] éC“)p(a)‘ll _OIS;( , {u(x)} +C®p(a).

COROLLARY 2. If we suppose that the condition
5. 8) | f(@, u, PI=T
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s fulfilled instead of the condition (4.4) of Theorem of §4, then the condition (4.5)
may be omitted and we obtain

(5.9 0zu(a)] éK‘”p(a)“l _OlS§C( ){u(x)} +K®p(a)

for any point a€D, where K and K® are positive constants depending only on A,
AT, nd H and a.

Proof. In this case, we have in the inequality (5. 5) in the proof of Corollary 1,

c.— AKH&Vn
T Vad

and the constant C. is the same as in Corollary 1.
Therefore, taking 2 so small that

. ’—1’:: _d_j _Iﬂ_ 1/a —L ,\/&_A" 1/a
(5. 10) ﬂéMln{gvg’ «/A'<2nH> ’ d(z?KH«/ﬁ) t

we obtain the inequality (5. 7), from which the estimate (5. 9) follows.

Exactly writing, we get

2 1 »nt+1\*
1y — = - (2) — LPL
(5. 11) K®= VA B( 5 g ) and K =21(1+2KHd*2")I".
AppeENDUM. In the preparation of this paper, the condition (4.5) in the main
theorem of §4 has been improved by a suggestion of Dr. K. Ako and the author
wishes to thank him cordially for his valuable suggestion.

REFERENCES

[1] Axko, K., On the equicontinuity of some class of functions. Journ. Fac. Sci. Univ.
Tokyo, Sec. I, 9 (1963), 383-395.

[2] Corbpes, H. O., Vereinfachter Beweis der Existenz einer Apriori-Holder Kon-
stanten. Math. Annalen 138 (1959), 155-178.

[3] Nacumo, M., On principally linear elliptic differential equations of the second
order. Osaka Math. Journ. 6 (1954), 207-229.

DEPARTMENT OF MATHEMATICS,
Tokyo INSTITUTE OF TECHNOLOGY.





