
A NOTE ON A RENEWAL THEOREM

BY HIROHISA HATORI

1. Let Xl (i = l, 2, ••) be independent random variables, having the finite
mean values E(Xτ) = mz>Q (i = 1, 2, •)• When

•J n

lim ^ml — m

exists, then it holds that

(1.1) ]im

where

with some restrictions. This problem is a renewal theorem in a wide sense
and have been treated by Kawata [2] and the author [1] under somewhat
different conditions. In the following, we shall extend this theorem in a sense
under the assumptions which have been considered in [2],

2. In the first place, we shall prepare the following lemmas.

LEMMA 1. Let F(t) be a non-decreasing function,

(2.1) f ° e~s^dF(t) < + oo for some s0 > 0
J -oo

and

(2.2) f °° e~stdF(t) ~A as s 1 0 for some T>0.
J -oo s?

Then

Proof. Since
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0 ̂  Γ e~stdF(t) ^ Γ e~s^dF(t) < + oo f or 0 ̂  s ̂  s0
J —oo J —oo

by (2.1), we have

Γ e~stdF(t)~ A for s^O.
Jo sr

Hence by a classical Tauberian theorem, it results that

LEMMA 2. Let Xι (i = l, 2, •••) 6e independent random variables such
that E(Xi) = mτ > 0. Suppose that the distribution function Fn(x) of Xn

satisfies

(2.3) [° e~s^dFn(x) < + oo for some s0 > 0
J -00

and further that both of

(2.4) limΓ xdFn(x) = 0
^-»°oj A

and

(2.5) lim f ""* e-s*xdFn(x) = 0
^->ooj_00

hold uniformly with respect to n. If

(2.6) lim -^- Σ mt = m > 0,

(2.7) lim s«+1 Σ ™<yn(s) = -^~-Γ for a = 0, 1, 2, - - - ,

σn(x) being the distribution function of Sn.

Proof. Let ε be any given positive number. Under the conditions of this
lemma, there exist an N and an s2 < s0 such that
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(2.8) e-n*(m+2.) ̂  φn(s) ^ e-nscm-2 s) fQr n > ft an(J Q ̂  S ̂  S2,

which has been given in the course of the proof of Lemma 2 in [2]. Hence

we have

CO

sa+ι Σ (w + ά)(n + a — 1) (n + l)φn(s)

< sa+1 Σ (n + <*)(w + a- 1) (n + 1)C

oo

+ sα+1 Σ (n + aOO* + ̂  ~~ i) (n +1)^-715^'2^

2V n(X + 1 . γ f

w=l ^_g-scm-2β)

where

J o
e"θ2a?d<rn

-00

Thus

lim sa+1 Σ (̂  + «)(n + a — 1) (n + l)^n(s) S y— ' \«+ι

and since e is arbitrary, we get

(2.9) ίίm sα+1 Σ (n + ̂ )(̂  + or — 1) -(n + l)^n(s) ̂  '̂+1 .

On the other hand

sa+1 ljl(n + αr)(n + a - 1) -(w + l)^Λ(β)

^ sα+1 Σ (̂  + «)(w + a - 1) - (n + l)e-ws^+2ε)

7i--0

N

— sα+1 Σ (̂  + «)(̂  + OL —1) *(n +1)
w=0

= Π _g-^m^enα+ϊ ~ sα+1Σ (̂  + «)(w + « ~ 1) (n 4-1) f or 0 < a ̂  s2.

Hence

lim s«+1 Σ (% + αr)(n + α - 1) -(n + l)φn(s) ^ al

from which it results that
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oo a\

(2.10) lim sα+1 Σ (̂  + ά)(n + or — 1) -(n + l)^>w(s) ̂  ---.
δψo »=ι 'WΊ

(2.9) and (2.10) show that

oo Λf

(2.11) lim sα+1 Σ (̂  + ̂ )(^ + <# — 1) -Oft + l)^τz(s) = - α'+Γ

From (2.11) with <*=0,1, 2, , we get (2.7).

LEMMA 3. Let {an} be a sequence of real numbers. If, in addition to
the conditions of Lemma 2, we assume that

lim — Σ #ι — #
Tϊ-XX) T?/ 1̂ 1

exists, then we have

(2.12) lim s«+1 Σ αnii
α^n(s) = --~ ~ for or = 0,1, 2, - .

Proof. Since, describing

-̂ Σ αt - α + εn,

we have

and

CO CO 00

it suffices to prove

(2.13) lim sa+1 Σ naφ n(s)\_nε n -(n- l)εw_ι] = 0.
S ψ O »z=ί

Noticing

CO 00

we get

CO

ϊt^Γl
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=

= Σ ™?n?n(s) rc«(l -Λ + l(δ)) + Σ ̂ Λ(s)(^-(n + l)α)/w+ι(s)

say, where

fn(s) = Γ e-
sxdFn(s), 0 ̂  s ̂  s0.

J-oo

Now, for any given positive number β, we choose an integer ΛΓ such that

\sn\<ε for n> N.

Since there are positive constants CΊ and s2 such that mn<C1 for τι — 1, 2,
" and

where

C2 for

uniformly with respect to n, which have been proved in the course of the
proof of Lemma 2 in [2], we have

S^2 ] na+

n=N + l

for

where

C= sup ψn(s)<+oo,
0<S^52

w=ϊ,2, .. ,JV

and hence

and since f is arbitrary, we get

(2.14)

On the other hand,

\*"+1 l2\< sa+1li + (Ci
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ε β^ Σ (<xn«+ (% V-'-f- ••••frcWs)
»=ΛΓ+I\ \ * / y

f or 0 < s ̂  82.

Hence

from which it results that

(2.15) lims*+1 /2 = 0.
s^O

(2.14) and (2.15) give (2.12).

3. THEOREM 1. I/, in addition to the conditions of Lemma 3, we assume

that α w ^0 (n = l,-2, )>

Proof. Describing

we have

f °° e~stdHN(t} = Σ α» ra* Γ e~*Urn«) = Σ a>nn«φn(
J -oo W:=1 J -oo »=1

and so

(3.2) K m Γ e~stdHN(t)
N->oo J _oo

exists and is equal to

00

) for

Since we know by (2.8) that there exists a constant C3 such that

<Pn(s) ^ C3 for w = 1, 2, and 0 < s ̂  s2,

we have
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and

f-A N

\ e~stdHN(t)^C32jann
(X for any positive A.

J -oo »=I

Taking <τ less than s2 and s = s2,

which gives

D
Letting <r->0 and l?-»oo, we get

Therefore if 0 < s ̂  s3 < s2,

Thus we get by partial integration that for 0 < s ̂  s3

(3.3)

Since HN(t) increases as N-+OO and tends to a non-decreasing function H(t),
the existence of the limit (3.2) and (3.3) show that

(3.4) lim Γ e~sΉN(t)dt=Γ e~stH(t)dt
N+co J _TO J _oo

exists for 0 < s ̂  s3. f7"(ί) is equal to

The existence of the right side integral shows that for 0 < s ̂  s4

H(t) = o(est) for |ί|->oo.

Hence
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βΓ° e-*Ή(t)dt=Γ e~stdH(t)
J -00 J -00

exists and is equal to

00

Σ ann
aφn(s) for 0 < s <^ s4

n=]

by (3.2), (3.3) and (3.4), so that we have by Lemma~3

Γ β-dFίt)- ££ι a s s 40.
J —oo Ίϊl 6

Then, by Lemma 1, we get

COROLLARY 1. //, m addition to the conditions of Lemma 3, we assume

that an (n = 1, 2, •) #r# bounded from below, we have

US >« J>^Pr(S^) = α+1 /or « = 0,1,2,.,

Proof. Since we can take a constant c ̂ 0 such that

αt -f- c ̂  0 for ί = 1, 2, ,

we have

ι«ΐr § αw^ Pr(^n - t} = F+ι Ά (an + c}n" Pr(^ - t} ~ ί1 S n

which converges to

(t->ooϊ
+

COROLLARY 2. If, in addition to the conditions Lemma 2, we assume

that {an} is a sequence of real numbers and an can be expressed as the

difference of bn and cn for n = \, 2,•••, where bn and cn are bounded from
below and have the properties that

lim Σ bi = b and lirn

we have
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n g ί) = ̂ y^ /or « = 0, 1, ?. •• ,

where a = b — c.

4. Taking σn(f) as αn Pr(Sn ̂  ί) in the course of the proof of Theorem 2
in [1], we get the following

THEOREM 2. Under the conditions of Theorem 1, we have

"""" Pr(ί < s ** + *> =
/or or = 0, 1, 2,

COROLLARY 3. Under the conditions of Corollary 2, we have

/or α = 0,l,2, .

The proof follows easily from Theorem 2.

REMARK. If #i>0 may be not necessarily an integer, we have in place
of (3.1) and (4.1) that

lim l ^πnm /n«+Γ -̂ι a/

^c» Tα+1 »»=ι

and

COROLLARY 4. Lei At (ΐ = l, 2, •••) δe independent identically distributed

random variables, having finite variances. Then, under the conditions of
Lemma 2, we have

Pr(ί <"« + *)= c

probability 1, where a = E{XT}.

Proof. Since the sequences {max(A, 0)} and {max(— A19 0)} of random

variables obey respectively the the strong law of large numbers and A%

= max(At, 0) — max(— Alf 0), this theorem follows from Corollary 3.
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In conclusion, the author expresses his sincerest thanks to Professors T.

Kawata and K. Kunisawa who have given valuable advices.
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