ON BASIC CURVES IN SPACES WITH NORMAL
GENERAL CONNECTIONS

By TOMINOSUKE OTSUKI

In a previous paper [8], the author investigated the developments of curves
in spaces with normal general connections into pseudo-affine spaces which are
generalized from the affine spaces. In this paper, he will show that the de-
velopments of curves called basic in such spaces have special properties which
are important for the study of curvatures of these spaces.

§1. Basic curves and their developments.

Making use of the notations in [8], [10] and [11], let X be an n-dimensional
differentiable manifold with a normal general connection I" which is written
in terms of local coordinates u* as

1.1 I' = 0u; @ (P{d*uw* + I'idw' Q du™)

and rank (Pf) =m. )
A development of a curve C: u*=w'(t) in X is the curve C: x?=z*(t) in R”
given by the solution of the system of equations:

da? o du’

1.9 dt =Y dt ’

' DX! _ o p,dXE | idu”)__
£ dt "P’<P" dt + X, dt =0,

where X:Y/ =040

Let @, A and N/ be the local components of the tensors @, A and N in
[10], respectively. Let V]and U} be the components of the contravariant vectors
V, and the covariant vectors U? in [10], such that

A{VZ:V;{, AZV§=0, d:l, 2,040, mM,
AlUs=Us, AlUP=0, B=m+1,---,n?

and ViU#=6%.
Putting Xi=V:&%, Yi=9iU¥, the second part of (1.2) is equivalent to

d&;
T Kxfl = )
1.3) i + Kiéy=0
Received April 12, 1962.
1) See [8], §3.
2) The indices run as follows: «,B3,7,---=1,2,---,m; B,C,D,---=m +1,---,n.
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where

DV}
Tt

Ky=Uyg

and K7 are auxiliary functions of ¢. Therefore, the development of C depends
on (n— m)n arbitrary functions KZ2.®

Now, by definition, a curve C: %*= () in X is called basic, if its tangent
vectors are A-invariant, that is

du’ dw’
J =
4 dt dt °

THEOREM 1.1. Any basic curve in X can be developed into the m-dimen-
stonal subspace R™: a™"'=...=2"=0 of R", if we put KZ=0 in (1.3).
Furthermore, the development does mot depend on the remaining (n— m)?
auxiliary functions K2.

Proof. Let C: w'=wu'(t) be a basic curve. Putting KZ=0 in (1.3), we
have

B grmeg =0, Tk Kigg=o,
@ gz ez
c
dtﬂ + K285 =0, at +K366=0

Hence_we may put £2=0 and »Z2=0. Accordingly we have

dz® _ o, d du , du
o TV g STV g =HUM
duZ
— BT —
- ﬂa Ul dt - 0’

which shows that the development of C may be regarded as lying in R™.
Making use of these relations, we have
da~ du’ dns

(15) =l

di e @ rES

which shows that the developments of C does not depend on the choice of auxi-
liary functions KZ.

THEOREM 1.2. According to the method in Theorem 1.1, the developments
of a basic curve with respect to the normal general commections I' and AI'A
are identical with each other.

Proof. Between the covariant differential operators D and D of I' and

3) See Theorem 3.1 in [10].
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AT A, there exists the relation

D= ZA'D‘A

by Theorem 2.1 in [11]. Hence we have

- vy . ..D
K§=U1€Q_f dtﬁ =Ulc QL A§E{(A1Vg
DV} .
=Z]I‘:Q,71c dtﬁ =Kﬁr

making use of P/= AjP}A} and Q)= A]Q.A". This shows that the theorem
holds good. q.e.d.

Lastly we consider the development of A-invariant contravariant vectors
and covariant vectors defined along basic curves in X.

By definition, the developments?® of a contravariant vector V¢ and a covariant
vector W, defined along a curve in X are the contravariant vector V and the
covariant vector W defined along the development C of C by

VAi=Y?V: and W,=XW..

LEMMA 1.1. The development of an A-imvariant contravariant wvector
defined along a basic curve lies in R™ and does not depend on the choice of
auxiliary functions in (1.3).

Proof. Using the above notations, since we have
V2=YVi=piUr AiVi= U VY,
we get V2=0. By means of Theorem 1.1, this lemma holds good. q.e.d.

LEMMA 1.2. The induced covariant vector in R™ from the development of
an A-invariant covariant vector defined along a basic curve does not depend
on the choice of auxiliary functions in (1.3).

Proof. Using the above notations, we have
WZ = WZX} = W]AZV; ’; = WZV; ;:

which shows that W, does not depend on the choice of auxiliary functions in (1.3).

§2. Basic geodesics.
THEOREM 2.1. If a normal gemeral comnection I' satisfies

4) See [8], §5.
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then there exists a basic geodesic through a given point im X and with a
given A-invariant tangent vector of X at the point as its tangent vector.

Proof. The conditions that a curve C: u*=wu'(¢) in X is basic and a geode-
sic are

,au dw duJ

2.2) Al 7 e
and

D dw , duZ
2.3) dt dt =9¢F ’

where ¢ is a function of the parameter ¢t of C. (2.3) can be written as

d2u’ du du™
J
P( ¢dt>+nhdt at =

from which we get

d*u’ ; du' du”
@4 A ( dt? _‘l’ dt > it at =0

where ‘I, = Q.
Conversely, from (2.4) we get

d?u® du’ dut du™
j _ p QU QU
P< dt2 Sb dt >+AL ih dt dt 0.

Making use of (2.1) and (2.2), we have

du du™
Nilly—- dt dt =0.
Since A+ N/ =4}, summing up the two equations we get (2.3). Accordingly,
the conditions (2.2) and (2.3) are equivalent to (2.2) and (2.4) under the condi-
tion (2.1).
Putting
duw’

=T ipa
@ =V

by (2.2) and substituting these into (2.4), we have

6‘Va

(VS SV Vet — gVion) + TLVEVE =,

that is

(5o o



114 TOMINOSUKE OTSUKI

Thus, the equations (2.2) and (2.4) can be replaced with

dw’ _—
2.5) i = Vive,
(2.6) (?ta + Uz“<%— Vi+ TV} Vi‘) véyr = goe,

These equations regarding #’ and v* as unknown functions have always a solu-
tion satisfying any given initial condition such as

w () =uy and v*(ty) = vs.
Hence, the theorem is proved.

REMARK. A geometrical meaning of the condition (2.1) is given as follows:
the general connections NI and NI'A are written as®

NI' =0u;Q Nl du' @ du™
and
NI'A =0u;Q N{I':, Abdw Q du”.

Hence, (2.1) is equivalent to the condition that any contravariant vector defined
along any basic curve in ¥ with respect to the normal general connection I is
covariantly constant with respeet to the general connection NI'A which is a
tensor of type (1, 2).

§3. The parallel displacement of vectors along basic curves.

THEOREM 3.1. If a normal general connection I’ satisfies (2.1), then along
a basic curve C: u*=u'(t) the conditions

8.1 Alyi=V7
and

DV’
3.2) 5 =

are compatible, that is, the Vi(t) satisfying these equations are uniquely de-
termined by their initial conditions Vi(ty) = Vi.

Proof. We first show that for a basic curve with respect to a normal
general connection I” satisfying (2.1) we have

DX! _

3.3) =0

5) See [11], §1, (1.14).
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because
DXi_ Dy DVigy, pyydE
dt - dt (V‘Bé‘a)'— E +P Vﬂdt
J
= (% -pv: K;)sz
/
(e
~(B0 42T )Eﬁ VEL
=N,z<P:dd‘t’ﬂ+ v )sﬂ

— P Al Am\T/é du’ 8 —
(NiT't, AL ADV; i &=0.

Now, by means of (3.1) we may put VY= XJv*. Hence we have

DV’ DX} o , dvr , dv®
at T a VPR Xe g =R X

Accordingly, (3.2) is satisfied, if and only if v*= constant.
THEOREM 3.2. If a normal general connection I satisfies the conditions
3.4) AL A5 NI A7 =0,

then along a basic curve C: u'= u'(t) the conditions

3.5) W, A=W,
and

DwW, _
3.6) e 0

are compatible, that is, the Wi(t) satisfying these equations are uniquely de-
termined by their initial conditions Wi(t,) = W?.

Proof. By means of (8.5), we may put W,=UZw.. Hence we have

DW;_DU”‘ dw,

dat —  dt wat USEY dt
DUy AW \ 775 DUy ., )B
—< Viwe+ W dt >U¢+< di bwe | U7,

where Wi are defined by UjP!=WsU? Accordingly, in order that (3.6) is
satisfied, it is necessary and sufficient that
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dw, DU;

a J J =
3.7 /45 it + i Viw,=0
and
DUr _. .
3.8) dtl Viw,=0.

Since |W§g|+#0, (3.7) uniquely determines w,(tf) by the initial conditions w,(to)
=w). By means of (8.4), we have

DUs . (dUs L dut
dt VE:( a bU A{”W>V}3

h
=— U%(A} AL, N AD) Vg% =0.

Hence (3.8) is identically satisfied along the basic curve. q.e.d.

REMARK. A geometrical meaning of the condition (3.4) is given as follows:
the general connections I'N and AI'N are written as

I'N = 0u;® Al N} duw* @ du”.
and
AI'N =0u;® A} A}, N} du* @ du”.

Hence, (3.4) is equivalent to the condition that any covariant vector defined
along any basic curve in X with respect to the normal general connection I" is
covariantly constant with respect to the general connection AI’N which is a
tensor of type (1, 2).

§4. Basic vectors and the basic covariant differentiation.

For a normal general connection I”, we denote its basic covariant differential
operator by D.® Let 'I'=QI" and ""I'=I'Q be its contravariant part and its
convariant part respectively.

THEOREM 4.1. If a mormal general connection I" satisfies (2.1), then along
a basic curve the following two conditions are equivalent to each other:

) . DV?

/ IVi= — =
(a') AlVi=V7, T 0
and

‘ . DV

A iVi — —

8" AlVi=V7, dt =0,

where V' are components of a contravariant vector.

6) See [10], §4.



BASIC CURVES IN SPACES WITH NORMAL GENERAL CONNECTIONS 117

Proof. Regarding the basic covariant differential operator D, we have the
formula

lA'D_—!P'I—),7)
hence
Dv? DV
7 — A
B dt 4 dt

By virtue of Theorem (4.1) in [10], we have

pyv _, DV __ . DV: _  DVi __ DV
i = A/ i —QiR——dt —QkAi——dt =Q! i

Assuming now A{V:=7V’ and (2.1), we have

Dv? ; du” ; , du”
Ny~ = NITL Ve = (NIl ALAD) V2 =0,

These equations easily show that the above conditions (a’) and (8') are equi-
valent to each other.

THEOREM 4.2. If a normal general conmection I' satisfies (3.4), then along
a basic curve the following two conditions are equivalent to each other:

DW, _

(') AW, =W, gt 0
and

7 j — DW” —
‘") AW, =W, =0,

where W, are the components of a covariant vector.

Proof. We have analogously the equations

,bw, _, DW,
P dt = Al dt
and
bw, _, Dw, .. DwW, _ . DW,
dt = Al dt = QP de " dt

Assuming now A{W,=W, and (3.4), we have

7) See Theorem 3.2 in [10].
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DW. dW; du”
) J — J ko BT
N dt _N‘( dt P = Wi d dt>
h
—— WAL 45 NiAR) B o,

These equations easily show that the above condition («’’) and (#’’) are equi-
valent to each other.
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