THE ADJOINT PROCESS OF A DIFFUSION WITH
REFLECTING BARRIER

By MASAO NAGASAWA

1. Introduction.

Nelson [8] introduced the notion of the adjoint process and discussed the
adjoint process of a recurrent diffusion without boundary.

We shall construct the adjoint process, which is unique by the uniqueness
of its invariant measure, of a diffusion with reflecting barrier, a typical recur-
rent diffusion with boundary and prove that it is again a diffusion with reflecting
barrier and that the results proved by Nelson [8] for self-adjoint diffusion re-
main valid.

Then, we shall determine the adjoint process of ‘‘the Markov process on
the boundary’’ of the diffusion with reflecting barrier introduced by Ueno [11]
(ef. [8]) in connection with the construction of diffusions with Wentzell’s
boundary conditions.

A comment will be given about processes with more general boundary
conditions.

The author wishes to express his thanks to Prof. H. Umegaki, Mr. T. Ueno,
Mr. K. Sato, and Prof. N. Ikeda who took interests in the problem and gave
him many suggestions in preparing this paper.

2. Preliminaries.

Let a compact metric space S be a state space, W a path space of all right
continuous path functions w’s from T=[0, o) to S, B(S) the topological Borel
field of subsets of S, B(W) be the Borel field of subsets of W generated by
cylinder sets, and let {P,, xS} be a system of probability measures on B(W)
satisfying the Markovian property. And let M={W; B(W); P,, xS} be a
Markov process.” Denote by #(S) the space of all bounded B(S)-measurable
functions and by C(S) the space of all continuous functions on S. These are
both Banach spaces with sup-norm. We write:

(i) P@,x, E)=Pyx(w)EE) for teT, xS, and EeB(S);
(i) T.f(x)=E.(f(e(w)) for f&BS);

(i) Guf(@)= Ex(j:e-atfm(w» dt) - fe-a‘m(wdt
for f € ®(S) and a>0,

Received July 20, 1961.
1) Definitions and notations concerning Markov processes are mainly those of Ito [4].
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and call them transition probabilities, semi-groups, and resolvents (or Green
operators) of the process, respectively.
We assume in addition that the process M has a property:

(A.1) G, carries C(S) into C(S) for each a>0.

Then, M is strongly Markovian by the theorem of Watanabe [12]. In the
following G, will be restricted on C(S). The generator G of the process is
defined by

2.1 Gf=(@—Ga"f for fedB),
where the domain 9(G@) of G is the range of G,. Then we have
2.2 (a— GG f=f for f=C(S).
If M satisfies an additional condition
(A.2) P x(w)EV for some 0 <t<oo0)=1,

for any non-null open subset V of S and any xS, it is said to be recurrent.
A necessary and sufficient condition of the recurrence of the process M= {W;
B(W); P,, x= S} is given by

THEOREM 2.1. The process M is recurrent if and only if P.lov <o0)>0,
Jor any non-null open set V and xS, where oy 1s the first passage time
to V.2

The necessity is obvious. In order to show the sufficiency, we prove the
next stronger

PrOPOSITION 2.1. E(ov(w)) <oo, for any xS and any mon-null open
subset V of S.

Proof.» Take a non-null open subset V; (Vic V) and let f be a non-nega-
tive continuous function on S which is positive on V; and vanishes on V°.*
Then u = G.f satisfies, for any x =V,

Gu@) = aGof (z) = aEx< S:e’“f(wt(w))dt> >0,

by the assumption. Noting that V° is compact and Gu belongs to C(S), we
find that

Gu(x)=e>0 on Ve,
Applying the Dynkin’s formula to oy A # and letting n— oo, we have
SE.‘D(O'V(w)) é 2 ” w ” ’

2) op(w)=inf{t: x(w) €V} if such ¢ exists, and = oo otherwise.

3) This was communicated from K. Satd. The author’s original proof was available
only for A-diffusions.

4) We denote by V¢ the complement of V.



ADJOINT PROCESS OF A DIFFUSION 237
for any x €S by the conservativity of the process M. This concludes the proof.

Let m be a finite invariant measure of the process M, that is, a finite
measure on B(S) satisfying

2.3) LP(t, @, ym(dx)=m(-) for each t>0.
As the equivalent condition of the invariance of m, we have

PrOPOSITION 2.2. The following conditions are equivalent to each other;
for a finite measure m on B(S),

(i) m s a mvariant measure of M,

(i) Lth(w) m(dex) =Lf(-’ﬂ) m(dax) Jor any feC(S),
(i) LwGaf(x) m(dz) = Lf(w) mde)  for any feC(S),
(iv) LG F () m(dz) =0 for any f € (G).

Proof. The equivalence of (i) and (ii) is obvious. We have (i) — (iii) by
Fubini’s theorem. According to right continuity of the path, the left hand side
of (ii) is right continuous in ¢, so (iii)—(ii) is obtained by the uniqueness of
Laplace transform. The equivalence of (iii) and (iv) is implied by (2.2), that
is, by the equality

j GG f () m(da) = j G f (@) m(der) — j £y mide),
S S S
for any f & C(S), completing the proof.

We define now the adjointness of Markov processes. Let M‘={W; B(W);
Pi, xS} (1=1,2) be Markov processes with the common path space W and
a common finite invariant measure m.

Then, the processes M! and M? are said to be adjoint to one amnother, if
they satisfy, letting T,! and T,? be semi-groups of M! and M? respectively,

2.4 L T f (@) g(x) m(da) =Lf (%) Ti*g(x) m(d),

for any f, 9= C(S), and we write (M)*=M? (or M'=(M?*). If M= M*, it
is said to be self-adjoint (Umkehrbarkeit in Kolmogoroff’s terminology [6]).

REMARK 2.1. The adjointness can be defined with respect to a sub-invariant
(or excessive) measure. But, if the process is conservative, a sub-invariant
measure is an invariant measure. Therefore, we shall need not consult with
sub-invariant measure in what follows.

PROPOSITION 2.8. (2.4) is equivalent to the following conditions:
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@.5) L L (@) 9(w) m(de) = Lf(w) G2 9(e) m(da),
for any f,9=C(S) and a«>0; and
2.6) jSGlﬂx) o(@) m(dw>=§sf<w> G2g(w) m(dar),

Jor any f € 9(GY) and g € D(G?), where G, and G° are the resolvents and the
generators of M (1 =1,2), respectively.

The proof is completed by the same way as proposition 2.2.

3. The adjoint process of A-diffusion with reflecting barrier.

Let D be a connected domain with compact closure D in an N-dimensional
orientable manifold of class C=, and the boundary 6D consists of a finite num-
ber of N — 1-dimensional hypersurface of class C®. Let M={W,; B(W,); P.,
x € D} be an A-diffusion with refleting barrier, where W, is the path space of
all continuous path functions w’s from T=1[0, ) to D. To be precise, given
a diffusion equation with boundary condition

ou(t,x) _
o — = Au(t,x) for xe D, t>0,
Lu(®)=0 for x 0D,

where
Au(x) = du(x) + b* (2) 6;4;;0) ’

3.2)
Lu(x) = 6“(”” = a¥/(2) m,(x >a§f:>,

and

a2
Au(®) = Tat) 0w <«/ a(x) a*(x) >’

0P(x) 0(x) \~2 0g(x

- o )8

are differential operators satisfying Ito’s regularity conditions,” denote by

o(t, 2, y) the fundamental solution of (3.1) (ef. Ito [5]), and define a system of
transition probabilities {P (¢, x, E)} by

5) a*(x) and b¥x) are contravariant tensors on D, ai/(x) is strictly positive definite on D,
020 /0x*0x!, 0b*/0x* are uniformly Holder continuous, and a{x) = det (a,;{x)) where a,;(x) is
the conjugate covariant tensor of a¢*/(z). The boundary 8D is represented by ¢{z) =0 for
x € 0D and ¢{x) >0 for x €D in a neighborhood of any x, € 0D.

6) We denote, taking a®/(x) as fundamental tensor, the volume element of D by dz
and the element of surface area on 8D by dz.
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3.3) P,z E) = Lp(t, 2, 9)dy.®

Then, M is Markov process with {P(¢,«, E)} as its transition probabilities.
We shall state some known properties of the process M which we need.

(B.1) For any ¢>0 and any z < D,
lim sup(1 — P(¢, %, U.(x)) =0,

tl0 wcD
where U, (x) is e-neighborhood of x;
(B.2) {’(t, 2, U)>0, for any x €D, t >0 and non-null open subset U of S, and
P(t,x,D)=1;
(B.3) M is strong Feller process, that is, the semi-group T, maps $(D) into C(D);

(B.4) The semi-group T is strongly continuous in ¢ =0 as an operator on C(D),”
and the generator G of T, is given by

8.4 G = A(9),
where
8.5) g={f: fC¥D), Lf(x)=0 on 6D},

and A(F) denotes the closure of the restriction of A on F;
(B.5) M is recurrent.

For (B.1)~(B.4), see Ikeda, Sato, Tanaka and Ueno [8]. The recurrence of
M is implied by (B.2) and theorem 2.1. The process M has, therefore, the uni-
que® finite invariant measure m by the theorem of Ueno [10], Maruyama and
Tanaka [7] and Hasminsky [2].

Denote by A° and L° the formal adjoint of A and L, respectively, that is,

A°u(x) = du(x) — ﬁl—(w—)% x)y alx) u(x)) for x€ D,
3.6)
Lou(x) = ag;w) — ba(x) u(x) for x €0D,

where b,(x) = b*(x) n:(x), b (x) and n,(x) are those of (8.2), and define a family
F° of functions by

3.7 g°={f: feC¥D), L°f(x)=0 on 9D}.

Then, we have

ProPOSITION 3.1. The invariant measure m of the process M has a posi-
tive demsity function ¢ with respect to dx such that (i) ¢ €3° and (ii) A°¢(x)
=0 on D. Conversely, if there exists such ¢, then it is the demsity function
of the invariant measure of M.

7) See for example Yosida [13].
8) The uniqueness means ‘“‘up to constant multiples”.
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Proof. It readily follows from (B.2) and (B.3) that the measure m has a
density function ¢, with respect to dx, and hence we have

S Gul)pu(@)dz =0,
D

for any u € 9(G) by proposition 2.2. Noting that G=A(F), we have

L Af(x) pi(x)dae =0,

for any f 4. Therefore, there exists ¢ >0 such that ¢ €3°, A°¢(x)=0 on
D and ¢i(x) =¢(x) almost everywhere by theorem 5 of Ito [5] and by (B.2).
Conversely, let (i) and (ii) be satisfied by ¢, then we have

= L f@)A°(w)de — L Af (%) o) d,

for any f =Z by Green’s formula. ¢ is, therefore, a density function of the
invariant measure of M by proposition 2.2, completing the proof.

In the following we shall use ¢ as the density function of m.

We now construct the adjoint process of the A-diffusion M with reflecting
barrier, which is unique by the uniqueness of the invariant measure of M. We
first define A* and L* by
Aru() = du(w) — b)) a“(“) —-—6 log ¢(x) agg) :

L*u(x) = Lu(x), re OD.

+2a"/(2)

(3.8) ®€D,

Then, it will be shown that an A*-diffusion with reflecting barrier M* ={W,;
B(W,); P¥, x=D} can be constructed in the analogous way that M is done.
Therefore M * has the same properties (B.1)~(B.5) of M, replacing P,, P(t,x, E)
and A by PF, P*t,x, E) and A*, respectively.

Define P*(t,x, E) by

3.9) P, @, E) —j 2(t, 9, @) ‘féyi dy,

where p(t,y,x) is the fundamental solution of (3.1). Then {P*({,w, E)} is a
transition probability.

THEOREM 3.1. Therg exists the A*-diffusion with reflecting barrier M*
={W.; B(W.); P¥, x< D} with P*t,x, E) as its transition probability whose
gemerator G* is given by

G* = A4(g).
The A-diffusion M and the A*-diffusion M* are adjoint to one another.

We first state two lemmas.
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LEMMA 3.1. (i) F=¢713° and (i) A°(¢u)(®) = ¢(x) A*u(x), for any u
eCxD) and v D.

Proof. (i) For any u € F, we have

0 oy ou 0

6%90%_% +¢67 o v bngu,

and for any v € g°,
0 v _ 1 <6v 0y )
on ¢ TP
This implies F=¢ 1g°.
(ii) Noting that

1
= ~¢—2— (brve — brv) =

0¢p ou

A(pu) =4I<,o-u+2a”6 o

+¢-du,

we have
A°(ou) =uA° ¢+ pA*u=9pA*u,
since A°¢(x) =0 on D, completing the proof.

Next we reformulate the Green’s formula as follows,
LEMMA 38.2. For any u,ve C¥D), we have

5 () Av(@) — v() A* u(@)} (@) de
(3.10) ?

—— | {u@) Lot@) = v(@) L*uw)} @) d,
where L*=L =0/0n.
Proof. By Green’s formula and lemma 3.1, we have
[ @@ 4w - 1) ¢ Aru@} da

0v ( ) \ Opu(x)

— v(x) on

=~ {e@uw + b)) o) 1)}

but

6u(w)

@9"”(”“) — ba(®) v() () () = V(@) P(ar) — -,

v(X) 5

for x =0D, since ¢ € F°. Thus (3.10) is obtained.

Proof of Theorem 38.1. It follows from lemma 3.1 (i) that Z° is dense in
C(D). Using Ito’s results [5] which state the existence, uniqueness and bounded-
ness of the solution f €3° of (a — A°)f =g for any uniformly Holder continu-
ous function ¢ on D, we may conclude that A°(F°) is the generator of a strongly
continuous semi-group T;° on C(D). Further, T.° is given by
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T, f(a) = jD ot . ) ) dy,

which follows from the uniqueness of Laplace transform of T.°f(x).
We now define a semi-group T3 by

@.11) = %T;w),

then T* is strongly continuous in =0 with the generator G* and with the
norm || 7| <1,
Let f €3, then ¢f = 3° by lemma 3.1, and hence ¢f € 9(G°) implying
G°(¢f )(x) =A°(¢f )(x) = (@) A*f(x)  for x€ D.
Thus we have
A
¢(x)
which implies A*(F) c G*, therefore G*=A*(F). This permits us to construct
the A*-diffusion M* with reflecting barrier in the same way as M is done.
Next, we have by lemma 3.2 that

G*f(x)= G°(ef)@)=A*f(x)  for zE D,

(3.12) Lf () Ag(er) p(x) dow — L g(x) A* f (x) () dx =0,

for any f,g= Z. Since G = A(F) and G* = A%(F), (8.12) implies
jﬁ u(x) Gv(x) p(x) de = L_) G*u(x) v(x) e(x) de,

for any v€ 9(G) and w < $(G*). Thus M and M* are adjoint to one another
by proposition 2.3. This completes the proof.

By a formal modification of Nelson’s proof for our case ([8], [6]), we have
THEOREM 3.2. The A-diffusion M with reflecting barrier is self-adjoint
if and only if there exists g = CY(D) such that

0g(x)
0w’ °

(3.13) b(x) = a"(x)

In this case, the demsity function ¢ of the invariant measure m is given by

(3.14) o(x) = exp(g(®)).

Proof. If M is self-adjoint, Af(x)=A*f(x) for f=F. Thus we have
(3.13). Since an equality

,0u ov . j vﬁldo”c

SDAu-vdw+La 0w on r=—

holds for u,v € C¥D), we have
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[ n 0f (@) O¢()
(3.15) [ ar@e@ds==[ a2 %D g
for any f <. It follows from (3.15) and

op _ 0g

o Con’

that

SDAf(w) o@)do = L A7 (@) p(@) d + L a”(ac)-ag;—"f) agg) o(@)dz =0,

for any f ¢, therefore,

LjGu(w) ¢x)dx =0,

for any w € 9(G), and hence ¢ is a density function of the invariant measure
of M by proposition 2.2. Finally we have

A*f(x) = Af(x),
by theorem 3.1, completing the proof.

REMARK 8.1. Above discussions remain valid when the boundary 0D is
null, that is, D is a connected compact orientable manifold of class C=, which
is just the case discussed by Nelson [8] when the coefficients of A are of class
C~.

4. The adjoint process of ‘‘the Markov process on the boundary”.

In connection with the construction of diffusions with Wentzell’s boundary
conditions, Ueno introduced the notion of ¢ the Markov process on the boundary’’
[11] (cf. [8]). We may conclude the existence of the process on the boundary
0D of the A-diffusion with reflecting barrier by Ueno [11]. According to

Sato’s probabilistic construction, it is the Markov process M?2 ={W; B(W);
P,, x=8D} whose path space W is the space of all right continuous path

functions w’s from [0, ) to 8D, whose semi-group 7T is strongly continuous in
t=0.
For any f e C(0D), the equation

(4.1) Au(x)=0 for e D and u(x)= f(x) for x €0D
has the unique solution u € C(D). We write w = Hf, and define (8/6n)H by

on

4.2) < 9 H> f= Oin (Hf) for fe o,

where
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4.3) 9={f: feC@®D), Hf € CY(D)}.®
Then the generator G of 7, is the closure of (9/6n)H on 9, that is,
4.4) G=20_ H(9)

0 - an ’

(ef. Sato [9] or [3]).
We also denote by (M*)®® the process on the boundary 0D of the adjoint

process M* of M. The generator G* of the semi-group Ti* of (M*)°? is given
by

~ 0
(4.5) G* = 6—nH*(£D*),

where H*f is defined by ¢ 1H°(¢f) with the solution H°(¢f) of A°u=0 in D
and u=¢f on 0D, and 9* is defined by (4.3), replacing H by H*.

PROPOSITION 4.1. The process M?P is recurrent and strong Feller. And
it has a finite unique invariant measure.

Proof. From the construction of M?? (ef. [9], [3]), we see that the transi-
tion probability P(¢, x, E) of M?? is given by
4.6) Bt,a B)= | ot 2,047,
E

for each x €0D and E = B(0D), where p(t,x,y) is the fundamental solution of
(8.1) which is a continuous function of (£, z,%) in (0, o)X DxD (see [3]). This
implies that M?P is strongly Feller process and that P(¢,x, U) >0 for any non-
null open subset U of 0D. Further, M®” is recurrent by theorem 2.1, and
hence has a finite unique invariant measure 7. This completes the proof.

The above proposition is available for the process (M*)?2,

THEOREM 4.1. The processes M and (M*?P? have the common wunique
invariant measure m which is represented by the density ¢ of the invariant
measure m of M (and M*) as

@n E) = SEgo(w) 4% for E<B@D).
The adjoint process (MOP)* of MP?? 45 (M*)®°, symbolically we write
4.8) (MOPY* = (M*)°P.

Proof. It follows from lemma 8.2 that

9) The set 9 contains C30D).
10) Cf. corollary A in appendix.
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(o) HI @)= @) 3 Brg(o)) ey a

Jo
|, oy, Br 0 - B@) 2 B @) e 3
—— | (E0@) AR @) - Hf @) A H0@) gty dr =0,

for any f €9 and g € 9*. Therefore, noting (4.4) and (4.5), we have

4.9) LD G F (@) 0@) o) dF = jap F(@0)G*g() p() d3,

for any f< 9(G) and g = 9(G*).
Setting ¢ =1 in (4.9), we have

(4.10) ja GF@)e@di=0 for any fea@),
D

and also we have

@.11) L Gro@)e@)dz =0  for any g < o(C¥).
D

(4.10) and (4.11) imply that ¢ is the density founction of the invariant measure
of M?? and (M*)Y°? with respect to d%, and hence (4.9) implies that M?? and
(M*p®? are adjoint to one another, completing the proof.

5. A comment to process with more general boundary conditions.!?

In the proof of theorem 3.1, lemma 3.2 plays an essential role. We shall
note that lemma 3.2 can be extended to more general boundary conditions.

Let A and A° be given by (3.2) and (3.6), respectively. L and L° be de-
fined by

5.1) Lf(w) = 657(:”) +Bf@w) for zcaD,
and
(5.2) L°f(n) = 6{;7(;”) —b.@) f@)+ B°f@) for z€dD,
where

Bf(x) = 4f(x) + B(x) agﬁo) (1=1,2,---,N—1),
and

Bf(@)= @)~ o o @BNE) (=12, N1,

11) This owes to a discussion with K. Sato.
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respectively, and Af (ac) and a(x) is given by

(s @) G g=12:N-1

63 A=

and dZ% = a(x)dx'dx?- - -dax¥ 1. {a(x)} is a sufficiently smooth (not necessarily
strictly) positive definite contravariant tensor on 0D.
Further, we define ¥ and ° by

(5.4) g={f: feC¥D), Lf(x)=0 on 0D},
and
(6.5) g°={f: feC¥D), L°f(x) =0 on 0D}.

If there exists such positive ¢ € F° that A°¢(x) =0 for x € D, we can de-
fine A* by (3.8), L* by

(5.6) L*f(x) = W @) | Brf@) for oD,

where

0f (w) 0 log ¢(x) 8.f(x)

o0x* ox’ ’

B*f(x) = Af (x) — B'(x) + 207 () ——2-

and define ¥* by
6.7 g*={f: f€CxD), L*f(x)=0 on 0D}.

Then lemma 3.2 may be generalized as follows:

LEMMA 5.1. For any u,v e C¥D), we have

L {ux) Av(x) — v(w) A*u(r)} o(x) da
-(5.8)
=— Sap {u(x) Lo(x) — v(w) L*u(x)} ¢(x) dF.

Proof. It follows from Green’s formula and lemma 8.1 that

SD {u(x) Av(w) — v(x) A*u(x)} o(x) de
= LD {goug—:i— - v(pg—z - uv(%g — b go>} dz

ov ou o
== [ {u(5a +B) ol Gy +Bru )} o
- § {uvB°p — (Bv)ug + (B*u) vg} di
aD
=I1+11, say.

But, we have
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—II= Sa {uvB°¢ — vB°(up) + (B*u) vy} dE=0,
D
since B°(ug) = ¢B*u+ uB°p, completing the proof.

We can state some results which follow directly from lemma 5.1, for example,

1. If A(9) and A*(F*) are gemerators of strongly continuous semi-groups,
then the A-diffusion M and the A*-diffusion M* determined by A(ZF) and
AX(F¥), respectively, are adjoint to one another;

2. If the boundary condition is given by
_of  of
Lf= on +8 ox’

and if the A-diffusion M determined by (A, L) is self-adjoint, then it is the
diffusion with reflecting barrier.

APPENDIX. Notes on the invariant measure of Markov processes.

Maruyama and Tanaka [7], Ueno [10] and Hasiminsky [2] proved the ex-
istence of the unique o-finite invariant measure of Markov processes under some
different conditions each other. But an observation of their proofs permits us
to state the theorem under slightly weaker conditions.

Let M={W; B(W); P,, xS} be a Markov process, where S is locally
compact metric space and W is the right continuous path space. The conditions
are

(1°) M is recurrent;

(2°) RUf(:)=E.(f(%sy)) is continuous in S—U for any feC(U), where

U is non-null open subset of S and oy is the first passage time to U;

(3°) G, maps C(S) into C(S).

Then we have

THEOREM A. The Markov process satisfying the conditions (1°), (2°) and
(8°) has the unique o-finite invariant measure m of the form

(4°.1) m() = uda) E(j Ka(aw)dt),

where t(w) = o (w) + ov, (w5, ),*” Us and Uz are non-null open subsets of S

with compact closures U, and U, such that U NU.=¢. oy, and oy, are the
first passage time to U; and U, respectively.

The proof of the existence of m had been obtained by Ueno [10]® under
the conditions (1°), (2°) and (8°) (cf. Hasiminsky [2] for the proof of the in-
variance of m). The uniqueness follows from Maruyama and Tanaka [7].

12)  wlwicny) = Teron(w).
138) Ueno’s expression of the invariant measure is different from (A°.1). Under his
‘““maximal principle”’, however, it may be reduced to this form.
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Hence we have

COROLLARY A. Let M={W; B(W); P,, xS} be a recurrent Markov
process, where S is a compact metric space and W is the right continuous path
space. If M is strongly Feller, then it has the unique finite invariant
measure.

This follows from

LEMMA A. Let M be the Markov process in the above corollary. Then M
has the Property (2°).

The lemma was first proved by Girsanov (cf. lemma 4.8 in [1]) for the pro-
cess with continuous paths. But the proof is also applicable for the present
case with a little change. We need only to note that the process is conservative
and that the right continuity of paths is equivalent, if the state space S is
compact, to the validity of supses(l— P(t,x, U(x))) = O(t), where U.(x) is &-
neighborhood of x for any &> 0.
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