ON A SEQUENCE OF FOURIER COEFFICIENTS

By HirosHI HIROKAWA

1. Introduction. Let f(t) be an integrable function with period 2z and let

(L.1) f(t)~éao+ S (@ cos ntb, sin nt)= ;~A0+ $1 4,0,
Then the conjugate series of (1.1) is given by
1.2) §1(b" cos nt—a, sin nt)= i B,(t).

n= n=1

Throughout this paper we use the following notations:
¢t)=¢:()=fw+8)+f(@—t)—2s,
where s is an assigned finite number;
d)=¢.t)=flx+8)—flx—1)—1,
where | is an assigned finite number;
0(8)=0.O)=f(x+1)—f(x+1);
¢a<t>=f%&)— | (=) () du (a>0);
To(t), Ou(t) have similar meanings. We always suppose 4=1 and 0<é<m,
and write a(n, k)=6(1), for any function « of n and k, when and only

when
]Icim lim sup a(n, k)=0.

Recently, B. Singh [4] proved the following

THEOREM A. If ¥, (t)=o(t) as t—0, and

r | ¢(t+y)—¢(t) | dt=o(1) as Yy —0
y ¢ ,
then
1i v By(x) — L as m— o,
nv=1 T

that s, the sequence {nB,(®)} is evaluable (C, 1) to the value l/x.

The conditions of Theorem A are of Lebesgue type for the convergence
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of the conjugate series (1.2). Therefore, we shall consider, under the
conditions of Gergen type [1], the summability (C, 1) of the sequence {nB,(x)}.
Under the conditions of this type, G. Sunouchi [5] and S. Izumi [2] proved
the following theorems.

THEOREM B. Let r=>0 and d=r/B. If

1.3 Bs(t) =o(t7) as t—0,
and
1. 4) limlimsqu let+9)—e® g,

k> 50 an/ A t

then the Fourier series (1.1) converges to the value s at t=x.
THEOREM C. Let 4=1. If
St | o(u) | du=o(t/logt™") as t—0,
0

and (1.4) holds, then the Fourier series (1.1) converges to the value s at
t=u.

Concerning Theorem A, we shall prove the following theorems.

THEOREM 1. Let r=p>0 and d=y/B. If

1.5) Us(t)=0(t") as t—0,
and
1. 6) lim lim sup r [¢E+Y =9 | g4,

k>0 y>0 /A t

then the sequence {nB,(x)} is evaluable (C, 1) to the value l/x.
THEOREM 2. Let 4=1. If
1.7 jt | ¢(u) | du=o(t/ log t) as t—0,
0

and (1. 6) holds, then the sequence {nB,(x)} 1is evaluable (C,1) to the value
l/x.

Following the method of R. Mohanty and M. Nanda [3], we get the
following convergence criteria for the conjugate series (1.2) as corollaries of
Theorems 1 and 2.

THEOREM 3. Let r=3>0 and d=r/B. If

Os(t)=o0(t7) as t—0,
and

1.8) lim lim sup

k>oo y>0

r [0¢+y)=0) | 3,
(k:l/)!/A t ,
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then the conjugate series (1.2), at t=x, converges to the value

1 (" ¢
27£L0 0(t) cot | at

1.9)
provided that the integral exists as a Cauchy integral at the origin.
THEOREM 4. Let 4=1. If
13
j | 6(w) | du=o(t/ log t1) as t—0,
0

and (1.8) holds, then the conjugate series (1.2), at t=ux, converges to the
value (1.9) provided that the integral exists as a Cauchy integral at the
origin.

2. Preliminary Lemmas.

LeEMMA 1. Under the conditions of Theorem 1, we have, for integer v,
1=v=[B1+1,
2.1 Ty(t) =01+ V-4,

This is due to S. Izumi [2; Lemma 1].

LEMMA 2. Let 0<7=<1 and let 0=Su<v<oco. Then we have
2.2 j (t—w)=temidt =o(n ).

This is due to G. Sunouuchi [6; Lemma 17.

sin nt__ cos nt

- Then we have
nt* t

LEMMA 3. Let o(n, t)=-

.3) dtma(n, t)= O Z [t ]+1> (m=0,1,2, ---),

and, for 0<r=1, 0<u<<v<oo,

(2. 4) j = L on, ) dt= o ) m=0,1,2,-11).
;&2

Proof. By Leibniz formula, we have

m - . n’
dt;ﬂa(n =1 ILCe) J(j>(m——g+1)‘tm ", sin (nt+jn/2)

—g(—l)m‘j<?>(m—j) !t"ff“ cos (nt+7n/2).
Thus we get
o(n, = 0<E wl/n f“>+0<L /" ’”) (2 n/tn JH)

J=—1

t7ﬂ
which is (2.8). Now, using the second mean value theorem, we have
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513 v/
S (t u)‘ 1'*6” dt=u*m%7+‘lj‘ (t—u)‘“lemdt (u<v'<v)

m- J+1
=01/n um™"7+1)
by (2. 2). Hence, from (2.5),
(nt+357/2) dt

S (E—u)" f——a(n, tydt= i"(_l)m_]<m>(m—j+l)!njju (t—u)"1$in nt+in/2
“E( ™= ]< )(m-—g)'nfj (t—u)*" 1995%&'@,)&

" tm J+1
=0<2 nf"”uf‘m‘2>+0<i nf“uf‘"“). < S n Tl 1)
J=0 J=0 j=—1
which is the result required.

The following three Lemmas can be proved analogously to the proofs of
Singh’s lemmas [4; Lemmas 1,2 and 3].

LEMMA 4. If ¥,(t)=o0() as t -0, then, for every positive integer k,
* 1r_ 1 . (/A
j(lm/m”“< £ tttn/m) >¢(t) sin nt dt=o0(n'"2) as m— oo,
LEMMA 5. ¥,(t)=o(t), then, for every positive integer k,

jn sggt)einadtzo(l) as m—» oo,

(kf:v:/n)l/A

where (krn/n)V/2<p=(kn/n)*+n/n.
LemMA 6. If ¥,(t)=o0(t) and (1.6) holds, then

V S (ORI P o(n'’%) as m—» oo,
(lcn/n)l/A t(t-}-ﬂ/%)

LEMMA 7. If Su, is Abel evaluable, then a mnecessary and sufficient
condition that it should be convergent is that the sequence {nu,} is evaluable
(C,1) to the value zero.

This Lemma is well-known as Tauber’s second theorem.

3. Proof of Theorem 1. From the method of Mohanty and Nanda [3],
we have

1$B@—t= 1—{"{f<x+t) — fle—t)—13g(n, £)dt+o(l)
nv=1 T T Jo

- 17r¢(t)g(n, t)dt-+ol)="1P+o(u),
T Jo T

say, where
14d {
n dt

{i sinnt _ 1 cosmt }—f——»sm nt.
4n sin?t/2 2 tant/2

g(m, t)=— cos t+cos 2t+ - - - +cos nt}
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Now, we have, when n — oo,

K sin nt 1 cosnt 1(= .
= t _— T - > - ~
jo 14 ){411, sin’t/2 2 tan t/Z}dt 2 jo ¢(t) sinnt dt

@.1) =j"¢(t){s1n nt _cos nt}dt-}— o(1)
0 nt?
kw/n Grm/m1]A £
=(g +§ + j ></J(t)(r(n, £)dé+o(l)
0 kx/n g /myll B
:Pl+P2+P3+O(1),
say, where
on t):sin nt _cos nt

nt? t
Since, when 0<nt<C, C being a positive constant,
o(n, t)=0(n’t)

and

d cosnt sinnt , nsinnt

d =9 9~ ] — 2

dt a(n, t) 2 2 nt3 + ¢ 0(” )r

we have, by (2.1),

P=[¥,@)o(n, )] — j llfl(t) a(n t) dt

=y Y ro{ [, e at) =
" n 0

Applying Lemmas 4, 5 and 6, we have

3 3
P3:717 5 dj(zt )si sin nt dt— S ¢(0) cos nt dt
N J emmylla t ke |n)l] B t
1 (s ¢(t) sin nt ¢ (@)
== T dt— t
n j(kw/ﬂ)llA tit+n/n) j(ch/'n)l/A t cosm dt+0(1)
%
5 (’b(t) cos nt dt+0o(1)
Chm[m)l]A
e [m)l] b+ ;v |n tta/n £+ 7/n
- <5 5 —5 )"’(t)cos nt dt+5(1)
e [m)l] A |t Aszin £ t
£+ m/n
= S ‘/)(t)cos nt dt+0o(1)
/M Ay go/m

: Pt+n/n)
j(kn/'n)l/A t+z/n cos nt dt+0(1)

=1 Pt+n/n)_P@) i
) j(km:/n)llA { t+n/n ¢ }COS nt dt+o6(1).

Then we have, again using Lemma 6,
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1] Pt+n/n)—P(t) m | [t ¢(t) cos nt -
= : d - 11 1
1Bl = 2 j(;m/mm t+n/n cos nt at +2n j(zm,,.)l/A tit+n/n) +o)
1re |@E+n/n)—¢(F) | r ¢(t) cos nt -
=, dt T ZES T dit 1
— 2 g(kﬂ/ﬂ)l/A [4 + 27’L (ko [n)i/A t(t-l*n/ﬂ) +O( )

—0(1)+ o(n)+o(l) o(1).

Thus, when 4=1, we have P=4(1), since P, does not appear in P. When
4>1, we shall prove P,=06(1). Let j be not an integer and let [8]=u. Then,
by integration by parts, we have

(Cha/n31/A

P,= j T P@)a(n, t) dt

kw/n

w/m)llA P OLIE
[v( ) ¥ o, t)]k ” +(~1)uj('” m Ml(t) " on, ) dt

dtv 1 kx/n kw/n

:le + (_ 1)”1322,
say, where, by (2.1) and (2. 3),

.7-—1 V= 1

P21_0< 2 p- 1+ =Da}y/a Y‘ pi+v=id/a >+0< 31 p—1-(v-DA+Y )

pwt+l v—=1
—0<2 Y‘ nG+1-vX1- l/A)>+o<En(v DA~ A)) 0(]_)

1552

Now, omitting the constant factor, we have

7 /myl/A
Pzz_j(k A b dtj W)t —w) dou

ka/n dtp«+1

k7 /n (ke /m)l/A
= j ¥y(u)du S (t—u) —B ot tydt
0 ka/n
(kem/m)t/B ke /)Ll B dr+1
jkﬂ/n WB(M) duL (t—w)* d—i;;{r('n, t) dt

= Py + Poss,
say. Then we have, by (1.5) and (2. 4),

kT /n
P221:0<S ’I'lzmlquu)20(')'&6“_(‘“1)):0(1)
0

and

ptl (B /m)l/A
j u-r+J—;L——2du>

P222:0( E ni-wt+B-1

kr/n

ptl
:O< pI—pHB—1-(r+j—p—1)/a Y‘ni wAB-1-=Cr+9- u—1)>
J=-1 3——1

_0< S‘_,n“ p=1(1— 1/A>>+o(1) o(1).

J=—1
Thus we get P,=o(1) and the proof of theorem is complete when § is not
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an integer. When § is an integer, the proof is similar to the above argument.
For the proof, it is sufficient to prove that P,=o(1). By integration by
parts, we have

(e /m)1/B

Po=[ B0 ot ] (-1 [

kx/n

o /m)l/s
wﬁ(t) a(n t) dt

ka/n
=0(1)+(_1)B+IP2,’
where, by (1.5) and (2. 3),

B (ko /m)l/B
*O( 2 n]j t'r—B+j—1dt>

j=-1 kx/n

=o< é/n.? —(r—= B+j)/A>_,_O< ‘Z‘ni—T'FB—J)

J=-1 J=—1

—0( Zna B-(i—- B)/A>+o(n3 MN=o0(1),

J=—

which is the result required and the proof of theorem is complete.

4. Proof of Theorem 2. The method of proof is similar to that of Theorem
1. Since (1.7) implies that ¥,(t)=o(¢), for the proof, it is sufficient to prove
that P,=0(1), where P, is found in (3.1). Integration by parts gives

Pz_r”’/ " o, ¢) di

ka/n

=O(jom/m)1/A | o) | it >

kw/n

~of[t- j () | du ]:;”” +£i’/°;”’1/A tdo 9t du ) dt)

_ (1)+ (kav/n)I/A t 1 dt
=° O(jw. log (1/t) & >

_0(1)+0<10g (l/d) log (k”/'n)> o(1),

log (kr/n)
which is the result required and theorem is proved.

5. Proof of Theorems 3 and 4. The existence of the integral (1.9) as a
Cauchy integral at the origin implies the Abel summability of the conjugate
series (1.2) at t=x. (See [7; p. 55].) By Theorems 1 and 2, we find that
the conditions of Theorems 3 and 4 imply the summability (C,1) of the
sequence {nB,(x)} to the value zero. Now, the convergence of the conjugate
series (1.2) at {=x is a consequence of Lemma 7.
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