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1. Introduction.

In this paper we shall clarify a topological structure of the alphabet-message
space of the memory channel in information theory, and study the integral repre-
sentation of entropy amount from a general view point of a certain generalized
message space. In order to apply to the general theory of entropy, the present
fashion will develop a message space into more general treatment, in which
the basic space X will be assumed to be totally disconnected. As will be shown
in §2, the alphabet-message space A’ is a totally disconnected compact space, and
in §3, a kind of theorem relative to sufficiency for a ¢-field generated by a partition
and a homeoporphism (cf. Theorem 2) and the others (Theorems 3 and 4) are concerned
with the semi-continuity of entropy amount which are general form of Breiman’s
Theorem [1]. Finally, in §4, it will be discussed about the function A(x) found by
Parthasarathy [7] whose integral defines the corresponding amount of entropy (cf.
Theorem 5). It is also shown that the results in [9] can be generalized (cf. the
footnote 2) below). The function %(x) may give useful and interesting tool for the
general theory of entropy of measure preserving automorphism or flow over a
probabiltiy space.

2. Structure of message space.

A Hausdorff space X is called totally disconnected if X has a base consisting
of closed-open sets, clopen say. In such a space X, a measure p is called normal,
if p is regular and the mass of every non-dense set is zero. The space X is called
hyper-Stonean, if it is compact and the union of carriers of all finite normal
measures is dense in X. Such a space X is characterized by the existence of a
normal measure g (not necessarily finite) on X such that #(G)>0 for every non-
empty open set G (cf. Dixmier [2]). Whence, the Banach space C(X) of real con-
tinuous functions on X, with sup-norm ||-||, is isometrical and lattice isomorphic
to the conjugate space of L'-space L'(X, p). It is known that, these concepts on
X are closely related with the theories of Boolean algebras and especially of operator
algebras (=von Neumann algebras, cf. Dixmier [3]).
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In this section, for the sake of functional analysistic necessity and interest, it
will be investigated on the topological structure of the space AZ, defined below.

Let A be an alphabet, i.e., a set consisting of finite number of elements. Put
A=A (=0, +1, +2, ---) and denote A’=X%__,Ar the doubly infinite product set.
AT will be called message space. In the memory channel, the input space of alphabet
information source is taken as the measurable space (A7, A) where A is the o-field
generated by all finite dimensional cylinder sets in A’.

Since each coordinate space Ay is a finite set, they are compact metric spaces
relative to each discrete topology, hence by Tychonoff’'s theorem, A? is also
compact with countable base relative to the weak product topology and is metrizable.
For each point ac A7=(--+, a_y, v, @1, Gz, *++), denote

(1) [dm, AR an] (m é ﬂ)

the (n—m-+1)-length message, say finite message, ie., the set of all re A7 whose
k-th coordinate equals to ax (k=m, ---, m). The messages are obviously clopen. Let
U be any non-empty open set in AZ. Then there exists a finite set of integers
JcI such that the projections pri(U) of U into k-th coordinate spaces Ax, keI—],
are the whole spaces Ay, respectively. Consequently, putting m=min{k; keJ} and »
=max{k; keJ}, then for any fixed aeU, [@m, --+, an] is contained in U. Thus we
obtain the following

TuEOREM 1. The message space AT is a compact metric and totally disconnected
space velative to the product topology, in which the shift is a homeomorphism on A’
and the o-field W consists of all Borel sets. Especially every finite message is a clopen
set and the family of all finite messages is base in A7 as its topology. Furthermore
Al is not hyper-Stonean.

Since the shift is obviously continuous and one to one on A’ onto itsef, it is
homeomorphism on A’. Hence the proof is remained only in the last part. If A
is hyper-Stonean, then C(AY) is identified with the conjugate space of L'(A7, p) for
certain normal measure g on A?. Let {E,} be an infinite sequence of mutually
disjoint and non-empty clopen sets in AZ, and let M be the weakly* clopen subspace
of C(A”) generated by the sequence of the characteristic functions {Cz,}, where
the closure is concerning the weak topology as conjugate space. While M is
separable relative to the norm-topology, because so is C(A7). Therefore M must
be finite dimensional. This is a contradiction. Thus A’ is not hyper-Stonean.

3. Properties of entropy functional.

In order to devolope the theory of entropy over the message space A7 from a
general point of view, we shall take as an information basic space a fotally discon-
nected compact Hausdorff space X with a fixed homeomorphism S, which contains
the case of A7 as a special case. Here, every colopen set in X and the homeomor-
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phism S are corresponding to the finite message and the shift in A, respectively.

Denote ¥ the o-field of all Borel sets in X. Let Ps be the set of all S-invariant
regular probability measures p, ¢, --- on X. Let & be a fixed covering of X con-
sisting of clopen sets such as any pair U, U’€g being disjoint. Such an & is always
finite by the compactness of X and it will be called clopen partition of X. As in
§2 of [9], putting Fn=V7%., S*F of F=V5n F. the o-field generated by {S-*G}7%_,
or {Qn}5-;, respectively. Then the entropy H(p)=H(p, <%, S) of each pePg is defined
by the limit

H(p)=—lim — % pU) log p(U)  (n09)

where ), means the summation over U of the atomic sets in GV Jn-;.

For any pePs, denote P,(U|%.) and P,(U|%.) the conditional probability
functions of Ue% conditioned by ¢. and 9., in the measure space (X, X, p), res-
pectively, where X is the o-field of all Borel sets, and for a pair p, ge Ps, denote
q<p, when ¢ is absolutely continuous with respect to p. Then we prove

THEOREM 2. For any pair p, qe Ps with q<p, it holds that
(2) PyU| D) (@)=PyU | F)(x) qg-a.e. xeX and for every Ue9.

Proof. Putting & the o-subfield generated by & and S™*G, (k=+1, +2, --),
then, since (X, B, p) is separable for each fixed pe Ps, from the generic property of
B, it follows that every S-invariant set Be3B belongs to %., (mod p). Besides for every
pePs, putting p'=(p | B), the restriction of p over B, then p’ is S-invariant pro-
bability measure over (X, B) and Py(U | F.)=Pp(U| 9., for every UeG on C, the
carrier of p over B. Since C, is S-invariant, it is 9.-measurable. Taking p, qePs,
q<p, then ¢’ <p’ and the Radon-Nikodym derivative dq’/dp” is S-invariant and $B-
measurable, and hence %.-measurable (mod p). Therefore for every Ve%, and
every UeG

| P 123w daa= [, cuta) datar— { cow %’,— (@) dp()

~{ P190@ @ d@= PuvI 2@ dat@)
v P v

and (2) holds, where Cy(x) is the characteristic function of U.
This theorem implies that &, is a sufficient subfield for the set {p’; pePs} of
measures on (X, B) (in the sense of Halmos-Savage).

THEOREM 3. For each pePs, there exists, uniquely within p-a.e., a bounded,
upper-semicontinuous and F..-measurable function hy(x) on X such that

(3) hp(x)=—U§%Pp(U| Gy log Pp(U | o))  p-a.e. xeX.

Proof. Since each Ve%, is clopen, P,(U|%»)eC(X). Putting
(4) R, n($)=—Ué Pp(U|%n)(x) log Py(U | In)(@),



MESSAGE SPACE AND INTEGRAL REPRESENTATION OF ENTROPY 21
then /,,-,€C(X) and the sequence {%;,.}5-, is monotone decreasing, by the Jensen’s
inequality, say
( 5) hp(x) = lim h:m 2(X),
and hp(x) is upper-semicontinuous on X. Furthermore, since each /iy, n(x) is G-
measurable, 4,(x) is G.-measurable. Besides, {),,»} is semi-martingale over the
probability space (X, X, ), and hence by the semi-martingale convergence it satis-
fies (3).

By Theorem 3 and by the weil known theorem of McMillan, it holds that

(6) H“’):SX o) dp()

and hp(x) is S-invariant in the a.e. sense.

THEOREM 4. The functional H(p) over Ps is weakly* upper-semicontinuous,
where the continuity is one with respect to the weak topology as functional over the
Banach space C(X).

Proof. By the proof of Theorem 3, for every pePs
{_ how@ dp@) (= ), s09) || i) dpia=rip) (neo)

and hence it is sufficient to prove the weak* continuity of H.(p). But this follows
immediately from that

Ho(p)=— @SXCU(@ log Py(U | F)(@) dp()
=3, 3 [ 5w v) g s -pwn V) g s ) |

and that every UeS and Veg, are clopen where Y yeg, means the summation
over atomic V in 9.

4. Integral representation of amount of entropy by a universal function.

We shall show the theorem of Parthasarathy [7] for the present case. Assume
the notations given in §3.

TurEoREM 5. For any clopen partition <, there exists umwersally a Borel mea-
surable functions h(x)=h(x, &, S) on X such that it is bounded, non-negative, S-
invariant and satisfies

(7) H(p)=S Xh(x) dp(x)  for every pePs

(8) h(x)=hy(x) p-a.e. xe X and for every pePs.
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This function A(x) was introduced by Parthasarathy in case of X=AZ. The
proof will be also done along his construction, combined with Theorems 2 and 3,
in which use is made of the well-known theorem of Kryloff-Bogoliouboff relative to
the ergodic decomposition of invariant measure, cf. Oxtoby [6]. Before the proof,
we shall give a preliminary and several lemmas.

Let U be the field, of clopen sets, generated by {S"U; Ue%, n=0, +1, +2, ---},
and B the o-field of Borel sets generated by U. Putting Cs the uniformly closed
linear subspace of C(X) generated by {Cy; Uell}, then Cg is uniformly separable
and has a countable dense subset {f.}5-.CCg. Putting

had n X)—Jn
dw,y) = 5 LDLDL) 1) gyex
d(-, ) is a quasNi-metric on X, and denote x~vy (x, yeX) if and only if d(x, y)==0.
Moreover, put X=X/~ the quotient space of X with respect to the equivalence
relation ~ and put

d(&@, %) = d(x,y)  for each pair =z, yeX,

where ¥ (xeX) is the class containing xeX.~ Then (X, d) is a compact metric space,
the canonical mapping x—Z% from X onto X is continuous, and Cg is isomorphic
with C(X) under the isomorphism fe C4—feC(X) defined by that, for each zeX

(9) fy) = f(T) for every yex. ,

Furthermore, B={5; BeB} (B={%eX; xeB}) is the o-field of all Borel sets in X,
and hence the function f(%) defined by (9) is Borel measurable on X if and only if
f(x) is B-measurable on X. Putting §: £—(Sx)~, which is well defined mapping on
X onto X because d(z, )=0 if and only if d(Sz, Sy)=0, then § is a homeomor-
phism on X.

LemmA 1. For any non-negative linear functional p on Cg with norm one,
there corvesponds a probability measure p, over the measurable space (X, B) such
that

(10 o(f)= S . f(@)dp(x)  for every feCa.

Proof. This follows from the Riesz theorem. Putting 5(f)=0(f), feCs, then
is a non-negative linear functional on C(X) with norm one and hence there exists
a regular probabiltiy measure gz on X such that

1) 5<f>=g F@ i@ for every FeC).

Put ,u,,(B)=ﬂ5(§) for every Be®, then p,(-) is a regular probability measure over
(X, B) and (10) follows from (11).

Lemma 2. If the functional p given in Lemma 1 is S-stationary, i.e. o(Sf)
=p(f) (SH)x)=f(Sx)), then the corresponding measure p, 1s S-invariant.



MESSAGE SPACE AND INTEGRAL REPRESENTATION OF ENTROPY 23
Indeed, this follows immediately from that
2,87 V)=p(SCy)=p(Cy)=p,(V') for every Vell

Now, we refer, as Parthasarathy [7], the notion of Kyloff-Bogoliouboff’s (K-B,
say) theorem; cf. Oxtoby [6]. Denote

Mz, n( f)=—:l—é}1f (S*x) for each xeX and feCq,

n=1, 2, ---. If the limit of M., (f) (n—o0) exists for every feCg, =M,(f) say, then
it is non-negative and S-stationary linear functional, with norm one, on Cs Such
an xeX is called a quasi-regular pont in X relative to Cgz. Denote Q the set of all
such points xeX. Then, by Lemma 2, for each xe@, there corresponds an S-
invariant measure m, =y, over (X, B) such that

(12) M (f )=S Yf (¥) dm.(y) for every feCa,

and m, satisfies
13) ma(B)=ms.(B) for every Be®B and for every xeQ.

If m. is ergodic with respect to S over (X, B), then x is called a regular point in
X relative to Cgz. Denote R the set of all regular points in X. Then K-B theorem
implies that

(14) QeB, ReB and p(Q)=p(R)=1 for every pePs.

Indeed, since X is compact metric space with homeomorphism §, and since for each
xeX

M, 7z(f)—7k2 J(8k&) for every feC(X),
and § or R are the sets of all quasi-regular or regular point in X relative to C(X),
respectlvely, and both Q R are Borel sets in X and invariant measure one, ie.,
FO)=Pp(R)=1 for every pePs (cf. Oxtoby [6], (2. 4)), where $ is the S-invariant and
regular probability measure over X defined by pH(B)=p(B), Be®, that is, (14) holds.

LEMMA 3. For each bounded B-measurable functions f on X,

15) SXf(x) dm(x),=f*() say,

1) The mappmg f7>f a, defined over the Banach space of all bounded B-measuable
functions B(X) (with sup-norm) into itself, comncides with the concept of the expectation in
the sense of Nakamura-Turumaru [5] and also the conditional expectation in the sense of

Umegaki [8].
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(fe(n)=M.(f) if feCq), is a bounded, B-measurable and S-invariant function over
R, and it satisfies

(16) | f@a@={ roan={ ({ r@anw)ao.
X R R X
This follows from K-B Theorem (cf. [6], (2. 6)) that, for »eR
rn=\_f@dm@, =i sy,

and § is Borel measurable over R, and that
\, i asn= 7@ dpc@.
R X

The S-invariance of f%(x) follows from (13).

Proof of Theovem 5. Put P’s be the set of all S-invariant probability measures
over the measurable space (X, B). Then the theorems and their proofs in §3 hold
for p, q, --- in P’s without chainging their statements. Since m,eP’s for each 7eR,
the function /m,(x) over X can be defined by (5). Putting

S hn,(x)dm.(x)  for 7eR,
an (=%

0 for 7¢R,

(i.e., h(»)=H(m,) for reR), then #k(-) is bounded, S-invariant and B-measurable.
Indeed, put Z.(7, )=hn,, (x) (r€R) and put

gn(¥)= SX ha(r, 2) dm,(x)=— Uéé V;}gn mA(U~V)[log m(U~V)— log m,(V)].

Whence, since m(W) (=M(Cw), Well) is B-measurable on R, so is ¢g.(r) on R.
Furthermore, as in the proof of Theorem 3, since A.(7, &) | hm, (%), =h(r, x) say,

W=\ ) dm@=lim 0.0 CeR)

and A(7) is B-measurable on R and hence AZ(x) is so on X. The boundedness of
h(x) follows from (5) for p=m, and the definition (17) of A(x), and S-invariance

follows from m.=myg,.
As Parthasarathy ([7], Theorem 2. 6), for each Ue%, Ve4., and pePs, and for
every fixed qePs, q<p,

qU~V)= S , P(U | G)(x) dg(x)= S . Py(U | G.)(x)dg(x)  (by Theorem 2)
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={ ({ pwiza@ dm,@))da(r) (by Lemma 3)
and

GUAV)= S Cunya) dof@)= SR (Cumr)*(r) da(r) = SR mAUA~V) dg(r)

=S <S P (U | 9)(x) dmr(x)>dq(r) (by Lemma 3).
R 14

This and (13) imply that Pp(U | Foo)(®)=Pn, (U | F..)(x) and

(18) hp(x)=hn,(x) for m.-a.e. xeX and for each fixed reR

within p-a.e.  in R. Thus we obtain the required equality (7):

Hp)=\ h@ dpa)=\ nodpr) = R(SX hol@) dmi() )dpm

=S (S o () dmr<x>)dp(r>=g 1) dp=\_h@) dpca).
R X R X
Besides, by Theorems 2, 3 and (7), whenever ¢<p (p, g€ Ps),

Hg)= S h(a) da(a)= S (@) da(@)= SX h(x) dq(@),
hence

SX h() F) dp(a) =thp(x)f(x) ap(a)

for every feL'(X, p), S-invariant. Since both % and %, are S-invariant, (8) is obtained.

The function A(x) will be called universal entropy function associated with the
clopen partition & and the homeomorphism S, and sometimes precisely denote
h(x)=h(x, ¢, S). Let L be the Banach space of all bounded signed regular meas-
ures over X with the norm of total variation. Then putting

H(E)—_—S H(x) dé(x) for every ¢&elL,
X
H(.) is a bounded non-negative definite linear functional over L, and is S-stationary,

ie, H(S&)=H() for every &eL, where SfeL is defined by (S&)(V)=&SV) for
every Borel set V in X. The functional H(&) over L coincides with the functional
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H(, 4, S) in the paper [9],” and again it is called the entropy functional over L
associated with a clopen patition & and a homeomorphism S.

It is the author’s pleasure to acknowledge that he gets valuable discussions
from Prof. M. Nakamura.
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2) In the preceding paper [9], §4, it was assumed that if the measurable space (X, %)
with measurable transformation S has denombrable generator, then it has maximal S-in-
variant probabitity measure relative to the ordering « of absolute continuity. However,
in general, this does not hold, for example, when S is identity mapping from X onto X,
X=the interval [0, 1] and % is o-field of Borel subsets. Therefore, it should be corrected
such as

P. 168, line 3~line 4 “Then P(X,S) is necessarily...dominates all peP(X,S)” reads
such as

“ Assume that there exists an S-invariant probability measure p, and denote P(X,S)
(resp., L(X, S)) the sets of all S-invariant ‘ probability ’ (resp., ‘bounded signed’) measures
b, -+ (resp., & ---) which are absolutely continuous with respect to p.”

Hence in the parts below in [9] the dominatedness for the sets P(X, S) and L(X, S) of
measures should be assumed.

However, the measurable space (X, £) given in the paper [9], can be represented by a
totally disconnected compact space in preserving the measurability structure and where
the measurable transformation S is mapped to a homeomorphism. Therefore, by Theorem
5 and the discussions in §4 of the present paper, the theorems in [9] hold without assum-
ing the denombrability of the measurable space.





