A NOTE ON A RENEWAL THEOREM

By HiroHISA HATORI

1. Let X,(¢=1,2,---) be independent random variables, having the finite
mean values E(X,)=m,>0 (1=1,2,--+). When

.1
lim = Sm,=m
n i=i

>0

exists, then it holds that

1T e h
a.n lim TL, USPrt<S.St+h)=,

where
Sn = 4%_1 X 2y
=1
with some restrictions. This problem is a renewal theorem in a wide sense
and have been treated by Kawata [2] and the author [1] under somewhat
different conditions. In the following, we shall extend this theorem in a sense
under the assumptions which have been considered in [2].

2. In the first place, we shall prepare the following lemmas.

LEMMA 1. Let F(t) be a non-decreasing function,

0
2.1) § e SUdF () <+o0  for some so>0
and
® e A
2.2) S e dFW)~ 4 as 510 for some 7>0.
Then
Atr
F(t) ~ ro+1 as t—co,

Proof. Since
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og§° e‘“dF(t)ggo e tdF(t) <400 for 0=s< s

—oo —o0

by (2.1), we have

r e F(t) ~ 2

0

for s 0.

Hence by a classical Tauberian theorem, it results that

Atr

Fo~ rr+1)

as t—co.

LEMMA 2. Let X, (1=1,2,---) be independent random variables such
that E(X;)=m,>0. Suppose that the distribution function F.(x) of X,
satisfies

2.3 jo e SdF,(x) <+oo  for some sp>0

and further that both of

2.4) lim r wdF () =0
Aroo ) 4
and
—4
(2.5) ;imj e~ dF(x) =0

hold uniformly with respect to n. If

2.6) lim  Sim,=m >0,
7-»00 2=1
then
o !
@.7) lim st Y megn(s) = %7 - for a=0,1,2,-,
sy0 n=1 me
where

3]

2u(8) =§ ¢ da,(x),

—oo

o.(x) being the distribution function of S.,.

Proof. Let ¢ be any given positive number. Under the conditions of this
lemma, there exist an N and an s, < s, such that
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2.8 eMI < ()< e ™22 for >N and 0 s s,

which has been given in the course of the proof of Lemma 2 in [2]. Hence
we have

o+t g (4 &)+ a—1)-(n+1)gu(s)
< s“”éi}(n—l—a)(nﬂ—a-l)' c(n+1C

+ gatl i})(n + 0()(77/ +a— 1). . .(/n + 1)e—ns(m—25)

N sl
=s“+1Z}1(n+a)(n+a!—1)'“(n+1)C+—* for 0<s=<s;

1-— e—s?m—zn)a-rT’

where
0
C= sup ¢,(s)<1+4+ max S e 3% d g, (x) < + oo,
0<s<s82 n=1,2,¢¢+, N ) oo
7=1,2,+«¢,N
Thus

—.—a+1°° _ . <_‘7‘7(X.77 -
181&18 :é](n+af)(n+a 1) -(n+Deu(s) = (10— 2y

and since ¢ is arbitrary, we get

@.9) Tim o S0+ @)+ a— 1)+ (n+ i) < Wj‘!

a+1

On the other hand
gatl i:}l(n Ffa)n+a—1)--(n+ 1) s)
=gt i(n +a)n+a— 1) (n+1)eg msm+2o

—s“”g(n+a)(n+a—1)---(n—l—l)

s*tl.gl

N
T A= ezt —si Rt a)(nta—1)-(n+l)  for 0<s=<s,.

Hence

a'

i a+1§°‘ — . > .
lim s ’:_z_;(n+a)(n+a Der(n+1ea(s) = (4 26)e°1

Y0

from which it results that
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oo !
(2.10) lim 513} (n+ @)(n +a = 1) (0 + Dguls) = nj‘ o
8&0 n=
(2.9) and (2.10) show that
L !
(2.11) lim 574 33 (0 + @)(n + @ = 1)+ (0 + Da(s) = 7:1

From (2.11) with «=0,1,2,---, we get (2.7).

LEMMA 8. Let {a,} be a sequence of real nmumbers. If, in addition to
the conditions of Lemma 2, we assume that

1 n
lim=—3a,=a
nyoo N i=1

exists, then we have

,;“'1 -

s !
(2.12) lim 21 S @une@,(s) = 2 for a=0,1,2,---.
sY0 n=1 m

Proof. Since, describing

we have
tp=a+ne—m—1e,1, &0 (n—>00)

and
g‘] AnNPa(s) = ag n@.(s) + i}lna%(s)[mn —(n—1De,],
it suffices to prove
(2.13) 131101 8“+lgn"¢n(6)[ns,l (=1, ]=0.
Noticing
Sinen@ nenls sup le-S3nt ) < oo,

we get

i [\43

;n"%(S)[nen —(n—1)e,_,]

7

Nne, [n2¢,(8) — (1 + 1)%¢,,1(s)]

1
Ms

il

n=1
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I
118

%Enﬁﬁn(s)[’n" - (’VL + l)afn»fl(s)]

3
_I.I‘

I
18

N, L7(8) N* (1 — fr,1(s)) +§;; 18, P(s) (M —(n + 1)%) fr.1(s)

1

1+I2y

3
I

say, where

fn(s)zr eTdF(s), 0<s<s

Now, for any given positive number &, we choose an integer N such that
lea| < & for » > N.

Since there are positive constants C; and s such that m,<C; for n=1, 2,
- and

Su(8) =1 — sty + 87n,
where

[7:] < &(Ci +2) = C, for 0=s=<s,,

uniformly with respect to 7, which have been proved in the course of the
proof of Lemma 2 in [2], we have

N )
|51 L < 82 (Co o+ C)-C ST e+ #(Cy + C)-sm'2 37 movig (o)

=N+1
for 0<s=<s,,
where
C= sup ¢.(s)<+oo,
e
and hence

- !
Tm [so+t I, < e (Cy + C) @+ D!
340 me
and since ¢ is arbitrary, we get

2.14) lims**!. 1, =0.

3v0

On the other hand,

,3a+1'12f< s** 11 4 (€, + 02)3]‘012;“(” + l)a.ffn,
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F (1 +(Cy+Co)sle-s77? i <0"na + <L2y)n¢—1 +eee 'f"n)ﬂan(s)
n=N+1
for 0 <s=<s.,.

Hence

— !
im(se* i <a-e—%
sy 0 r 2r_ maett !

from which it results that

(2.15) lim s***. I, =0.

3y0

(2.14) and (2.15) give (2.12).

3. THEOREM 1. If, in addition to the conditions of Lemma 3, we assume
that @, =0 (n=1,2,---), then we have

3.1) gim—lx ian-n“Pr(Sngt)z Jfor a=0,1,2,---.

_*
ta+1 ((X + l)ma+1

Proof. Describing

Hy ()= aun Px(S, <)

we have
53] N o N
S e "d Hy(2) =,§1 T j e *do,(t) =§ann“¢n(8)
and so
3.2) lim r o 5td Hy(t)

exists and is equal to
i; N RE) for 0<s<s,.

Since we know by (2.8) that there exists a constant Cs such that
¢(8)=<C;s for n=1,2,-- and 0<s< sy,

we have

|" emamvm=ciGam
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and
—A N s .
§ e SdHy(t) £Cs > a,n® for any positive A.
—00 n=1
Taking o less than s, and s=s,,

N -4
03 2 a, e g s e—-(sz—v)t.e-'vthN(t)

n=1 —0

—oo

|
g 6(s2—a)A\g eﬂ;thN(t)

> e(sg—mj et d Hy(t),

which gives
-4 N
S et d Hy (t) < - 04C, S a e,
—-B n=1
Letting 6 —0 and B— oo, we get
N
Hy(— A) < e 524C;- D a,n®.
n=1

Therefore if 0 <s<s;< sy,

lim e % Hy(t) = 0.
t»—00

Thus we get by partial integration that for 0 <s=<s;
3.3) r e‘“dHN(t)zsgm e Hy (1) dt.

—oo

Since Hy(t) increases as N— oo and tends to a non-decreasing function H(t),
the existence of the limit (3.2) and (3.3) show that

(3.4) lim S: e Hy(t)dt = j

N>

T e stH(t)dt

exists for 0 <s=s;. H(t) is equal to
i a,n* Pr(S, <t).
n=1

The existence of the right side integral shows that for 0 <s<s;<s3
H(t) = o(e®") for [t|— co.

Hence
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8 j 1 e~ H () dt = j T etqH ()

—o0

exists and is equal to
i‘i a,n%¢,(s) for 0<s=<s,

by (3.2), (8.3) and (3.4), so that we have by Lemma’3

Sw e ' dH(t) ~ ma-a! as s/ 0.

a+lsa+1

Then, by Lemma 1, we get

a

1 2 a =
HO=lm ., B PrSast)= 1\ e

, oo ta+1

L]
COROLLARY 1. If, in addition to the conditions of Lemma 3, we assume

that a, (n=1,2,...) are bounded from below, we have

li S 2Pr(S,<t)= e =
tlfgt 2= a,n* Pr(S, <1t) (a0 + Dym*t for a=0,1,2,

Proof. Since we can take a constant ¢ =0 such that

a,+c¢c=0 for 1=1,2,---,

we have
_{aﬂ" Z‘ a,n* Pr(S, <t)= »-‘m Z‘ (an + c)n* Pr(S, <t) — ;m L n* Pr(S, £ t)
which converges to
a+c _ c _ _.a (t > o).

(@+m<t  (a+Dm**  (a+Dm***

COROLLARY 2. If, wn addition to the condittons Lemma 2, we assume
that {a.} is a sequence of real numbers and a, can be expressed as the
difference of b, and ¢, for n=1,2,---, where b, and ¢, are bounded from
below and have the properties that

lim - zb_b and lim é‘ci::c

7-»00 =1 >0

exist, we have
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« _ a
hm'tj;l Zann Pr(S,.<¢t)= TIDWL"” for «=0,1,2,---,

where a =b—c.

4. Taking o.(t) as a, Pr(S,<t) in the course of the proof of Theorem 2
in [1], we get the following

THEOREM 2. Under the conditions of Theorem 1, we have

@.1) lim - 1»---fr At am* Prt< S, <t+hy= P
: Tyoo T § _ =1 " ( +1)ma+1

for a=0,1,2,---.

COROLLARY 3. Under the conditions of Corollary 2, we have

ah .
(a + Lyme+t

for a=0,1,2,---.

T o
fim T atSamePre<s.stem=

The proof follows easily from Theorem 2.

REMARK. If a=0 may be not necessarily an integer, we have in place
of (3.1) and (4.1) that

: & _F(n+a+1) e
}lTTauZ n PrS S)= (et
and
im—(” S1g. . Lt atl) . ah
]].LIZIQ Ta+15_m dtnév:lan n! Pr(t<Sn§t+h)-— (a—{-l)m“” .

COROLLARY 4. Let A, (1=1,2,---) be independent identically distributed
random wvariables, having finite variances. Then, under the conditions of
Lemma 2, we have

T +1 ( +1)ma+1

r
“.2) Jim -L§ dtS‘A M Prt< Sy <t4+h)= - O

with probability 1, where a = E{X.,}.

Proof. Since the sequences {max(A4.,0)} and {max(— A, 0)} of random
variables obey respectively the the strong law of large numbers and A,
=max(4,, 0) — max(— A4,,0), this theorem follows from Corollary 3.
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In conclusion, the author expresses his sincerest thanks to Professors T.
Kawata and K. Kunisawa who have given valuable advices.
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